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Abstract: In this paper we obtain general integral formulas for probabilities in the
asymmetric simple exclusion process (ASEP) on the integer lattice Z with nearest neigh-
bor hopping rates p to the right and ¢ = 1 — p to the left. For the most part we consider
an N-particle system but for certain of these formulas we can take the N — oo limit.
First we obtain, for the N-particle system, a formula for the probability of a configu-
ration at time ¢, given the initial configuration. For this we use Bethe Ansatz ideas to
solve the master equation, extending a result of Schiitz for the case N = 2. The main
results of the paper, derived from this, are integral formulas for the probability, for given
initial configuration, that the m™ left-most particle is at x at time 7. In one of these
formulas we can take the N — oo limit, and it gives the probability for an infinite
system where the initial configuration is bounded on one side. For the special case of the
totally asymmetric simple exclusion process (TASEP) our formulas reduce to the known
ones.

I Introduction

Since its introduction nearly forty years ago [19], the asymmetric simple exclusion
process (ASEP) has become the “default stochastic model for transport phenomena”
[22]. Recall [8,9] that the ASEP on the integer lattice Z is a continuous time Markov
process n;, where n;(x) = 1 if x € Z is occupied at time ¢, and n;(x) = 0 if x is
vacant at time ¢. Particles move on Z according to two rules: (1) A particle at x waits
an exponential time with parameter one, and then chooses y with probability p(x, y);
(2) If y is vacant at that time it moves to y, while if y is occupied it remains at x. The
adjective “simple” refers to the fact that the allowed jumps are only one step to the right,
p(x,x+1) = p,orone step to the left, p(x, x — 1) = g = 1 — p. The totally asymmetric
simple exclusion process (TASEP) allows jumps only to the right, so that p = 1.

In a major breakthrough, Johansson [6], building on earlier work of Baik, Deift,
and Johansson [3], related a probability in TASEP to a probability in random matrix
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theory. Specifically, if the initial configuration in TASEP is Z~ then the probability
that a particle initially at —m moves at least n steps to the right in time ¢ equals the
probability distribution of the largest eigenvalue in a (unitary) Laguerre random matrix
ensemble. The realization [6, 12] that the TASEP is a determinantal process [5,17] has
led to considerable progress in our understanding of the one-dimensional TASEP. (See
[18] for a recent review.)

It is natural to ask to what extent these results for TASEP can be extended to ASEP.
Since we no longer have the determinantal structure that is present in TASEP, random
matrix theory methods, RSK-type bijections, or nonintersecting path techniques are not
applicable (or at least not obviously so) to ASEP.

However, it has been known for some time [1,4] that the generator of ASEP is a
similarity transformation of the quantum spin chain Hamiltonian known as the XXZ
model [20,21]. Since the XXZ Hamiltonian is diagonalizable by the Bethe Ansatz [21],
it is reasonable to expect that these ideas are useful for ASEP. Indeed, Gwa and Spohn
[4] applied Bethe Ansatz methods to the TASEP for a finite number of particles with
periodic boundary conditions (i.e., for particles on a circle) to compute the dynamical
scaling exponent.

Subsequently for TASEP on Z for a finite number of particles, Schiitz [ 16] showed that
the probability that at time ¢ the system is in configuration X = {x1, ..., xy}, given that
its initial configuration was ¥ = {y{, ..., yn}, is expressible as an N x N determinant.
From this determinant representation Rakos and Schiitz [13] derived Johansson’s result
relating TASEP to the Laguerre ensemble. The Rdkos-Schiitz derivation uses the crucial
fact that for TASEP the probability for any particle depends only on the initial positions
for that particle and those to its right, and so it is expressible in terms of probabilities for
finite systems when the initial configuration is Z~.! This is clearly no longer the case
for ASEP.

In this paper we obtain general integral formulas for probabilities in ASEP. For the
most part we consider an N-particle system but for certain of these formulas we can
take the N — oo limit, so that there are analogous formulas (involving infinite series)
for infinite systems where the initial configuration is

Y:{Y],yz,...}, VI <y <---—> +00.

To specialize to infinite systems in TASEP with initial configuration Z~ we would
replace Z~ by Y = Z* and let g = 1.

Denote by Py (X; t) the probability that a system with initial configuration Y is in
configuration X at time ¢. Then (Theorem 2.1) for an N-particle system Py (X;t) is
equal to a sum of N! N-dimensional contour integrals. The integrand was suggested by
the Bethe Ansatz (but there is no Ansatz!). The case N = 2 was established by Schiitz
[16] in different notation, and he also proposed that there was a general result such as
this, with some contours.

The main objective of the paper is to obtain probabilities for the individual particles
at time 7. To state the formulas we introduce some notation. We set

e&)=p&+qE—1,

! The determinantal formula can be used to obtain scaling limit results for other initial conditions as well.
See, e.g., [14].
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and define an N-dimensional integrand I (x, Y, &), with variable & = (1, ..., &y) and
parameter x € Z, by
§j—&i 1 —§& &N x—yi—1 eE)
I(x,Y,§) = g EN) (1.1
HPHJ&EJ'—&' (1—51)'“(1—“31\1)1_[(’ )

i<j i

The parameter ¢ appears in the last factor but not in the notation.

For the probability for x1 (), the position of the first particle at time ¢, the sum of N!
integrals given in Theorem 2.1 miraculously collapses into one integral. When p # 0
the first product in (1.1) is analytic when all the &; lie inside some circle C, with center
zero and radius r. We also assume that » < 1. We show that for p # 0 and such r, we
have (Theorem 3.1)

P(x1<t>=x)=pN<N‘”/2/c /C I(x,Y,&)d& - déy. (1.2)

In order to take the N — oo limit we need integrals over large contours rather
than small ones. This is because of the factors Si_y " in the integrand (1.1). Given a set
S C{l,..., N} wedenote by I (x, Ys, &) the integrand analogous to 7 (x, Y, &), where
only the variables &; with i € § occur. Then when g # 0 we have (Theorem 3.2)

P(xl(n:x):ch/ / I(x,vs,8)d"g, (1.3)
S CR CR

where R > 1 is so large that all the poles of the first product in the integrand lie inside
Cg. The sum runs over all nonempty subsets S of {1, ..., N} and cg are certain constants
involving S and powers of p and g.

Once we have this we are able to compute the expected value E(x(¢)) and to take
the N — oo limitin (1.3). If Y = {y1, y,...} with y; < y» < --- — +00 then on the
right side of (1.3) we simply take the sum over all finite sets § C Z™, the resulting series
being convergent.

These results are contained in Sect. III. In Sect. IV we derive the analogue of (1.2)
for the second-left particle.

The main results of the paper are in Sect. V where we obtain the analogues of (1.2)
and (1.3) for the general particle. The analogue of (1.2) has the form

Pan® =0 = 3 e [ o[ 10vsod%e g
IS|>N—m Cr Cr
where we sum over all subsets S of {1, ..., N} with cardinality at least N — m + 1, and
cs.m,N 18 another explicitly given constant. (See Theorem 5.1) The analogue of (1.3) is
Pln@) =0 = 3 esn [ o [ 100¥5. 005, 1.5)
|S|=m Ck  JCr
where we sum over all subsets S of {1, ..., N} with cardinality at least m, and cg

is yet another explicitly given constant. (See Theorem 5.2) Notice that in the latter
representation the coefficients are independent of N, and this allows us to take the N —
oo limit and so obtain probabilities for infinite systems. When the initial configuration
is Z* the sum over sets in (1.5) may be simplified to a sum over integers. (The corollary
to Theorem 5.2.)
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Of course (1.2) and (1.3) and the second-particle formula are special cases of these,
but we give their proofs first, so that we can introduce the new ingredients gently.

