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Abstract: In previous work the authors considered the asymmetric ssmple exclusion
process on the integer lattice in the case of step initial condition, particles beginning at
the positive integers. There it was shown that the probability distribution for the position
of an individua particle is given by an integral whose integrand involves a Fredholm
determinant. Herewe use thisformulato obtain three asymptotic resultsfor the positions
of these particles. In one an apparently new distribution function arises and in another
the distribution function F»> arises. The latter extends a result of Johansson on TASEP
to ASEP, and hence proves KPZ universality for ASEP with step initial condition.

1. Introduction

In previous work [8] the authors considered the asymmetric simple exclusion process
(ASEP) on theinteger lattice Z in the case of step initial condition, particles beginning
at the positive integers Z*. There it was shown that the probability distribution for the
position of an individual particle is given by an integra whose integrand involves a
Fredholm determinant. Here we use this formula to obtain three asymptotic results for
the positions of these particles.

In ASEP aparticle waits an exponential time, then movesto theright with probability
p if that site is unoccupied (or else stays put) or to the left with probability g =1 — p
if that site is unoccupied (or else stays putlz. The formula in [8] gives the distribution
function for x,,(¢), the position of the m'" particle from the left at time ¢+ when all
X (0) = m.

Here we shall assume that p < ¢, so there is a drift to the left, and establish three
results on the position of the m™ particlewhen t — oo. Thefirst gives the asymptotics
of the probability P(x,, (#) < x) when m and x are fixed; the second, conjectured in [8],
givesthelimiting distribution for fixed m when x goesto infinity; and the third givesthe
limiting distribution when both nz and x go to infinity. Inthe second result an apparently
new distribution function arises and in the third the distribution function F» of random
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matrix theory [7] arises. (That F» should arisein ASEP haslong been suspected. In the
physics literature thisis referred to as KPZ universality [5].)

Before giving the results we state the formula derived in [8], valid when p and g are
nonzero. It is given in terms of the Fredholm determinant’ of akernel K (¢, £’) on Ckg,
acircle with center zero and large radius R described counterclockwise. It acts as an
operator by

£6) > /C K& &) fE)dE, (& eCr)?

We use slightly different notation here, which will simplify formulas later. We set

Yy=4g—p. T=p/q.
The kernel is
) g% £ty
ptq&s —¢§
where
e§)=p& g -1
Theformulais
det(/ — AK) dx
g @—rch A
where the integral is taken over a contour enclosing the singularities of the integrand

ar=0andr=1t%(k=0,...,m —1). We mention here the special case, easily
derived from this,

P (t/y) <x) = )

P(x1(t/y) > x) = det(I — K). 3

The first formulais concrete. The sign ~ in its statement indicates that the ratio of
the two sides tends to one.

Theorem 1. Assume O < p < q. For fixed m and fixed x < m we have, as t — 00,
Z‘Zm—)c—2 e !

(m—D!Im—x— 1!

P(xn(t/y) > x) ~ Q-5
k=1

Itisclear probabilistically that P (x,, () > x) = Ofor al r when x > m: for a par-
ticle to be to the right of itsinitial position al particlesto its right would have to move
simultaneously to the right, which surely has probability zero. Thiswill also be seenin
the proof of the theorem.

Although Theorem 1 required p > 0 the statement makes sense when p = 0, the
TASEP where particles move only to theleft. In this case the probability equals aproba
bility inaunitary Laguerre random matrix ensemble[4]. The corresponding asymptotics
can be derived there and found to be the same as our formulawhen p = 0.

1 The Fredholm determinant of a kernel X is the operator determinant det(/ — AK). Properties of these
determinants, trace class operators, etc., may be found in [2].

2 All contour integrals are to be given afactor 1/27i.
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The second result was conjectured, and the beginning of a possible proof given, in
[8]. Denote by K the operator on L2(R) with kernel3

k(Z, Z/) = L g_(p2+q2) (12+Z/2)/4+pq ZZ/'

- V2

Theorem 2. Assume O < p < q. For fixed m the limit
t +1t
lim P (M < s)

Y1212

is equal to the integral in (2) with K replaced by the operator K x (=5, 00)-

From this and (3) we have the special case

. x1(t/y) +1 5

Thisisan apparently new family of distribution functions, parametrized by p. When
p = 0thekernel hasrank one and the determinant equal sastandard normal distribution.
Finally, we state the result when m and x both go to infinity. We use the notations

oc=m/t, c1=—-1+2Jo, =0 Y81 - Jo0)?3 (4)

—>00

Theorem 3. When 0 < p < g we have

Xm(t/y) —c1t
(czt—l/3 < S) = F5(s)

uniformly for o in a compact subset of (0, 1).4

lim P

1—>00

The proofs of the theorems will involve asymptotic analysisof K. Themain point is
that the kernel has the same Fredholm determinant as the sum of two kernels; one has
large norm but fixed spectrum and its resolvent can be computed exactly, and the other
is better behaved. This representation is derived in the next section.

2. Preliminaries

We begin with two facts on stability of the Fredholm determinant. They concern smooth
kernels acting on simple closed curves. Both use the fact that for a trace class operator
L the determinant det(/ — AL) is determined by the tracestr L", n € Z*. Thisis so
because up to constants these are the coefficients in the expansion of the logarithm of
the determinant around A = 0.

Proposition 1. Suppose s — Ty is a deformation of closed curves and a kernel L(n, n')
is analytic in a neighborhood of Ty x Ty C C? for each s. Then the Fredholm determinant
of L acting on Ty is independent of s.

3 Thisis the symmetrization of the Mehler kernel.
4 Notice that here we alow p = 0. In this case we get the asymptotic formula derived by Johansson
[4] for TASEP. For ASEP the strong law =Ly (t/y) — c1 as. was proved by Liggett [3]. For stationary

characteristic has order 2/3 and the diffusivity has order /3.
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Proof. Thetraceof L" on T’ equals
/ / L(n1, n2) -+ - LMn—1, 1) LMy, n1) dna---dn,.
T Iy

If s” issufficiently closeto s we may consecutively replace the contours T’y for the n; by
Iy, obtaining thetrace of L" onT'y,. Sotr L" isalocally constant function of s and the
usua argument shows that it is constant. Therefore so is the Fredholm determinant. O

Proposition 2. Suppose L1(n, n') and La(n, ') are two kernels acting on a simple
closed contour T, that L1(n, n') extends analytically to n inside T or to 1’ inside T, and
that Lo(n, n') extends analytically to n inside T’ and to ' inside T. Then the Fredholm
determinants of L1(n, n') + L2(n, ) and L1(n, n') are equal.