The deduction of these formulas from Theorem 2.1 requires two algebraic identities
which were discovered by computer computation of special cases. The first is

Z sgno H (P + 45060 (j) — o)

geSy i<j
x gn(Z) 53(3) 53(4) s Sév(&g
(1 =& @Ee3) o) - (1 — Ean—DEav) (1 — Ex ()
_ pvov-npllici i =80
Hj(l — &)

(1.6)

where the sum is over all permutations o in the symmetric group Sy . We also use an
equivalent version of this identity,

Z sgno H (P + 48060 (j) — Ea(i))

oESN i<j

1
x CGoy = Désyéo) = D - Ec)éo  bovy — D

_ vy Hici G = 50

) (1.7)
HQ/ (5] -1
obtained from (1.6) by interchanging p and ¢ and letting & — 1/&n_;41.
For the second identity we introduce the notation
N_ N
Nj=2 —4
pP—q
and then
[NI! =[NIIN — 1] --- [1] ME LV (1.8)
o CoLlm] o [mlV [N —m]’ '

where we set [0]! = 1. (Note that [Z ] is g™ V=™ times a g-binomial coefficient with
q equal to our p/q. Hence the notation.) The identity is

2. 11 %-(1— [Te)=a" [anl} (1—]%5,») (1.9)
j=1

|S|=m i€S jese
jese

for N > m + 1. The sum runs over all subsets S of {1, ..., N} with cardinality m, and
S¢ denotes the complement of S'in {1, ..., N}.
The proofs of these identities will be given in the last section.
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I1. Solution of the Master Equation

We denote by ¥ = {yq,..., yn} with y; < --- < yp the initial configuration of the
process and write X = {x1,...,xy} € ZN. When x; < --- < xy then X represents
a possible configuration of the system at a later time 7. We denote by Py (X;t) the
probability that the system is in configuration X at time ¢, given that it was initially in
configuration Y.

Given X = {x1,...,xy} € Z" we set

" _
Xi={xn,...,xic, i+ Lxer, .o xnh X7 = oL 6 — 1L X, .0, XN

The master equation for a function u on Z¥ x R* is

N
d _
a0 = > (puxXin +quxfin —u(X:n), @.1)
i=1
and the boundary conditions are, fori =1,..., N — 1,
u(xy, ..., xi,xi+1,...,xN:1)
=puXt, ..., Xi,Xiy..., XN; D) +qu(xy, ..., xi+ 1L, xi+1,...,xN51). 2.2)

The initial condition is
u(X;0) =6y(X) whenx; <--- < xp.

The basic fact is that if u(X; t) satisfies the master equation, the boundary conditions,
and the initial condition, then Py (X;?) = u(X;t) whenx; < --- < xy.2

Recall that an inversion in a permutation o is an ordered pair {o (i), o (j)} in which
i < jand o (i) > o(j). We define

__Pp+aubp— &
P +aqéubp —&p
and then
Ay = H{Saﬁ : {o, B} is an inversion in ¢'}.
We also set

e(®) =p&trqE -1

For now we shall assume p # 0, so the A, are analytic at zero in all the variables. Here
and later all differentials d& incorporate the factor Qri)~!,

2 The idea in Bethe Ansatz (see, e.g., [7,20,21]), applied to one-dimensional N -particle quantum mechan-
ical problems, is to represent the wave function as a linear combination of free particle eigenstates and to
incorporate the effect of the potential as a set of N — 1 boundary conditions. The remarkable feature of models
amendable to Bethe Ansatz is that the boundary conditions for N > 3 introduce no more new conditions,
with the result that (2.2) involves only consecutive particles. The application of Bethe Ansatz to the evolution
equation (master equation) describing ASEP begins with Gwa and Spohn [4] with subsequent developments
by Schiitz [16].
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Theorem 2.1. We have when p # 0,
1 ol 1 i
PrXn =3 / / Hsij(lﬁ O et @ g dgy,  (23)
UESN

where C, is a circle centered at zero with radius r so small that all the poles of the A,
lie outside C,.

Remark. For TASEP with p = 1 we have
Sap = —(1 = &) /(1 — &p).

Fix . In A, the factor 1 — &, occurs for each inversion of the form {e, B} and (1 — &) ™!
for each inversion of the form {8, o}. If « = o (i) then the number of the former minus
the number of the latter equals o (i) — i. The number of inversions is the number of
transpositions whose product is o. These give

Ag =sgno [ (1 = &)@

Now the integrand in (2.3) factors and we obtain the sum of sgn o times

H/ (1 —go(l))a(t) z%.;‘zi Yo(iy—1 8(&0(1))t dé, o

— H/ a- g)U(i)*i gxi*ya(i)*let?(f)t de,
. C,
1

and so the sum over o equals
det (/ (1 — &)I =i grimyi—lee@) dg).
Cr

This is the determinant representation of Py (X; t) obtained in [16].

To prove the theorem we shall show three things:

(a) The right side of (2.3) satisfies the master equation for all X € ZN.
(b) The right side of (2.3) satisfies the boundary conditions for all X € N,
(c) The right side of (2.3) satisfies the initial condition when x; < - -+ < xy.

Proof of (a). This is clear once the last factor in (2.3) is written as the exponential of

>t

Proof of (b). We shall show that the boundary condition is satisfied pointwise by the
integrand. Let T; o denote o with the entries o (i) and o (i +1) interchanged. The boundary
conditions will be satisfied provided that?

Ao = So(i+1),0() Ac

3 The Bethe Ansatz proposes an integrand as in (2.3) with some coefficients A, . The fact that (2.2) only
involves consecutive particles implies that satisfying it only requires relations between the coefficients Ay and
A7;o. A straightforward computation shows that the relations are as stated.
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for all o. Let us see why this relation holds. Let « = o (i), B = o (i + 1), and suppose
a > fB.Then {«, B} is an inversion for o but not for T;0, so Syg is a factor in A, but not
in Ar,s, and all other factors are the same. Therefore, using Sug Sgo = 1, we have

AT.c = Sga As = So(i+1),0() Ao+

The same identity holds immediately if 8 > «, since {8, a} is an inversion for 7;o but
not for o. Thus, (b) is established.

Proof of (c). The initial condition is satisfied by the summand in (2.3) coming from the
identity permutation id. So what we have to show is that

i_Ji_l
Z/c/c AGH‘?;@')M) déy---déy =0
r r l'

o #id

when x; < --- < xp. This is the heart of the matter. We write /(o) for the integral
corresponding to o, and prove a series of lemmas. We think of ¢ also as the ordered
N-tuple (o (1), ...,0(N)).

Lemma 2.1. Suppose that o« appears in position « — 1 in o and that the entries preceding
o are o — 2 of the numbers less than a. Then I (o) = 0.

Proof. 1t follows from the assumption that there is a unique inversion of the form {c, 8}
and none of the form {3, a}. Therefore the factor S,g appears in A, but no other Sgs or
Ssa- The variables &, and &g appear in the integrand as

1Yo g yp—1
SC{/S E(;C 1=y é—; B .

‘We make the substitution
_n
Hy Fo ‘E)’

so that ;) runs over a circle of radius ", and we integrate with respect to & 8- The power
of &g that now appears is

by —

Ega_xafl"'yot_Yﬂ_l' (24)

The extra —1 in the exponent is due to the fact that d§, = dn/ég. Since o can appear in
no other S factor, the only one that can introduce a pole inside C, in the &g integration
is Sgp, which becomes

p+an g =1l 2§y
1 .
pranll,apéy —&s

The apparent simple pole at £g = 0 coming from the third summand in the numerator
does not occur because the exponent in (2.4) is positive since yg < y, and xo > Xq—1.
The denominator is bounded away from zero when &g is inside C,, since |£g| < r and
the second summand has absolute value O(rz), so there is no pole inside C, and the
integral is zero.

Lemma 2.2. Suppose that in the permutations o and o’ the entry a appears to the left
of two adjacent smaller entries f and y, and that the permutations differ only by an
interchange of B and y. Then I () + I (') = 0.
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Proof. The pairs {«, B} and {«, y} are inversions for both o and ¢’, s0 Sug Suy is a
factor in both A, and A,/. Suppose for definiteness that § is to the left of y in o, so
a=0(), B=0o(j), y =0(j+1) withi < j. We make the substitutions

fy > =
HS;&a ‘55
Then the powers of £ and &, appear as
ggj*xi*’ya*y,‘i*l ))/Cj+1*xi+ya*}‘y*]. 2.5)

Both exponents are positive. We’ll integrate with respect to £g and &,,. Any S other than
Sap O Sgy involving B or y will not introduce poles, as in the proof of Lemma 2.1. The
product Syp Se, becomes

-1 —1 —1 —1
P+an[lszapbs —n1lszabs P+anIlscay, & — 0 sz és
—1 —1 :
p+anlszapbs —&8 P+an [lszay b — &

We do the &g integration first. The first factor has a pole at zero as before but, as before,
does not introduce one in the integrand because of the power of &g in (2.5). Assume for
the moment that ¢ # 0. Then the second factor has a pole at

qn -1
£p = gl (2.6)
" e 6#1-:;[3,3/ '

The new second factor, its residue, has a pole of order 1 at &, = 0 (but again that does
not contribute) and nowhere else. But the new first factor has a pole where

qn -1
& = IT &' @.7)
5 7P siapy

with &g satisfying (2.6). Then &, satisfies a quadratic equation with one of the roots
inside C,, in fact O(r?), but all we will need is that (2.6) and (2.7) imply that =6,

Now we compare this with o’. The variables £ and &, occur in different positions in &
and o’ and so their powers are different. After the variable change, for o they are given
by (2.5) whereas for o’ they are

Xj—=Xi+Ya—Yy—1 Xjs1—Xitya—yp—1
5 £ .

When we eventually have &g = &, these are the same. The only difference, then, is the
factor Sg,,. It occurs for o and not ¢’ when 8 > y, and for ¢’ and not ¢ when g < y.
(Recall that B occurs to the left of y in 0.) It equals —1 when &g = §,,, so the sum of
integrals equals zero.

Recall that we assumed g # 0. If ¢ = O then the integrals with respect to &g, after
the substitution, for both o and o’ are zero, so I (o) = I(c’) = 0 then.

Lemma 2.3. For n > 1 the permutations in S, can be grouped in pairs in such a way
that the permutations in a pair differ only by one interchange of adjacent elements.
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Proof. Let two permutations form a pair if they differ by an interchange of the first two
entries.

Lemma 2.4. For any N the set Sy\{id} is the union of disjoint subsets, each of which
consists of either of a single permutation satisfying Lemma 2.1 or a pair of permutations
satisfying Lemma 2.2.

Proof. We use induction, so we assume the result holds for N — 1. It clearly holds for
N = 2,s0we assume N > 2. For the set of permutations in which N appears in slot N
we apply the induction hypothesis. Those permutations in which N appears in slot N — 1
all satisfy Lemma 2.1 with « = N. Consider all those permutations that begin with a
fixed (o] a2 - ay—_p—1 N) withn > 2, so N is in slot N — n. There are n! of them,
corresponding to the permutations of the n remaining entries. Pair these permutations as
in Lemma 2.3. The pairs of permutations in Sy corresponding to these satisfy Lemma 2.2
with « = N. Putting all these together gives the desired decomposition of Sy \{id}.

Combining Lemmas 2.1, 2.2, and 2.4 completes the proof of (c), and so of Theorem 2.1.

Remark. In case g # 0 the same formula (2.3) holds when the circle is sufficiently
large instead of small. A similar argument to the one just given should hold, but there is
another way to see this. If we set

X ={-xn,...,—x1}, YT ={-yn, ..., =11}
and denote by P the probability density for the process with p and ¢ interchanged,
then Py (X;t) = Py-(X " ;t). If we apply (2.3) to this other process and then make the
substitutions & — éfl in the integrals we obtain (2.3) with a large Cg. This duality will
be use again in Sect. V, in the derivation of (1.5) from (1.4).

II1. The Left-most Particle

Here we determine the probability that the left-most particle x is at x at time 7.

Theorem 3.1. With C, as before and I (x, Y, &) given by (1.1), we have when p # 0

P(xi(f) = x) = pN‘N*”/z/ / I(x,Y,£)d& - déy. (3.1)
C C
Proof. Since x| < --- < xy we may rewrite X = {x1, xo,...,xn}as
X, x+z1, x+21+22,..., x+71+---+2N-1.

Then P(x1(#) = x) equals the sum of Py(X;¢) over all z; > 0. After summing, the
integrand in (2.3) becomes

N-1
Ao (= b0 5o ) B 7 by I (S;cfyﬁles(s,-)t).
(I=éés) - Eov)(U=E52) - &) - - (1 = &)

i
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If we observe that

H(P + 45050 (j) — Eo (i)

A, = seno 1—[ P+a8sboip — o) _ sano i<j
i Prasembeh — &) [+t — &
a(i)>o(j) i<j
(3.2)
then we see that the theorem follows from (1.6).
We derive here the alternative expression for P(x1(f) = x). Given a set S C
{1,..., N} there is a corresponding set Ys = {y; : i € S} and corresponding |S|-

dimensional integrand / (x, Ys, £). We define o (S) = > ;¢ , the sum of the indices in
S.

Theorem 3.2. When g # 0 we have

0(5) N
B0 =0 = 3 — b / / 16 Ys.6)dSs, (33)
S

where R is so large that all the poles of the integrand lie inside Cg. The sum runs over
all nonempty subsets S of {1, ..., N}.

We begin with alemma that replaces integrals such as appear in (3.1) by sums of integrals
over large contours.
Suppose f (&1, ..., &En) is analytic for all §; # 0 and that for i > k,

S| =06,

as & — 0, uniformly when all §; with j # k are bounded and bounded away from zero.
Define

§—&  f&i.....86Nn)
& =1] ’ .
l<jp+97$zéj & H,( — &)
Forasubset Sof {1, ..., N}let/y s(§) denote the analogous function where the variables

are the §; withi € S, and in f(&q, ..., &y) the § with i € S¢ are replaced by 1.

Lemma 3.1. Under the stated assumptions on f (&1, ..., &EN), we have when p, g # 0

[ 1 " o) o d's! 34
1 ® s—z 7@ ST ps®dSle, (3.4

where r is so small that the poles of the integrand on the left lie outside C, and R is so
large that the poles of the integrand on the right lie inside Cg. The sum runs over all
subsets S of {1, ..., N}. When S is empty the integral is interpreted as f(1,...,1).