Proof. Suppose L1(n, n) extends analytically to " insideI". The operator L1 L on T
has kernel

LiL>(n, n) =/FL1(77, ¢)La(¢, n')d¢ =0,

since the integrand extends analytically to ¢ inside I". The operator L% onI" haskernel

L2(n, ) = /r La(n. ¢) La(¢, ) d¢ =0
for the same reason. Thereforefor n > 1,
(L1+Lp)" =Li+Lo Lyt

andtr Lo L}t =tr LY Ly = 0,s0tr (L1 + Lp)" = tr L%. Whenn = 1 we use

trL; =/ La(n, n)dn =0,
r

since the integrand extends analytically inside I, which completes the proof. O

We introduce the notation

p(n) = (1 - m)x Aeal

1-n
In K (&, &") we make the substitutions

1-1m 11—t
é = b é/ = / 9
1-19 1-19
and we obtain the kernel®
()
- = K2(n, ')
n—1n

actingony, alittlecircleabout = 1 described clockwise, which hasthe same Fredholm
determinant. We denote this by K> because there is an equally important kernel
(tn)
PV~ Kaln, ).
n—=1n

5 Thisisthe kemnel (d&/dmY2(dg’ /Y% K (), &' ).
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Proposition 3. Let I be any closed curve going around n = 1 once counterclockwise
with n = =L on the outside. Then the Fredholm determinant of K(&, &) acting on Cg
has the same Fredholm determinant as K1(n, n') — K2(n, n') acting on T.

Proof. We must show that the determinant of K acting on y equals the determinant of
K1 — Ko actingonT. Thekernel K1(n, n) extends analytically to n inside y and to n’
inside y while K2(n, n") extends analytically to n inside y. Hence by Proposition 2 the
determinant of K2 acting on y equalsthe determinant of K, — K1. Next we show that we
may replace y by —I'. (Recall that y is described clockwise and I counterclockwise.)
We apply Proposition 1 to the kernel

p(Tn) — o)
n—tn
withT'g = —y and I'1 = I". Since the numerator vanishes when the denominator does,

the only singularities of the kernel areat i, n’ = 1, 1, neither of which is passed in
adeformation 'y, s € [0, 1]. Therefore the proposition applies and gives the result. O

Ki(n, n') — K2n, ) =

Proposition 4. Suppose the contour T of Proposition 3 is star-shaped with respect to
n = 0.8 Then the Fredholm determinant of K1 acting on T is equal to

[Ta-a5.
k=0

Proof. Thefunction ¢(zn) isanalytic except at —1 and r —2, both of which are outside
I", so the function is analytic on sT" when 0 < s < 1. The denominator " — =7 is
nonzerofor i, n’ € sT for all suchs. (The assumption on I" was used twice.) Therefore
by Proposition 1 the Fredholm determinant of K3 on I" isthe same ason sT". Thisin
turn is the same as the Fredholm determinant of

p(stn)

s Ki(sn, sn') = ———— ©)
n—=1n
on I'. The operator is the one with kernel
Ko(n, 1) = = :
n—1n

which is trace class since the kernel is smooth, left-multiplied by multiplication by
@ (stn). Thelatter convergesin operator normtotheidentity ass — O0sincegp(stn) — 1
uniformly on T, and so (5) convergesintracenormto Ko. Thereforethe Fredholm deter-
minant of K1 equals the Fredholm determinant of Kj.

Thekernel of K3 equals

de 1
K2, =/ = )
el sy e S s

Thisisbecausernisinsidel’ and 1y’ outsideI’ wheny, n’ € T, sincel isstar-shaped.
Generally, we find that

ks )= | dz _ 1
N A T T b YO (RS ST

SO

6 Thismeansthat O isinside I and each ray from O meets I" at exactly one point.
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trngl_lrn.
Thusfor small A
logdet(/ — LK, o~ e OOIol ath
g det( 0) = ,1:1"1—7"_ %Z; —k;) (1 - 2th),

and the result follows.” O

Denote by R(, n'; 1) the resolvent kernel of K1, the kernel of A (1 — AK1) 1 K.
Thisis analytic everywhere except for » = =%, k > 0. We define
en(n) = () @(xn) - - o(x" 1),

Proposition 5. Assume that T is star-shaped with 1 inside and = outside. Then for
sufficiently small A,

R(TI 77 )\) Z)\n ‘Pn(”))

= - 'y’
Proof. 1f 0 < 11, 72 < 1land o1, o7 areanayticinside I" then
/ o1(n) 02(¢) d = o1(n) o2(t1n)
r¢—mnn —¢ n—nwnn

This uses, again, the assumption that T" is star-shaped. From this we see by induction
that K7 has kernel

@n(TN)

n/ _ .[nn .
Here we used the fact that the ¢, (t7n) are analytic inside ", athough ¢(n) isn't. We
multiply by A" and sum to get the resolvent. O

For % not equal to any v ¥ the operator I — A K1 isinvertible and we may factor it
outfrom/ — ALK = I — AK1 + AK>, and we obtain

det(I — 1K) = det(I — AK7) det(I +AKy (I — uq)—l)
= det(] — AK1) det(I + \K> (I + R)),
where R denotes the operator with kernel R(n, n’; A). The first factor is given by

Proposition 4 (we asume here that T is as in the proposition), and so we may rewrite
(2 as

]P(xm(t/y)Sx)z/H(l—,\rk)-det(1+u<2(1+R))d%. (6)

k=m
This formula and the formula of Proposition 5 form the basis for our proofs.8

7 Itis easy to see directly that the nonzero eigenvalues of K are exactly the t*. This does not give the for-
mulafor the Fredholm determinant since for that we would have to show that these eigenval ues have algebraic
multiplicity one. The computation of traces avoids that issue.