Proof. We use induction. The result is easily seen to be true when N = 1, so we assume
N > 1 and that the lemma holds for N — 1. We expand the &y-contour on the left
side. In addition to the pole at £y = 1 we encounter poles at &y = (§x — p)/q&kx. We
claim that the residue at this pole, when integrated over &, will give zero. The factor
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f (&1, ..., &n), after substituting for &y its value at the pole, is O (&) as & — 0 by the
assumption on f, while
H[ <J (S %‘])
[T;a-&) °

after substituting for &y its value at the pole, will be of the order &, N+2 at & = 0. The
residue of 1/(p + g&xén — &) at the pole is 1/q &. The factor 1/(p + g&ién — §&;) with
i # kequals & /(p(& — &;)). The factor & — &; is cancelled by the same factor in the
numerator, so no new poles in the & variable are introduced. So the 1/(p +g&;éy — &)
combined, including the contribution of the residue, give the power S,fv =3 Thus the
product of all factors combined is O(1). Hence the & integral equals zero, as claimed.

So after we expand the &y -contour we have an integral where & is over an arbitrarily
large contour Cr and the other &; over small contours C,, and another integral (coming
from the pole at £y = 1) in which &y does not appear and the other &; are over C,.

Let us consider the latter. The integral we get is the left side of (3.4) with N replaced

by N — 1 times
H EN — & _ 1 (3.5)
L prggiEy — &=t pNTl ’

(Notice that &y appears in the denominator of 17(¢§) as 1 — &y, and the pole at &y = 1
was outside the contour. The two minus signs cancel when we compute the contribution
from the pole.) Our induction hypothesis tell us that this equals

1 15510 (5%) .
2 PO |S|<|S|+1)/2/ / Iys&)d™E.
-1

scil,...,.N-1
Now S¢ here indicates complement with respectto {1, ..., N — 1}. If we want to express
this in terms of the complement in {1, ..., N} as in the statement of the lemma we have

to make the substitutions
|S¢] — 18| =1, o(S°)—> o(S)—N

and therefore in the notation of the lemma the above equals

p151-0(59) s
Z qa(S) |S|(|S\+1)/2/ / ly.s@)d™g.
N-1)

This is the portion of the right side of (3.4) corresponding to those S not containing N.

Now for the original integral, but where &y is taken over Cg. If we integrate first with
respect to £y, leaving us with an N — 1-dimensional integral with small C,, we see that

we are in the case N — 1 with f (&1, ..., &y) replaced by
N —&i fé1, ..., &n)
= déy. 3.6
fG& . e = /Hp+qs,sN—a g, YN GO

We have to show that f satisfies the required condition. For notational convenience we
take k = 1 and i = 2, so we make the substitution & — (§1 — p)/q&;. All but the
product are O (&) as £ — 0, by assumption on f. Write the product as the product over
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i # 1,2, which is bounded if R was chosen large enough, uniformly for the & bounded
away from zero, times

En — & &y — (&1 — p)/g&
p+qénél — & p+én (&1 —p)/&1 — (&1 — p)/g&
v =1 —p)/gé N — &1

p+qénéEl — & p+éEn (&1 —p)/E— (1 —p)/g&1

The first factor equals 1/¢g&; while the second factor is O (&1). Thus (3.6) satisfies the
required condition and we may again apply the induction hypothesis.
IfS c{l,...,N — 1} to compute I75 we replace the & with i € S° by 1 in

f (&1, ..., Ev—1). We see that the product in the integrand in (3.6) is replaced by

1 En — &
g%l ,11 p+q&iEn — &

If we set $ = S U {N} then in terms of S the full integrand including the &y -variable is
. Iy 5(8)
c ,S\S)-
P

For the coefficient on the right side of (3.4) with S replaced by S, the power of p is
unchanged while the power of g is

a(§) = 1S1(SI+1)/2=0(S) — N —(IS| — 1) [S]/2,
and if we add to this |[S¢| = N — | S| we get
o (S) — ISI (S| +1)/2,

which is the power of ¢g in (3.4).
Summing over these S gives the portion of the right side of (3.4) corresponding to
those S containing N, and this completes the proof of Lemma 3.1.

Proof of Theorem 3.2. First assume p # 0. Observe that I (x, Y, §) is I7(§) as defined

above with
sk = (1-[Ta) [T(E ). (3.7)

1

and I (x, Ys, §) is I s(§). We show that f as defined this way satisfies the hypothesis of
the lemma. The exponential summands € (&;) and € (&) combine when &; = (& — p)/qéx
to give

Pqék §&—p D Pqék
= —2 =
Sk—PH] qék +Sk+QSk q§k+§k—1)

-1,

which is analytic at & = 0. The powers of &; and &, combine as

_ x—yi—1
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as & — 0, which is O (&) since y; > yi. So the hypothesis on f is satisfied. Since
f, ..., 1) =0 the sum may be taken over nonempty subsets S. Because of the factor
pNN=D/2in (3.1) we must multiply the factor in (3.4) by this, resulting in the factor in
(3.3).

We can remove the requirement p # 0 by taking the p — 0 limit since the power of
p is nonnegative and no pole tends to infinity as p — O.

An immediate conclusion from Theorem 3.2 is that P(x;(¢) = x) tends exponentially
to zero as x — —o0, and therefore so does P(x1(¢) < x). Thus P(x{(¢r) > x) tends
exponentially to 1. We write

_ -1, £ N1 & —§&j
1
-
where r is small. Clearly Q(x) — 0 as x — +o00 and
Plx1(t) =x) = Q(x) — Q(x + 1).

It follows that Q(x) = P(x;(t) > x), and this tends exponentially to 1 as x — —o0.
Therefore

e 2t gty - dEy,

E(xi (1) = lim Zy 0(y) - Q(y+1)]=X£@w[ZQ(y)+(x—l)Q(x)}
y=x

=X

= lim |:ZQ(y)+(x—1):|

Now

I pxyn—l §j —&i
ZQ(y) =preeon [ [t g [
i< P+61§z$j —§
1 1
e .
1—&---&v [[;A-&)
If we apply the procedure of the last section to this integral we start by moving the
&y -contour out. The resulting integral, with £y over a very large contour, is exponentially
small as x — —oo, even though the other contours are small. As before the residues
at the poles &y = (§&x — p)/qék integrate out to zero. The contribution from the pole

&y = 1 gives the same expression we started with but with N replaced by N — 1. But
there is now also a pole at &y = 1/&; - - - £y_1 whose contribution is

—/c /C Yn—1E1, .. EN—1 YN — Y1s oo, YN — IN—1) dE1 - -dEN_1,

o i €&t dgy - - dEy. (3.9)

where
YUNEr, BN ZL e IN) = PN(NHW“ElZl by H :
e p+ q§l§j &
j
T1 & &) & 1 RN ) YT (G R I

pH+q&iE - En)T =& 1=& &y [[;,(1-&)



828 C. A. Tracy, H. Widom

For the right side of (3.8) when N = 1, which is what we are left with at the end, we
expand the contour, encounter a double pole at &, = 1, and find that it equals

(p —q)t+y1 —x + 1 +exponentially small term.

Therefore

N—1
E(xl(t))=(p—q)l+y1—2/
j=1"C

X/c Vi, &yt = Y- Yjr1 — yj) déy - - dE;.

The integral fCr ¥1(&; 2) d& has an explicit expression in terms of Bessel functions
I,,(2t). Indeed, it equals
—2r [ | =
2pte 2 (120 + 2O + 2z — Dp {5 S TOEEETEDY Ij(2t)}.
j=l1
The integrals of the other v;(&; z) are not so simple.

We now show how to obtain the probability P(x| () = x) for a system with infinitely
many particles* with initial configuration

Y ={yvi,y2,...}, VI <y2 <-:--— +00 (3.9

when g # 0. In fact, it is very easy once we have Theorem 3.2 We just modify the
right side so that the sum runs over all finite subsets of Z*. Because Cg may be taken
arbitrarily large the resulting series converges, as we shall now show.

Consider the various factors in the integrand in (3.1), where the &; are replaced by the
&, withn € S. The —1 parts of the exponents of the &, may be removed if we replace d&,
by d&,/&,, which is O (1). Suppose that | S| = k as above. The analogue of the factor

1—&---én
[ —=&)

is at most (R* + 1)/(R — DX = 0(2%) for R large. The product Hi<j (6 —&j)is at
most (2R)**~D/2_ The denominator []; _;(p + q&i&j — &) is at least (¢ R? /2)**~1/2,

The product of the &, is at most R¥* ~2yn_ The exponential factor is O (¢*®¥) for some
a depending on t. So the integral is

0 ((a/R)k(k—l)/2 Rkx=2vn eaRk) — RO

if we take R > a. (Since R is fixed the factor ¢*®¥ can be incorporated into the R ®
term.) Since 3° y, > D (yi+n—1) = 0 (S)+k (y1 — 1) the above is at most ROM =),
And since o (S) > k(k + 1)/2, this is at most R=7()+0@ '),

The external factor in (3.3) is

o(S)—k k(k+1)/2—0(S) <q—a(S)

p q

4 1t follows from the fact that ASEP is a Feller process [8] that the limit as N — oo equals the probability
for the infinite system. We thank Thomas Liggett [10] for explaining this fact to us.
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It follows that if we take R > 1/¢ then the integral times the external factor is at most
R—(5)/2.

Now consider all sets S with o(S) = k. Since the largest i € S is at most k, the
number of such sets is at most 2¥. Hence the sum of the absolute values of the terms of
the infinite series is at most a constant times

o0
Z 2k R*k/Z’
k=1

which is finite when R > 4. Thus we have shown convergence for all 7.

IV. The Second-Left Particle

In this section we compute the probability P(x; () = x). It is somewhat more compli-
cated than that given for P(x1(¢) = x) in Theorem 3.1 and the proof introduces some
new elements.

We use the notation (1.1), and for 1 < k < N we set Yy = Y\ .

Theorem 4.1. With the contours C, as in Theorem 3.1 we have when p # 0,

17 q - N—1)(N=2)/2 N
P(oa(t) = x) = —q pN= V/ /I(xY@ds

pP—9q
q k—1
oIy (2) L[ renoae @
=1 \P Cr C
Proof. We rewrite X = {x1, x2,...,xn}as
X—V, X, X+Z1,..., X+z1+---+2N=-2.

Then P(x> () = x) equals the sum of Py(X;¢) overall v > Oand z; > 0. If we sum

first over zo, ..., zy—2 the product []; ég(l)y”(’) Yin (2.3) becomes, []; & '~ ! times
2 N-2
£ §03) §5 ) Eo)
D1 =& @bow Eo) - (1= EomEsv—) (1 — &)

We now move the &, (1)-contour out beyond the unit circle, and we do not encounter
any poles. Here is the reason. From the first part of (3.2) we see that we get poles at

Cowy — P /Gy ifk>1i,
Soti) = 4.2)
p/(1—qé&sk)) if k < i.

The poles in the &, (1)-variable are at ;1) = (§,4) — P)/qs k), and these are very

large since &5 (x) € C,. So we move the &5 (1)-contour out beyond the unit circle and sum,
giving

2 2

1 £5(3) 50(4) EU(N)

L 43)
Esy — 1A =é38c4) - Eovy) - (I =& néov—1)) (1 — &5 ()
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If we move the contour back to C, we pass a pole at £,(1) = 1 with residue

2 N-2
§5(3) 50(4) o "‘Ea(N)

. (4.4)
(I —=&3)o@)  Eov) - - (I = s v)éov—1))(1 — &5 v))

The factor A, when &, (1) = 1 equals

o(l)—1 + . R .
sgn o (_z) {p QSUU)EU(]) SO’(Z) i<, o(i) > O'(j), ij> 1}’
P P+ 480 (j) — o)
4.5)

since there are o (1) — 1 indices less than o (1).
Now we add all terms in which o (1) = k. For the contribution from the pole at
é5(1) = 1, when o (1) = k (4.5) may be written (as in (3.2))

k—1
q 1
sgno (——) [T+t &) — £ i)-

p H(P"‘q";:iéj_éi) i<j

i<j
where all indices are # k. This is to be multiplied by (4.4). If we use identity (1.6) to
sum the product over those o with o (1) = k we get
[TE -4

k—1
‘1) (N=1)(N=2)/2 , i<j
- p 1 - E )
<P ,l;[k " TTa-en [T +ass — &)
j

i<j

where again all indices are # k. The exterior factor is now []; £k (Sxiy"il et )’), and

i
from these we obtain the sum on the right side of (4.1).
Next we consider (4.3), which we rewrite as

2 N-2

(I =&2é53)  éov)) E63) €5 o)
& — 1 (I =&k Eov) - (I —&snEev—1) 1 — &)
where ¢ is now a map from {2, ..., N} to {1, ..., N}\{k}. The factor sgn o becomes

(—1)k+t sgno. We also rewrite A, as

1
(p+qék&j — &) | | (P +dés)é0(j) — &ai)-
[1p+atig; — &) 1171 ! ,l:[, l

i<j

If we use identity (1.6) to sum this over these o we get

[T = T + 085 - 20

i<j

(—Dk pOV=DWN=272 [ | _TTe; ij#k J#k . 46)
jgc ) TI0 =) [Tw+ast &
J i<j

The other factors are still []; (Eix*y"fl e et )
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To evaluate the sum of (4.6) over k we write it as

[1& -4
_p(N=DW=2)/2 i<j
[Ta—-¢ep [ +aqtg — &
J i<j
[T +ati& — &0
y 1= TTe J#k
Zk: ,-1;{’ [Te &0
J#k

The factor (—1)¥ became —1 because of the way we rewrote the product of the &; — &;
in (4.6). Identity (1.9) with k = 1 tells us that the last sum equals

N-1 N-1
p -9
g P——1— (1-T]¢
P—q H !
J
If we recall the power of p in the first factor above and the ubiquitous factor [];
(Eixfy"*] eg(gi)’) we see that this gives the first term in (4.1).

V. The General Particle

In this section we consider the m™ particle from the left for general m. We prove, with
the notation (1.8),

Theorem 5.1. We have when p # 0,
P(Xm(t) — x) — p(N—m)(N—m+1)/2 qm(m—l)/Z

x > (= 81 —1 g7
m— S| — 1 pa(S")—IS"\(\S"IH)/Z
|S¢|<m
x/ / I(x,Ys, £)d"Sg, (5.1
C, Cy

where r is so small that the poles of the integrand lie outside C,. The sum is taken over
all subsets S of {1, ..., N} with | S| < m.

We shall first establish a preliminary form of the result, and for that we use a
lemma analogous to Lemma 3.1 and which follows from it. Now we have a function
g(&1, ..., En) which is analytic for all §; # 0 and satisfies, fori < k,

_ —1
g@ | = 0E

as & — oo, uniformly when all §; with j # k are bounded and bounded away from
zero. Define, as before,

& —§& g1, ..., &n)
1 = s
& =11 p+q&Ei—& [[;(1—&)

i<j

and similarly I, s(§).
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Lemma 5.1. Under the stated assumptions on g(&1, ..., &n), we have when p, q # 0,
L N. 5 g oSN IS s
/cR - / a7 = Z( D s o) / / eG4
(5.2)

where r is so small that the poles of the integrand on the right lie outside C, and R is so
large that the poles of the integrand on the left lie inside Cg. As before, S runs over all
subsets of {1, ..., N}.