8 It will become apparent later that it was important that we factored in the order we did. The operator
K2 (I + R) behaveswell while (I + R) K2 does not.
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3. Proof of Theorem 1

We begin this section with a decomposition of the resolvent kernel that will be used in
the proofs of the first two theorems. The first summand will contain the poles of the
resolvent inside the contour of integration in (6) while the remainder will be analytic
inside it. We assume as before that I isas in Proposition 5.

We have
on) = (T_’;")x A
and we define
Gooi) = 1liM g, () = (L= )™ =7
and

1- Yrao 1
G, 77/7 ") = ( 1_1/;7) e[l—y] 1—un]t (]7/ _ ‘L’ilun)il.

Inthisformulawe shall dwaystakeu € [0, t2],50 G(n, ', u) will be smoothin u and

n, n erl.
Define

Ri(n, n'; 1) =

Yoo (TN) mfc@(n, n,0) At
Poo(n) = k! 1— Atk

00 (n+l)(m-1) p"l
n T

/ Poo(TN) / n+1ym—1 - (m) /
Ro(n, n'; A) = A — 1- G , ', u)du.
20, '3 A) o) ;:1 =D Jy (A —u/T™) (n, n',u)du

(Derivatives of G are al with respect to u.)
Clearly Ry is analytic everywhere except for polesat . = 1, =%, ..., r~"*1 and
R isdefined and analytic for |A] < T,

Lemma 1. R(n, n'; 1) = Ri(n, n'; 1) + R2(n, ' ; 1) when [A] < T,
Proof. Observe that

a(Tn)  ¢oo(Tn)

— G, /, n+l.
"=t ¢o(n) G, w7

By Taylor’s theorem with integral remainder G(n, »’, "*1) isequal to

m=1 k) / (n+h(m—-1) pr**t
G (771 n, O) T(n+l)k + T (1 — u/rn+l)m71 G(m)(]77 T]/, l/t) du.
“~ k! (m =D Jo

We multiply this by ¢o (T17)/900(n) times A" and sum over n to get R(n, n’; 1). We
obtain the statement of the proposition for A sufficiently small, and therefore by analy-
ticity it holdsthroughout |A| < ™. O
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Lemma 2. The operators Ko R1 and K2 Ry have kernels

m—1 2k (k) /
1 ar G (¢, ', 0
K> Ri(n, n') = = / g, (7)
; Kl—xtk Jr ¢ —1p

> (n+h(m=1) "t G ,
Kz Rolon, n) = 3 0" 50— / (L—u/t"Y" Ly / e
n=1 m =1 Jo r {—1n
®

Proof. We have

Yoo(TE) _
¥oo($)

The formulas (7) and (8) follow from thisand Lemmal. O

(&)

When x isfixed the steegpest descent curvefor ¢ (n) isthe circle with center zero and
radius 1/./7. In this section we take for I' the circle with center zero and any radius
r € (1, t~1), described counterclockwise. Thisisone of the contoursalowed. On T the
function ¢ () iswell-behaved (itisuniformly exponentially small ast — o0), but ¢ (z1)
is badly-behaved (it is exponentialy large at n = r), which explains the importance of
the correct order aluded to in the last footnote.

We begin by deriving trace norm estimates. InLemma2 thekernels K> Ry and K> R>
are given in terms of integrals of rank one operators, and we shall use the fact that the
trace norms of these integrals are at most the integrals of the Hilbert-Schmidt norms of
theintegrands. We denoteby | - ||1 thetrace norm and (thiswill be used later) by || - |2
the Hilbert-Schmidt norm. For the estimates involving R; in the following lemma we
assume that A is bounded away from the poles t=*.

Lemma 3. We have, for some § > 0,°

IK2ll1 = O(™®), K2 Rall1= 0(e™), K2 Rqlly = O(e” /21,
IK2 Ry K2(I + Rp)|l1 = O(e™ 7). )

Proof. For our estimateswe usethefact that if v > OthenonT therea partof 1/(1—vn)
achievesitsmaximumat n = —r whenvr > landitsminimumatn = —r whenvr < 1.
In particular the real part of

1 1

1-n 1-—1mn

achievesits maximum at n = —r and equals

1 1
-— <0
1+r 1+7r

Thisgives, first,auniformestimatey () = 0 (e~%"). Theoperator K equalstheoper-
ator with trace classkernel 1/(n’ — tn) left-multiplied by the operator multiplication by
¢(n), which hasoperator norm O (e ~%). Thisgivesthefirst estimate, || K2[1 = O(e™?").

9 We shall always use § to denote some positive number, different with each occurrence,
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Next, G™ (5, n’, u) is O (t"™) times the exponential of

1 1

[1-n 1—un]

t’

and when |u| < 72, asitisin (8), thereal part of thiswhen n € I" isat most

1 1
[ 1+r 1472 ]

1,

and the expression in brackets is negative. Thus the integrand in the integral over ¢ in
(8) is O(e™%") uniformly in al variables. In particular its Hilbert-Schmidt norm with
respect ton, n’ hasthe same estimate, so thisintegral hastrace norm O (e~%") uniformly
inu. It followsthat | K2 R2|l1 = O(e~%") on compact subsets of [A| < 7.
For K2 R1, we use
nx nt 1y
+ p—
—un  (L—um? n -7 tuy

G, uw=- [1 } G, n',u), (10

from which we see that each
GO, ', 0)
G, n', 0

isalinear combination of productst’ n/ (n’)~*. Since

G(nv 77/, 0) = (ﬂoo(n)/n/’

G®(n, v, 0)isalinear combination of
07 goo () ()~
and so by (7) K2 R1(n, 1) isalinear combination of integrals

[ e 220 yeae, (1)
r- ¢{—1n

The exponent in ¢ (¢) ist times ¢ /(1 — ¢). Itsmaximum real part on I, occurring at
¢ =—r,is—r/(1+r).Sincer/(1+r) > 1/2 thisshowsthat theintegrand is uniformly
0 (e~ /21y "and so thisisthe bound for || K2 R>||1, aslong as A isbounded away from
the poles.