Proof. We apply Lemma 3.1 with p and ¢ interchanged to the function

@ Ey =gEy e O] E

The required hypothesis on f follows from the hypothesis on g. The left side of (5.2),
after the substitutions & — 1/&y_;+1, equals the left side of (3.4) after interchanging p
and g, times (—1)", because [](1 — &) becomes [](£; — 1). So we apply Lemma 3.1 to
f and then change variables again resulting in a factor (—1)!3! in each summand. The
reason for the different coefficients is the reversal of the order of the variables. Thus the
coefficient of the integral involving /7, s with p and ¢ interchanged equals the coefficient
of the integral involving Ig’g, where S = {N —i+1:i € S}. This, together with the
resulting power of —1, is what we see on the right side of (5.2). This proves Lemma 5.1.

To state the preliminary form of the result we introduce more notation. For disjoint
subsets T and U of {1, ..., N}, we define

I(x,Yru,8§)

[T &-# [T (w+ae&& -

i<j

=|1- ) LY ortier i€l jeU x=yi=1 e(&)
= (1 il;[]&) H(l_éi) H(P*‘qffi%j—fi) l?[(é‘l e l),

i<j

(5.3)

where indices with unspecified range run over T U U. If T C U we define o (T, U)

to be the sum of the positions of the elements of 7 in U. Thus, if U = {2, 3, 5} and
= {2, S}then o (T, U) = 1 + 3 = 4. Finally, for a set U we define

sgnU = (- 1)#{(1 J)ii>j,i€l, /GU‘}

Lemma 5.2. With r small enough and p, q # 0 we have

Py (1) = x) = pN=mN=mtD/24mn=1)/2  (m=1)(m=2)/2

_1)|U\T+o(U\T) =0 (U\T, T) _4
x 2 sl (=D o O\DHTGIONT/2
|U|l=m—1 TCcU

X/ / I(x, Yr.pe, £)dTV g,
C, C,

where U runs over all subsets of {1, ..., N} with |U| =m — 1.

o (U\T)=(m—=1) |U\T|
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Proof. To begin we now write X as

X—=Up—-1— " —V, X = VUp-2—"—V], -, X — V], X,

X+Z1,..., X+Z21+---+IN-—m-
The product [, ( Yo 8(5')’) in (2.3) is replaced by [, ( g yi*le‘g(&)’) times

é—vl—m—vmq

a(l) o E(7(m 1) 'i:a(m+l)

$Z1+»--+ZN7m
o (N) ’

and we have to sum over all v; > 0, z; > 0. As in the proof of Theorem 4.1 we can
sum over the z; immediately and we get

N—m
EU(N)

Exmel) EaN)) - (1 — &gy

2
éa(m+l)§(,(m+2) to

—U =V v
Eu(l) . 'Sc(m—l) (1-

Before we can sum over the v; we have to move the &, (;)-contours out, and we do them
inthe orderi = 1,...,m — 1. As in the proof of Theorem 4.1 we see by referring to
(4.2) that the poles obtained from moving the & (1)-contour are very large and so we can
move that contour out almost that far. Then if we want to move the &, (2)-contour out we
encounter poles with k > 2 in (4.2), which are far out and so no problem, but also the
pole with k = 1 when 0 (2) < o (1), whichis at &, 2y = p/(1 — gé5(1)). We show that
the residue at this pole, when integrated with respect to &5 (1), gives zero.

Recall that the &, ()-contour is large, and so é5(2) as a function of &,y is analytic
outside the &, (1)-contour and is in fact O (§ a )) at infinity. The part of the residue that
comes from the factor

P+q85:1)és2) — Eo (1)
P+ 46:Hés2) — 02

is O(1) at infinity as are all the other factors in the first part of (3.2) because &5 (2), in
terms of &, (1), is small when &, (1) is large. The powers of the &; involving &, (1) and &, (2)
combine as

—vp— =V —x—1 — Yo
E—Ul—w—vm,l—x—l )4 !l tm=2m E_J/o(l) p Y@
o) 1 —qés(1) o) 1 —qés(1) '

which is analytic outside the &, (1)-contour and 0(.§;<l;’;’—'*ya<l)+ya<z>) at infinity. The

exponent is < —2 since v,,—1 > 0 and y,(2) < Yo(1). Finally we have to check the
exponential of > e(&;). The sum of those involving &5 (1) and &5 (2) is

+qé:1)+ (1 —gés1)) +¢q

p S —
& (1) 1 —qgéq)’

which is bounded at infinity. Hence the &, (1)-integral is zero, as claimed.
Continuing this way we move all the &, (;)-contours out for i < m. We then sum over
the v;, obtaining

1
CGoy —DEéo) =D Combo) - Ecm—1) — 1
Nf
EU(m+1)§3(m+2) T Sa(zvr)n

I =& ms) - Eovy) - (1 = &5 vy)
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as replacement for what we had before. We also have, from the numerator in the second
part of (3.2), a product which we write as

H (P + 48550 (j) — o)) H (P + 48650 (j) — Eo(i)
i<j<m m=<i<j
X H (P + 48060 (j) — 50(i)-
i<m<j
Therefore we are to take the sum over all o of sgn o times the product
H (P +450i)b0(j) — Sa(i)
i<j<m
1
X
oy —DEméo) = D--CEoméo) - -Ecm—1) — 1D

2 N—
éo(m+2)§0(m+3) o éo(NT

x H P+ 450030 () = So) (I —=&mey - bovy)) - (1 = &a ()

m<i<j
< ] (v +atsiréeii — &i-
i<m<j
Now we take a fixed U C {1, ..., N} with |U| = m — 1, and sum over all permutations
o such that o (i) € U wheni < m — 1. Notice that the last product above is equal to
[ +as& -8, (5.4)

and so is independent of the particular permutation. Therefore we may sum indepen-
dently over bijective maps {1, ..., m — 1} — U for the first factors and bijective maps
{m, ..., N} = UF¢ for the second factors.

To keep track of the signs of the permutations we observe that sgn ¢ equals the
product of the signs of the two restrictions of o times sgn U. So we eventually have to
multiply by sgn U.

For the second factor above we use (1.6) and find that the sum equals

[T & -4
p(N—m)(N—m+1)/2 (1 . H %.l) I;lel‘ (5.5)

ieue H(l ~&)

ieye
For the first factor we use (1.6) and find that the sum equals

[]¢& -

i<j

(m=1)(m=2)/2 1V (5.6)

[Te-v

ieU

This is to be multiplied by (5.4), divided by []; i(p+q&i§j—&), and then integrated
over large contours Cg with respect to the & with i € U. But we want all integrals to be

q
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taken over the same contours C, so we want to replace the integral with all contours Cg
with a sum of integrals with all contours C,..

In our application of Lemma 5.1 N will be replaced by m — 1, {1, ..., N} will be
replaced by U, and S will be replaced by 7, which is the reason we defined o (T, U)
as the sum of the positions of the elements of 7 in U. The coefficients become in this
notation

o U\, )= (m=1) [U\T|

p [ T1@+UNTD/2=0 (T, U) 1

(5.7)

If we put all integrands together the result is, aside from the powers of p and ¢ in
(5.6) and (5.5),

(1 Ha)]‘[@, &)

o N .
H (f Vi 5(51);) (all indices in U°) (.8
| |(p+qu$j &) H(l 5

i<j
[T& -

H(PW;J — &) H(l_g H(éx . 168@"”) (all indices in U) ~ (5.9)
iSj i f ;

i<j

% H P+C]§i§j—§i.
i Ptaigj—§;
ieU, jeU®

We apply Lemma 5.1 with

_ x—yi—1 e(g,)z p+q&i&i —& '
g@)_l—[(é . / / [1 p+q$z€jj £ [ 2.

ieU i>] jeuc
ieU, jeU¢

where g(§) = g({&i}icv).
The poles of the integrand defining g are at

& = (& —p)/gé;,

where j € U°. Since &; can be arbitrarily small the pole is outside Cg for any R, so g
is analytic for all §; # 0.

To check the main hypothesis on g we observe that after the substitution & —
p/(1 — g&) the product &'~ virl g ! becomes O(&" ") as & — oo which is

O(Ek ) since i < k. The sum of the exponents in the last factor which involve &; and &
is

Pq p
- gk & + sk
which is bounded at infinity. As for the integral, we show that it is bounded when one
&, — oo while the others are bounded. If we take a fixed j > k with j € U€, the pole
at&; = p/(1 — g&;) passes across the &;-contour when & — oo. The residue of the
factor in the product that contributes the pole is seen to be O (1) as are the other factors
involving i # k. We do this with each j in turn and end up with a sum of integrals each

1 —qgé +
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of which is O(1). If we make the substitution & — p/(1 — g&;) then & — oo while
p/(1 — g&;) remains bounded, so g satisfies the required hypothesis.

To find the summand in (5.2), we must evaluate g(&), where all the & withi € U\T
set equal to 1. Each factor in the product in the integrand with such an i is (—g/p).
For each such i the number of j in the product in the integrand satisfying i > j and
Jj € U€ equals i minus the position of i in U. The sum of this over all i € U\T equals
o(U\T)— o (U\T, U). If we multiply (5.7) by (—g/ p) to this power the result may be
written
o (U\T)~(m—1) |U\T|

(—1)7W\T)=0 (U\T.U) q
po O\DHT [+ [ONT/2=m (m=1)/2

since o (U\T,U)+o(T,U) =m(m — 1)/2.

There are also the factors (—1)/Y\1 coming from (5.2) and (—1)!Y! coming from
the fETCTt\ that [ [(&; — 1) appears in (5.6) rather than [ [(1 — &;). These factors combine as
(=D,

For the integrand we must combine (5.8), (5.9) with the & with i € U\T set equal
to 1, and the integrand in g with the & with i € U\T set equal to 1. The result is (5.3)
with U replaced by U°€. If we take account of the original factors in (5.6) and (5.5) we
have established Lemma 5.2.

Proof of Theorem 5.1. Suppose temporarily that ¢ # 0 also. We take a fixed S C
{1,..., N} with |S¢| < m and in Lemma 5.2 sum over all T and U with T C U and
T UU¢ = S. Let us write everything in terms of 7 and U¢.

For any i € U, the position of i in U equals #{j : j <i, j € U}, so

o(T,U)=#{(i,j):i>j,ieT, jeU}.
In particular,

o(U\T, U)=#{G,j):i>j, i e U\T, j e U},

o(U\T) =#{(i,j):i>j, i €eU\T, je{l,...,N}},

and so
o(U\T) —o(U\T, U)=#{(i,j):i>j, i e U\T, j e U}
Also,
senU = (—1)H@D:i=j i€, jeus)
Thus

(_1)|T|+#{(i,j):i>j,iET,jGUC} (510)

is the combined power of —1 that occurs.
The powers of p and ¢ that occur in the summation are, since U\T = S,

qU(S”)—(m—l) 15

po (SOHTI(m+SD/2” (5.1

and only depends on |T'|, given S.
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In (5.3), we write

IT ¢ -4

i<j

i,jeUcur
| | & —é&) = .
i<j (&j — &) (&j — &)
J J J
i,jeUC or i,jeT i<j i<j
ieU¢, jeT iel, jeU®

The denominator may be written

[1 @-&) [I & -8 =nfer=iict it T @ —g).
. Ti>.jU Ti<jU ieT, jeU¢
ieT, jeU¢ ieT, jeU¢

The power of — 1 combined with (5.10) equals (—1)!”! and therefore our integrand, aside
from this power of —1, may be written

[T p+aagi—& [1e& -4
ieT, jeUc i<j
1 - &
( l}) [T &-# H(l—é,)H(pw&EJ &)
ieT, jeUc i<j

I1 (gix—yi—l ee(&)t),

i

where indices not specified range over 7' U U€.

Now we take a fixed S C {1,..., N} with |S°] < m and in Lemma 5.2 first sum
over all T and U such that T U U¢ = S. The condition |U| = m — 1 translates to
|T| =m—1—|5°. Apply (1.9) with {1, ..., N} replaced by S, with S replaced T', and
with m replaced by m — 1. We obtain (5.1), and this completes the proof when g # 0.

We can remove this condition by taking the ¢ — 0 limit since no pole tends to zero
when g — O.

‘We now obtain the expansion where all integrals are taken over large contours.

Theorem 5.2. We have when g # 0,

Pl (1) = x) = (—1)" (pg)mm—1/2

1S| — 1 poS)—mis| 18]
x 2 [| S| —m } )= |S|<|S|+1>/2/ /CRI(x Ys.£)d™8,

[S|=m

(5.12)

where R is so large that the poles of the integrand lie inside Cg. The sum is taken over
all subsets S of {1, ..., N} with |S| > m.

Proof. Denote by P the probabilities for the process with p and g interchanged. As in the
remark following the proof of Theorem 2.1, P(x,,(f) = x) is equal to ]f”(xN_mH (1) =
—x) with initial configuration Y replaced by {—yy, ..., —y1}. In the integrals in (5.12)
we make the replacements & — 1/&y_;4+1. The upshot is that in (5.1) we replace m by
N — m + 1, in the coefficients we replace S by S, we multipy by (—1)!5*! (because of
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the sign change in the integrand), and take the integrals over Cg. A little algebra, using
the general fact

o8 =D (N—i+1)=(N+1)|S|—0(S),
ieS

shows that the result is (5.12). This completes the proof of Theorem 5.2.

As with the first particle when Y is infinite and bounded below, we can show that
the sum (5.12) converges when it is taken over all finite subsets of Z*. This gives the
probability for infinitely many particles.

In the special case Y = Z* we can evaluate the sum over all sets of a given cardinality.
We define the k-dimensional integrand

_ & —& 1—& & x—1 (&t
e(x.8) = & !
o gpw%éj—& [0 -8 @& - H( “)

where all indices run over {1, ..., k}. The result we obtainis O
Corollary. When Y = Z* we have when q # 0,
P(xm(t) — x) — (_1)m+l qm(m—l)/z

% Z 1 [k -1 :| PRk E=ma)/2 k()2

o k=
Fromd k! [k—m
<o [ nsdnde (5.13)
Cr Cr
Proof. We sum first over all S C Z* with |S| = k. If § = {z1, ..., zx} we make the
variable changes &;, — &,...,&;, — & intheintegralof / (x, Y5, &), so all integration
are over the variables &; withi € {1, ..., k}. The integrand becomes
H §j — §i 1—-& & H (%—,X*Zifl ea(%‘i)’)
. PR— . l ’
i Pragigi—& JJa-& -
i
where all indices run over {1, . .., k}. The only part of the coefficient in (5.12) involving

more than |S] is (p/q)° ). When we multiply by this the product may be written

[1E -é&
i<j =& & H (&_ix—l es(éi)t)

[l +asigi—&) J]a-&)
i#j i

x H(p +q&i&; — &) H (% S,-)_Zi.

i>j i

If we sum over all {z;} with 0 < z1 < --- < z the last product becomes

1
E(p s (Gene) - @a —1)(Ge) - Ea—1) - (Ga—1)
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The integral is unchanged if we antisymmetrize this, because all other factors are
symmetric except for the Vandermonde. We can bring this antisymmetrization to the
form of identity (1.7) if we make the substitutions

P
& = — Mk—i+1-
q

The second factor becomes
1
m=Dmm—D--Oun-m—1"

while the first factor (after the index changesi — k —i+ 1, j — k — j + 1) becomes

P\ kD2
(5) [ 1@+ pninj —no.

i<j
Now we can apply (1.7) with p and ¢ interchanged and we see that the antisymmetrization

of this is
e [T —m [Te -

1 p l<] _ l k(k+1)/2 l>]

LI el =P
KR Tl -1 * H(q&

If we recall the remaining factor

—m S| k(k+1)/2

p _q
q*|S|(|S\+1)/2 - pmk

in the coefficient in (5.12) we see that we obtain formula (5.13).