Finally, K2 R1 K2 and K2 Ry K2 R. It followsfrom (11) that the kernel of K2 R1 K2
isalinear combination of

¢—1n —fn e

We integrate first with respect to ¢’ by expanding the contour. We cross the pole at
¢’ = t~1y/, so we get a constant times

/i / woo(i)w(n)
T

j Zld
L SRS
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Now we compute
/ ¥Yoo($) §] de.
{—1n
Theintegrand is analytic outside I" with apole at infinity. The integral may be written

> @ /(1 — et IR g,
k=0 r

which we see equals e’ times a polynomial in ¢ and 5. So the kernel of K, R1 K7 is
e~ ! times alinear combination of products ¢ n/ ¢ (1) ()¢,

Sinceg(n’) = O(e~?") aswehavealready seen, wehave | K2 Ry Ko||1 = O (e~ 1)1),
If we use (1) poo(Tn) = @so(n7) again we see that the kernel of Ko Ry K2 Ry ise™
times alinear combination of

T (n+1l)(m—1)

n+1
£ n/ Z)\'n - 1)' // —Z—l (11— u/_[n+1)m—l G(m)(é', n/’ u) du dé’

Using (10) again we seethat G (¢, 1, u) is O (¢™) times the exponential of

1 17,
1-¢ 1-—¢u

As before the maximum real part of the expression in brackets occurs at —» and equals

1 1
1+r 1+4ru’

which has anegative upper bound for u < 2. Since we had the factor ¢~ we obtain the
bound || K2 R1 K2 Ra||l1 = O (e~ 191y,
This completes the proof of Lemma3. O

Proof of Theorem 1. In (6) the contour enclosesél all the singularities of the integrand.
If we take the contour instead to have the singularity 2 = 0 on the outside and the %
with k& < m inside then we have

P (xp(t/y) > x) = —/ [T@— - det(r + 2k (1 + R)) dT’\. (12)

k=m

I+AKo(I+R)=1+AKy>(I +R)+AK2 Ry

= (I +1 K2R (I +1Ka(1+R2) ™) (I +1Ka(1+ Ry)).
(Notethat 7 + A K2(1+ R2) isinvertible since K2(1 + R2) has small norm.) Therefore

det(1 + AK2 (I + R)) = det(I + A Ko(1+ Rp)) det(I + A Ko Ry (I + A K2(1+ R2)) ™ b,
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The first factor on the right is analytic inside the contour, and equal to 1 + O (e~%") by
(9). Asfor the second factor, we have

I+7 K2 Ry (I+4 K2(1+R2)) "t =1+ K2 R1—1?K2 R1 K2(1+Ro) (I +) K2(1+R)) *
=I+AKoR1+ O(e_(lﬂs)t)’
by (9). Here the error estimate refers to the trace norm. Hence
det(/ + A Ko Ri (I + A Kp(1+ Rz))*l) =1+AtrKoR1+ O(ef(lﬂi)t)’

since | K2 Rall1 = O (e~ /2" py (9), 0 [| (K2 R1)?|l1 = O (e~ 7). Thus
det(7 + 1Ko (I — AK1)™Y) = det(I + A K2(1+ R»)) (1 +Atr Ko Ry + 0(e‘<l+5>f)) )

When we insert this into the integral in (12) we may ignore the summand 1 in the
second factor since the first factor is analytic inside the contour. The integral involving
tr K2 R1 we can compute by residues. Its multiplier A is cancelled by the denominator
in (12). So with error 0 (e~1*97) (12) equals

m—1 oo

—Z H (1—7/7K) . det(I+1 Ko(1+Ra(r %)) - residue of tr K» Ry at A=t %, (13)
k=1 j=m

where R»(t %) denotes the operator with kernel Ro(n, n'; ©=%).
The determinants are 1+ O (e ~%"), as we saw, and will not contribute to the asymp-
totics. Theresidue of tr K» Ry at t—* equals

G® ,0
o [ (19

From (10) we see, more precisely than earlier, that
GO, 1,0) = (@) " D ayrti g7
i+j<k

for some coefficients a; ;. Substituting this into (14) and integrating with respect to n
by expanding the contour outward gives

1 o .
a Z ajji t' T"/%o(C)Ck_"_ldC
Citj<k r

1 . ¢ )
—a 2 ikt ”/(1—;“)*%15:’@"*1@-
r

Ti+j<k

Theintegral vanishesunless x < k — j and otherwise equalse™’ times a polynomial in
t of degreek — j — x with top coefficient

(—1/*
k—j—x)
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We see from this that the highest power of 7, which is 1%, comes from the summand
with j = 0, i = k. The coefficient a o equals (—1)¥. Thus (14) equals e’ times a
polynomial of degree 2k — x in ¢ with top coefficient
1
k! (k —x)!
In particular themain contributiontothesumin (13) comesfromthesummandk = m—1,
and if we recall the minus sign in (13) we get the statement of Theorem 1. O

Remark. As mentioned in the introduction, we can also show that P(x,, () > x) = 0
when x > m. Weknow for (11) that K2 R1(n, ') isalinear combination of

N—j—1 ¢’oo(§) - 1/
n) = =)~ =

with j, k < m. When x > m we expand the contour and get zero since k < m and tn
isinsideI". Therefore K> R1 = 0. Hence

-0 et kg,

Ko>(I —1K1) ™t = K2(1+ Rp) + K2 R1 = K2(1+ Ry),
and so
det (1 + 2Ky (I — u(l)*l) = det (1 + A Ko(1+ Ry)),

which isanalytic inside the contour of integration and therefore integrates to zero.

4. Proof of Theorem 2
We know from (2) that
xm(t)y) +1 det(/ — AK) dA
P 2.2 =5)= 1
yl2el/ M@ —acky A
where in the definition of K we set
x=—t+y25112 (15)

Therefore the theorem would follow if

lim det(I — AK) = det (1 — AR X(y oo)) (16)
=00

uniformly on compact A-sets. The Fredholm determinants are entire functions of A, and
the coefficients in their expansions about . = 0 are universal polynomialsin the traces
of powers of the operators. It was shown in [8] that for n € Z*,

A n
tILr(TJo trK" =tr (K X(—y, oo))) ,
and it was pointed out that (16) would follow if we knew that det(/ — LK) isuniformly
bounded for large r on compact A-sets. Thisiswhat we shall show here.

For any m it sufficesthat the determinant isuniformly bounded on compact subsets of
|| < 7™, and sinceit is entire we may assume that the sets exclude the singularities at
A = k. From the uniform boundedness of det(/ — » K1) on compact A-setsit follows
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that it sufficesto prove the uniform boundedness of det(7 + K2 (1 + R)) on compact sets

excluding the r .

Here is how we decide what contour to take for I'. The steepest descent curves for
all the ¢, including ¢, are similar. They liein the right half-plane, tangent to the imag-
inary axis at the saddle point n = 0, and have an inward-pointing cusp at n = 1, where
the real part of the exponentia tends to —oo. We would like to take as the curve T’
of Propositions 3 and 4 something like this. It need not have that cusp at n = 1, only
that the ¢, are exponentially small there, and if it passes through n = 1 vertically that
will happen. That n” = 1 is a singularity of K, does not change the conclusions of
the propositions since we can take an appropriate limit of contours not passing through
1. So we may take I" to be the circle with diameter [0, 1]. But thisis not star-shaped
with respect to the origin, so Proposition 4 would not apply (even though Proposition 3
would). Therefore we expand it a little on the left, resulting in a contour that is star-
shaped. We expand it so that instead of O it passes through — 12, This, finaly, is
the contour T in this section: the circle symmetric about the real line and meeting it at
n=—tY2andn =1

From the identity

det( + A) = deto(1 + A) e 4

and the fact that the deto is bounded on || - ||2-bounded sets, we see that is suffices to
prove that

tr (K2(I+R))=0(1), [K2(I+R)ll2=0(D.
We shall prove more, namely
trkKo=0(), [K2ll2=0(), [K2R[1=0(). 17

We begin by obtaining a bound for integrals involving the various ¢, (7). The coef-
ficients of ¢ appearing in the exponentials of these functions are of the form
1 1 1-17g

— +lo
1-n 1-—wy gl—vn

(18)

with 0 < v < 7. On the part of " outside any fixed neighborhood of zero in C the
real parts of these are uniformly bounded above by —§ for some § > 0 when 7 is suffi-
ciently large. In a sufficiently small fixed neighborhood of zero the real part is at most

0t~y — §n|2. It follows that @, (1) = O (e 3M*+OGY 2Dy \where the 12/2|| term
comes from the y r1/2 term in (15). From thisit follows that for any & > 0,

/F lon (! Inl* 1dn| = 0=/, (19)

for thefollowing reason. Theintegral over that part of I" outside any fixed neighborhood
of zerois exponentially small. For the integral over a neighborhood of zero we have, if

y= Imn,
> =0a~t+y?), In? = y% ldnl = 0Wdy),

so the integral over that portion of I" is bounded by a constant times

* s 21+0(y|1Y2) -1 | . 2\k/2 —(k+1)/2
/ e % Iyl T+ v 24y = 0@t /2.
—0o0
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If we change variablesin (19) we get the equivalent estimate

/ oy 100U Wl = 0 (2.
t

More generadly, for al j > O we have

/ lon 7Y 2m)1 InIF dn| = O(D), (20)
t1/2r

since ¢, (n) is uniformly bounded.
We shall now establish (17). First K>, with kernel

()
n—1tn

We use the fact that the kernel substitution
L, n)onT — Y20~ Y2y, 7Y2y) onsY/?r (21)

preserves norms and traces. Thecircle /2T meetsthereal lineat n = —1and n = /2.
Making this substitution gives the kernel

ot~y 22)
n—tn
We have
1 (t—l/2 )
kel = 0 [P = o,
1—17 Jier
by (20) and the fact that +1/T" is bounded away from zero.
Next,
1/2,/
e n) " [°
IK2113 —/ / dndn'.
azp Jaer | n' =T
Now
1
——|dn| =01
/11/21‘ In" —tn|? =00
uniformly for n’ € #2119 Using this and (20) we seethat || K22 = O(1).
Next, K> R.
When x is given by (15) we find that
2 o \—1/2.,,1/2 -1
un“t (g —p) “ynt T
G/ B /a = — + - G ) /7 .
(. s u) [(1—un)2 1= n’—r‘lun} (. m, u)

10 That's because if # € +1/2T" then the distance from t7 to 1/2T" is at least some positive constant times
1.



Asymptoticsin ASEP with Step Initial Condition 143

From this and the fact that u7 is bounded away from 1whenn € I and u < 72 wefind
that each

GO, 0,
G, n', u)
is bounded by alinear combination of products

J
1/2

i
o] |

n —un/t

SinceG(n, ', 0) = pso(n)/n’ itfollowsin particular that G® (1, »’, 0) isbounded
by a constant times alinear combination of products

I tY21 1l 1177 gos ()

After the substitution (21) and the variable change ¢ — ~/2¢ in each integral in (7)
we get as bound a linear combination of

/tl/Zr

The Hilbert-Schmidt norm with respect to i, 1’ of |¢ — tn|~2 [#/|~/~1 on t¥/2T is uni-
formly bounded for ¢ € rY/2I" (as in the last footnote), and so the trace norm of the
integral is bounded by

o [_1/2 Y S
u’ I9GUL (el I3} (23)
¢

/ 9o (1720 1217 ] 1dE| = O(D),
1121

by (20).
That takes care of K2 R1. For K2 Rz it isenough to show that the last integral in (8)
has bounded trace norm for u < 2, for then the trace norm of K> R> would be at most
aconstant times > 7 ; [t A|", which is bounded on compact subsets of || < 77",
In the estimate for the last integral the analogue of (23) would be
/rl/Zr

Go(t=Y2¢, u)
¢ —1n

_ x 1 1
Go(n, u) = (1 "”7) e[rn_l—un}t.