Remark. The power of p on the right side of (5.13) is always nonnegative and is zero
only when k = m. Hence when p = 0, in other words in the TASEP where particles
move to the left, only one term survives and we obtain

(=pmim—rz §1-bm — 1
P(xma):x):T/CR /H(s, g) =—"—

Crisj H(é, "
[T (" o) der - ds.

For P(x,,(¢) < x) we sum P(x,,(¢) = y) over all y < x (which we may, since R > 1),
obtaining

lm(m 1)/2
Pl () =0 = 2 /c / [T —& [Te -~

i<j

<T] (g;‘—m e@f—l)f) ey - dé.
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By a general identity [2] this equals

(_1)m(m—l)/2 det (/ §i+j+x—m (é: _ 1)—m e(é—l)l d&-)
Cr

i, j=0,....m—1

After reversing the order of the columns this becomes a Toeplitz determinant equal to
the determinant of Rakos-Schiitz [13, (12)] which they used to obtain Johansson’s result
[6].

VI. Proofs of the Identities

Proof of identity (1.6).> We use induction on N, and assume that the identity holds for
N — 1. (It clearly holds for N = 1.) Call the left side pn (&1, ..., &n). We first sum
over all permutations such that o (1) = k, and then sum over k. If we observe that the
inequality i < j becomes j # i wheni = 1, we see that what we get for the left side is

1
1 k+1
=55 in ;( ) g(p +qéikj — &) -
Héj “oN-11, - k1, Ekrts - L 6N,
J#k
which may also be written
fff& Z( DT +a&d) — &) - & ov1Er o & Bk, ).

J#k
We want to show that this equals the right side of (1.6), and the induction hypothesis

gives
[T ¢ -4

(N=1)(N-2)/2 I<]:E.7#k

[Ta-¢»

J#k

oN-1G1, . k1,81, . EN) = p

After some multiplying, dividing, and computing powers of —1 we see that what we
want to show is

s 1-§& 1 No1l—&1& &N
=& - = pNI SIS N 6
;g(p b — 80— Mo -0 =" s (6.1)

If we change the first product on the left to run over all j we have to divide by
p+ q.§k2 — &. Setting p = 1 — g shows that

1—& 1
Pl —& P —aq&

5 When we showed Doron Zeilberger the identity when it was still a conjecture he suggested [23] that
problem VIL.47 of [11], an identity of I. Schur, had a similar look about it and might be proved in a similar
way. He was right.
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So the left side of (6.1) equals

N N 1 1
,; ]1:[1(” HISE = ) g T — 80

We evaluate this by integrating

N

[T +azti—2)-

j=1

1 1
z(p—qz) [2i& -2

over a large circle. Since the integrand is O (z~2) for large z the integral is zero. There
are poles at 0 and the &, and the sum of the residues there is

ALl 1 1
s, ,;1:[ P+ a8 =8 e = e T — 80

There is also a pole at z = p/q and for the residue there we compute

p+p&§i—plq =pq+q5j—1 _
§—plq q&j —p

so the residue at p/q is —p™~!. This gives

1 pV! N-1

N N
1
; E‘p”’é"g’ TR e T

as desired.
This completes the proof of identity (1.6).

Proof of identity (1.9). We use the easily established recursion formula

= [ e ] ©2)
m m m—1

and a preliminary simpler identity,

P+61%‘l$/ & _ N
S ——— _[m] (6.3)

IS|=m i<s
jese
where S is as before.
We prove this® by induction on N, so assume (6.3) holds for N — 1. The left side is
symmetric in the & and is O (1) as any & — oo with the other &; fixed. If we multiply
the left side by the Vandermonde []; _ j (&i —&;) we obtain an antisymmetric polynomial

which is O(EiN 1yas any & — oo with the others fixed, so it has degree at most N — 1
in each &;. Being antisymmetric it is divisible by the Vandermonde, and having degree

6 The proof is a modification of one found by Anne Schilling [15] for an equivalent identity.



842 C. A. Tracy, H. Widom

atmost N — 1 in each of the &; separately it must be a constant times the Vandermonde.
Thus the left side of (6.3) is a constant, say Cy .
To evaluate the constant set £y = 1. For convenience we write

p+q&i& —&

PR— =U(, §)).
We have
cnn=2 U6, =a"" 3 [[veen+r" Y [] v,
S e Ne§ 1eos NES I

By the induction hypothesis the right side equals

qN—m |:N— 1i| o |:N— 1:|’
m—1 m
and this equals [Z ] by (6.2). This establishes identity (6.3).

The proof of (1.9) runs along the same lines. We interpret both sides to be zero when
N = m, and do an induction on N > m. So we assume N > m and that the formula
holds for N — 1 > m — 1. We quickly deduce that the left side is a polynomial of degree
at most one in each &;. If we call the left side Cy ,,(§) then

CumE i, D=¢"" > [] v (1- []&)

NeS ieS\N jese
jese
w3 ] veen-(1- [T &)-
NgS i< jeSA\N

JeSE\N
=gV " Cnctm1 Gl EN-D) + P O L - EN—).

Similar relations hold for the other &;. Notice that when N = m the second sum above
does not appear and Cy,,—1 n—1(§) = 0 so this is consistent with our initial condition.
If we call the right side of (1.9) C}\,m (&) we see from (6.2) that the same relations hold

for C;V,m (&) (with initial condition C/, , (§) = 0) and so for the difference Dy ,, (§) =

m,m
Cnm(€) — C;v,m(‘i:)' The induction hypothesis gives Dy—_1.m = Dn—1,m—1 = 0, so
wse have shown that for any i,

Dy m(§)lg=1=0.

Any polynomial which has degree at most one in each &; and vanishes when any §; = 1
is a constant times [ [(§; — 1,7 so Dy m (&) has this form.
We have shown that

Cnm&) =Cy & +c[]JE& -1
i
for some c. We show that ¢ = 0 by computing asymptotics as £y — oo. All terms are
asymptotically a constant times &y . If in the sum in (1.9) N € § then the corresponding

7 Sucha polynomial must be of the form &y — 1 times a polynomialin&q, ..., & —1 with the same property,
so the statement follows by induction.
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summand is O (1). So we need consider only those S for which N ¢ S. In the product in
the summand, if j = N then the corresponding product over i has the limit ¢” [[; ¢ &
since there are m factors with limit g&;. It follows that

. Cvm® P+ai&i —& 17, .
El\}inoo EN =4 Z H éj_gi HE! H Sl

|S|=m ieS
Sc{l....N—1} jeS¢ j<N

m +q&i§; — &
I I =

i<N |S|=m ieS
Scil,...,N—1} jeS¢,j<N

ieS  j<N,jese

Identity (6.3) tells us that this equals

" [] & [Nn; l]~

i<N

Clearly C;v,m(f ) has the same asymptotics, so ¢ = 0.
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