1-7

1™ |y — ug /o1~ 7Y 1de ),

where

(Thisis G without itslast factor.) Taking the Hilbert-Schmidt norm with respect to n, n’
under the integral sign shows (as in the last footnote again) that the trace norm of the
integral is bounded by

/ |Go(t~Y2¢, w) ¢ |d¢].
t1/2r

In Go the factor of ¢ in the exponent is of the form (18) with v = u, and so thisintegral
is O (1) uniformly for u < 2.
This completes the proof of (17) and so of Theorem 2. O
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5. Proof of Theorem 3

In formula (6) the integral is taken over a circle with center zero and radius larger than
77" We set

A=t"p, (24)

and the formula becomes
ad d
P (t/y) < x) = / [Ta-neh  det(i+cuk(1+R) £, (25
"
k=0

where . runs over acircle of fixed radius larger than  (but not equal to any =% with
k > 0). We shall show that when ¢1 and ¢, are given by (4) and

x=ci1t+cpstt/® (26)

the determinant in this integrand has the limit F2(s) uniformly in u and o, which will
establish the theorem.

The mainlemmareplacesthe kernel =" 1 Ko (I + R) by onewhich will allow usto
do a steepest descent analysis. Now we do not decompose R into a sum of two kernels,
but use the entire infinite seriesin Proposition 5.

We define

0 k

flu, 2) = Z 1—Trku .

k=—00

Thisisanalyticfor 1 < |z| < 7~ and extends analytically to all z # 0 except for poles
at the t¥, k e Z. We define akernel J (i, ') acting on acircle with center zero and
radiusr € (z, 1) by

[ ee@ " fue/)
J(n, = de, 27
0. ) / pooll) G g ¥ @0

where the integral is taken over a circle with center zero and radius in the interval
@ r/o).

Lemma 4. With X given by (24) we have

det(I+1Kyx(I+R))=det(I+pulJ).

Proof. Our operators K1 and K> may betakentoact onacirclewithradiusr € (1, t—1).
From Proposition 5 and the identity

Yoo()

(pn(é‘) = (Poo(fné‘)’

we obtain

NN [ Px®) dg
Ko R, 1) = 20 [ s e
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Here |¢| = r but by analyticity we may take any radius such that
1<t < 1
Thisisegual to

¢ —rn Vo) () —ul/t) u— "’

aslong as on the circle of u-integration we have

2 < Ju| < tr/|C|.
We use

1 S T (n+1)k

ntl = k+1
- u
u—t =

and sum over n first to get

> d / .
Pt Tr) t -1 oo ) (' —ug/7) uk*l

If we assume also that
T < |u| < tr/|¢], whichrequiresasothat 1 < || < r, (28)

we may rewrite this as

0 k

Sl-ta) ¢ Poo(Ul) (' — ug /1) Ukl

—Z /%o(o / 1 du
¢—1n Yoo W) (' —ut /7)) uk*t’

because both series converge.
Summing the second series gives

Yoo (L) d / du
¢ —1n Pooul) (' —ul/T) (U — 1)’

Since g (1) is anaytic and nonzero inside the u-contour (since |u¢| < tr < 1) and
T isinside and Tn’/¢ outside this equals

_/ Poo(£) / p(©) dt
Poo(T8) (€ —fn) (n -0 G-t -0

If we expand the contour so that

gl >r
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then we passthe pole at ¢ = n’ and get

o) _/ ¢(0)
=10 Jigsr G =) M =)

de.
The first summand is exactly —K2(n, 1’), so have shown

KoL+ R) (. 1) = — / #¢)

—dg-
|¢]|>r (§ - TTI) (77’ - C)

o 0) 1 du
+§1—m c—on % /%o(uc)(n/—uc/r) Uk

(29)

If theindex k were negative then the u-integration would give zero since theintegrand
would be analytic inside the u-contour. Therefore the sum over k can be taken from —oo

1o oo.

The integration domains in the double integral are given in (28). If we make the

variable changeu — u/¢ intheintegral the sum becomes

0 k

"o T $oo($) k / 1 du
Jo(rly n)_kgool—'[k)\./;—fi’]{ d; (poo(u) (n/—u/f) Mk+13

and the new conditions are

l<¢cl<r tlE] <ul <tr.

The first operator on the right side of (29) is analytic for |n|, |n'| < r. The kernel
Jo(n, n') isanalytic for || < r. It follows by Proposition 2 that the Fredholm deter-
minant of the sum of the two, i.e., of K>(I + R), equals the Fredholm determinant of

Jo.
Now we use (24). Substituting k — m + k in the first sum below we find that

k=—

Thus

/ m Yoo (L) (f)m S, ¢/u) du
Jo(n, = = dcr —.
oy, m) =z //woo(u) W) T —uo

This has the same Fredholm determinant as
" du
1Ly, oLy = m//%o(;“) (E) fngfm . du
T oz, TT) =1 ot \a = - ¢ .

where now the operator acts on acirclewith radiusr € (z, 1) and in the integral

1< ¢l <r/T, T|C| <|ul<r.

0 ‘L’k c k " ¢ m 00 ‘L'k ¢ k . ¢ m
> w6 = () p3 e () = () s
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We now do something similar to what we did before. If we move the u-integral
outward, so that » < |u| < 1 on the new contour, we pass the pole at u = n’, which
gives the contribution

om / Po(&) " fu,&/n)
Poo(n) ()™ ¢ —n
(Thefunction f(u, ¢/u) remainsanalytic in u during the deformation.) The new dou-

ble integral is a kernel analytic for ||, |7'| < r and J(, 1) is analytic for || < r.
Therefore by Proposition 2,

de =27t Jm, ).

det (1 +A Ko (I +R)) =det(I +u J),
which completes the proof. O

Remark. Thelemmawas proved under the assumptionthat = > 0. The only occurrence
of tinuJ(n, n)isinu f(¢/n) andast — 0 thistends to ,7’77 + ﬁ Since the

probabilities P(x,, (1) < x) are continuous in p at p = O the integral fomula we
derived for the probability holdsfor p = 0 aswell, with thisreplacement for u f (¢ /7).
The asymptotics that follow are actually simpler in this case.

We now explain where the constants ¢; and ¢, come from. When we to do a saddle
point analysisof theintegral in (27) thefirst stepistowrite g (¢) ¢™ asthe exponential
of

+m logg,

—xlog(l—¢)+1¢ 1§

and differentiate this to get the saddle point equation

X t m

et — =
1-¢ 1-02 ¢

)

or
(m—x)§‘2+(x+t—2m)g“+m:0.

The transition of the asymptotics occurs when the two saddl e points coincide, which is
when

(x+t—2m)2=4m(m—x).

This gives

(x +1)?
m = .
4¢

Settingm = ot and x = c1 ¢ gives

(1 +1)?
-2

11 Thisfollows, for example, from formula (2) of [8].
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orc1 = —1+ 2,/o. Since c¢1 should be increasing with o we take the positive square
root in (4). The saddle point is at
£ =—yo/(1- o).

We compute that if x is given by (26) precisely and we set

Poo(£) £™ = @og(8) E™ V),
then in aneighborhood of ¢ = &,
V() =—c3t (¢ —£)3/3+cas 3 (¢ —&)+0(c — )N +0(Y3 (¢ —£)P), (30)
where
3 = o~ 1/8 1- 01/2)5/3.

(Itisonly with ¢, as given in (4) that the coefficients of 7 and 1/3 are related this way.)
Carrying out the details, we define

Yo(¢) = —c1log(l—¢) + +ologs, Yi1(¢) = Yo(¢) — Yo(é).

1-¢

There are two steepest descent curves, an outer one I', and an inner one I';. (See Fig. 1.
All curvesarefor thecaseo = 1/4.) Both passthrough & and have cuspsat 1. The outer
one emanates from & in the directions 4 277 /3 and has an inner-pointing cusp at ¢ = 1.
Onit, Re(¥1(¢)) hasits maximum of zero at ¢ = & and tends to —oo at the cusp. The
inner one emanates from & in the directions 4 /3 and has an outer-pointing cusp at
n = 1. Onit, Re(y1(n)) hasits minimum of zero at n = & and tendsto +oo at the cusp.

We would like to deform the n-contour for J, which isacirclewith radiusr < 1, to
I"; and apply Proposition 1 to assure that the Fredholm determinant doesn’t change. The
¢-contour started out as a circle with radius sightly bigger than one. We may deform
the n-contour as described if we deform the ¢ -contour simultaneously, assuring that the
¢-contour is aways just outside the n, n’-contour, so that in particular we don’t pass a
singularity of f(u, ¢/n’). Next we want to expand the ¢ -contour outward to T',,, but in
the process we might encounter asingularity of f(u, ¢/5"), and this causes a problem.
It will happen if aray from zero meets I'; at apoint n and ', at ¢ and /¢ < 7. This
will not happen if t is close enough to zero but will happen if 7 is close enough to one.

But we do not have to use the steepest descent curves, and the next lemma says
that we can always find curves passing through & in the right directions that do the job.
The main point is that during the simultaneous deformation of the ¢ and »-contours no
singularity of the integrand is passed. This means that the n-contour is strictly inside
the ¢ -contour, 1 isbetween the two, and if aray from zero hits meets the ¢ -contour at ¢
and the n-contour at 7, then theratio n/¢ isstrictly greater than . Thuswewill haveto
make this ratio as close to one as desired.

Lemma 5. There are disjoint closed curves 'y, and I with the following properties.

(i) The part of T, in a neighborhood Ny of n = & is a pair of rays from & in the
directions £ /3 and the part of T'; in a neighborhood N; of { = & is a pair of
rays from & — t~Y/3 in the directions + 27 /3.

(ii) For some § > Owe have Re(Yr1(¢)) < —8 on Tt \N; and Re(r1(17)) > 8 on T\ N,,.
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-2 -1 0 1 2

Fig. 1. Steepest descent curvesI', and I'; for v1. The point & isthe location of the saddle point

(iii) The circular n and ¢ -contours for J can be simultaneously deformed to Ty and T'¢,
respectively, so that during the deformation the integrand in (27) remains analytic
in all variables.

Proof. 12 From the local behavior of 1 near &,

Y1) ~ =3 (¢ —£)%/3, (31)

and its global behavior we see that the set where Re(v1) = 0 consists of three closed
curves meeting at &. (See Fig. 2.) One, which we call C; since it is the inside one, has
the tangent directions 4+ /6 at & and meets the real line at a point in (O, 1); another,
which we call C,, because it is the middle one, has the tangent directions £ /2 at &
and meets the real line at 1; the third, which we call C, since it is the outside one, has
the tangent directions 577 /6 at £ and meetsthereal lineat apointin (1, co). We have
Re(y¥1) < Oinside C;, Re(y1) > 0 between C; and C,,,, Re(yr1) > 0 between C,, and
C,, and Re(yr1) > O outside C,. (All these may be seen by taking appropriate pointsin
the regions and using the fact that they are connected.) Our curves I';, and I'; will be
very closeto C,,, thefirst inside it and the second outsideit.

The set where Re(yr1) = &, with ¢ small and positive, consists of two curves, one
lying between C; and C,,, and tangent to C,,, at n = 1, and the other outside Cp. We are
interested in thefirst, which we call C®). (See Fig. 3.) Except for a neighborhood of &,
onepart of C® isvery closeto C,, andinsideit and the other very closeto C; and outside
it. These are joined near £ by smooth curves. Therays arg(n — &) = 4 /3 meet C©)
at points ; and n; closeto &. The curve I',, is described as follows: it goes from € in
thedirection — /3 until n_, then it takes aright turn and goes counterclockwise around

12 The reader satisfied with an assumption that 7 is small enough need not read what follows.
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S S I T s T T T T O A S R

-2 0 2 4 6 8 10

-1.0

LN
-05 0.0 05 1.0

Fig. 3. CurvesC(®), C,,, C; and raysarg(n — &) = +/3 used in the construction of Iy

C® (it will be very closeto C,, the while) until n}, and then it goes backwards along
the ray with direction 7z /3 until returning to &. (Actually, we modify this by making a
semi-circular indentation around n = 1 to the left.)
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_3;\””\””\”"\HH\HH\HH\HH\‘;
-25 -20 -15 -1.0 -05 0.0 0.5 1.0

Fig. 4. Curves C(~), C,y, C, and raysarg(¢ — & +1~/3) = £2/3 used in the construction of I'

The curve T'; is obtained similarly. The set where Re(y1) = —e& consists of two
curves, one lying inside C; and the other between C,, and C, and tangent to C,, at
¢ = 1. We are interested in the second, which we call C(~2). (See Fig. 4.) Except for
aneighborhood of &, one part of C(—¢) isvery closeto C,, and outside it and the other
very close to C, and inside it. These are joined near & by smooth curves. The rays
arg(¢ — & +17/3) = £27/3 meet the curves at points n*, and ~, near &. The curve
I'; isdescribed asfollows: it goesfrom & — t~Y/3inthedirection —27 /3 until —,, then
it takes aleft turn and goes counterclockwise around C ) (it will be very closeto C,,
thewhile) until n* ., and then it goes backwards along the ray with direction 2 /3 until
returning to & — r~1/3, (We modify this by making a small semi-circular indentation
around ¢ = 1totheright.)

Let us see why the three stated conditions are satisfied. The first is obvious. The
bounds in the second are clear on the curved parts of the contours, and is easy to see
from (31) on the line segments near &£. Asfor (iii), the ¢ and n-contours start out as just
outside and just inside the unit circle, respectively. We may simultaneously deform these
contours to just outside and inside C,,, respectively, without passing any singularity of
the integrand in (27), as long as the contours remain close enough to each other (and
bounded away from zero). Then a further small deformation takesthemtoI'; and T',,.

|

Proof of Theorem 3. By part (iii) of the lemma and Proposition 1 the determinant is
unchanged if J acts on I';, and the integral in (27) is over I';. The operator wJ isthe
product AB, where A : L?(T;) — L?(T",) and B : L%(I';) — L?(I';) have kernels

eV owfu g/

A(’I’ ;) = E’ B(é‘a 77) - ne]//(n)
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Aside from the factors involving v both kernels are uniformly O (+1/3), due to the
fact that the ¢ -contour was shifted to theleft by —1/3 near £. It follows from thisand (ii)
that if we restrict the kernels to either ¢ € I';\N; or n € I';\ N, the resulting product
has exponentially small trace norm. So for the limit of the determinant we may replace
the contours by their portionsin N, and N,, which are rays. Using (30) we see that we
may further restrict  and ¢ to s ~“-neighborhoods of & aslongasa < 1/3, because with

either variable outside such a neighborhood the product has trace norm O (e8! . ).
On these segments of rays we make the replacements

n— & +c§1t_l/3r], n — & +c§lt_l/3 't — & +c§lt_1/3§.
The new n-contour consists of the rays from 0 to ¢311/3-4 ¢=7i/3 while the new

Z-contour consists of the rays from —cs to —c3 + c311/3-% ¢*271/3_|n the rescaled
kernelsthefactor 1/(¢ — n) in A(¢, n) remainsthe same. Because near 7 = 1,

1 wt
flu,2)=0 (—) and f(u, 2) = +0(1),
11— z| 1-z
the factor w f (e, ¢/m)/n in B(n, ¢) becomes
0] (L) and + 0@ 13 (32)
n— ¢l n—¢

after the rescaling. (The u and n appearing asthey do isvery nice.)
Asfor thefactorse? ¢) and e~V ™ we seefrom (30) that for some s > 0 after scaling

they are 0 (¢=*1¢*) and 0 (e =2 1), respectively, on their respective contours. Thus the
rescaled kernels are bounded by constants times

e SR =8P
& =nl" In—=¢l’

respectively, which are Hilbert-Schmidt, i.e., L2. (Notice that after the scaling ¢ — 7
becomes bounded away from zero.) It follows that convergence in the Hilbert-Schmidt
norm of the rescal ed operators A and B, and so trace norm convergence of their product,
would be a consequence of pointwise convergence of their kernels.

Theerror termin (32) goesto zero pointwise. If alsoa > 1/4, which wemay assume,
the error termsin (30) go to zero and we see that the kernels have pointwise limits

033t on¥/3=sm

) )

&—n n—¢
respectively. Therefore we have found for J the limiting rescaled kernel

o—¢3/34st+(n)3/3—sn’
/ de. (33)
e

C=mm-=9
The four rays constituting the rescaled contours I'; and T',, in the limit go to infinity:

the limiting I'; consists of the rays from —c3 to —c3 + 0o e271/3 while the limiting T,
consists of the rays from 0 to oo ¢*7//3,
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Forz e 'y andn’ € I';, wehave Re (¢ — 1) < 0, so we may write

eSC=n" 00 ,
" = / E g,
- N

Hence (33) equals

S SR COME S
/ / d¢dx.
N F[ ; - 77

The operator may be written as a product A BC where the factors have kernels

e~t°/3 s
A, ¢) = . B, x) =€, C(x,n)=e 173

C_

These are dl Hilbert-Schmidt. The operator C A B, which has the same Fredholm deter-
minant, acts on L2(s, oo) and has kernel

/ / Clx. ) AG, ©) B, y)dyde
e JIy

o—¢3/303/3+yc—xn
:/ / dnd¢ = —Kairy(x, y),
r. Jr, ¢—n

where
o0
Kapiry(x, y) =/ Ai(z +x)Ai(z +y) dz. 18
0

Hence
det(/ +pu J) — det (I — Kairy X (s, 00)) = F2(s).

The convergenceisclearly uniform for i onitsfixed circle, and it iseasy to seethat it is
uniform in the neighborhood of any fixed o and therefore for o in any compact subset
of (0, 1). Thiscompletesthe proof. O
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13The reason the double integral equals —Kajry(x, y) is that applying the operator 9/0x + d/dy to the
two kernels gives the same result, Ai(x) Ai(y), so they differ by afunction of x — y. Since both kernels go to
zero as x and y go to +oo independently this function must be zero.
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