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Abstract In previous work the authors, using the Bethe Ansatz, found for the N-particle
asymmetric simple exclusion process on the integers a formula—a sum of multiple
integrals—for the probability that a system is in a particular configuration at time ¢ given
an initial configuration. The present work extends this to the case where particles are of
different species, with particles of a higher species having priority over those of a lower
species. Here the integrands in the multiple integrals are defined by a system of relations
whose consistency requires verifying that the Yang-Baxter equations hold.

Keywords Asymmetric simple exclusion process - Multiple species - Bethe Ansatz -
Yang-Baxter equations

1 Introduction

The one-dimensional asymmetric simple exclusion process (ASEP) [10, 14, 15] is one of
the simplest interacting particle systems with a single conservation law (density of parti-
cles) and as such is a basic model in both probability theory and nonequilibrium statistical
physics. Its importance is further enhanced by the fact that weakly asymmetric limits of
ASEP distributions can be interpreted as distributions of the height function which solves
the Kardar-Parisi-Zhang equation [3, 12, 17].

Recall that in the asymmetric simple exclusion process particles are at sites of the lat-
tice Z."! Each particle waits exponential time, then with probability p it moves one step to
the right if the site is unoccupied, otherwise it stays put; and with probability g =1 — p

1M.amy authors consider ASEP on the circle or the lattice [1, L] with open boundary conditions.
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it moves one step to the left if the site is unoccupied, otherwise it stays put. Each particle
does this independently of the other particles. For a finite number of particles this defines a
Markov process; and for infinitely many particles, with further work [15] this too defines a
Markov process.

In multispecies ASEP particles belong to different species, labeled 1,2, ..., M. Parti-
cles of a higher species have priority over those of a lower species.> Thus, if a particle of
species s tries to move to a neighboring site occupied by a particle of species s’ it is blocked
if s <s’, but if s > s’ the particles interchange positions. Second-class particles were in-
troduced by Liggett [13] and subsequently developed and generalized by several authors
[1,4,5,7-9,20].

A configuration in ASEP with N particles is the set of occupied sites

X:{xl,...,xN} (x1<---<xN).

Theorem 2.1 of [18] (with proof corrected in [19]) was a formula for Py (X;t), the proba-
bility that the system is in configuration X at time ¢, given that the initial configuration was

Y ={yi1,...,yn}. It is a sum over the permutation group Sy of multiple integrals. If p # 0
then
1 1
Py(Xit)= )  ——— - || et N, 1
Y( ) = (ZJTZ)N / (E) ‘i:a(z) e ) S ( )

where C, is a circle about zero in C with sufficiently small radius r, where

e(E)=pt ' +qE -1,

and where A, (&1, ..., &y) is given explicitly by (7) below.

In multispecies ASEP a configuration X is a pair (X, ) where X = {x;,...,xy} as
before and 7 is a function from [1, N] to [1, M]. If the system is in configuration X" then
the ith particle from the left is at x; and belongs to species ;. A special case is that of first-
and second-class particles, a first-class particle having priority over a second-class particle.
For example, if 7 = (1 2 2 2) the left-most particle is second-class and the other three are
first-class.

The purpose of this paper is to establish for multispecies ASEP a formula analogous
to (1) for Py (X; t), the probability that the system is in configuration X = (X, 7r) at time ¢,
given that the initial configuration is Y = (Y, v). We show that there is an entirely analogous
formula,

1 Syl et
Py(X;t)= Y W/c (5)1"[500) T le @) ale, ©)
oeSy

but now the factors A7 are not (except in special cases) given explicitly. They are determined
by (21) and (22) below. Note that they also depend on v.

In the next section we present the proof of (1) in some detail. This is partly because for
a correct proof one must refer to both [18] and [19], but also because we shall show how to
prove (2) by a modification of the proof of (1).

There is another difference here. The factors A7 must satisfy the family of identities de-
termined by (21) and (22) below. For ordinary ASEP there is no issue about the existence of

2This is sometimes called the M + 1 species model, empty sites behaving as particles of another species.
With our convention, a particle of species M is first-class, having priority over all others.
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a solution since it can be written down explicitly. But for multispecies ASEP we must show
that the identities define A7 consistently. If, as in [1], the multispecies ASEP is formulated
as a nested Bethe Ansatz problem, one is led to show that the Yang-Baxter equations [6, 21]
are satisfied. That the model has nontrivial solutions to the Yang-Baxter equations can be
traced back to early work of Perk and Schultz on multistate vertex models [16]. It was Al-
caraz et al. [2] who recognized that these Bethe Ansatz solvable multistate vertex models
lead to integrable stochastic models. In our formulation below, these consistency conditions
are stated in terms of representations of braid relations.

In the last section we focus on the explicit determination of some A7, with particular
attention to the case of one second-class particle.

2 ASEP with One Species

2.1 Bethe Ansatz Solution

The probability Py (X; ¢) satisfies the differential equation (the master equation)

N
Z pu; = 1)(1 =806 — xiz — D) + quix + 1)(1 = 8(x —x; — 1)

— puC) (1= (it —xi — D) = qu(x) (1 = 8(x; — xi — D)]- 3)

Here u is u(xy, ..., xy;t), and in the ith summand above the jth variable is x; when j #1.
We use the convention that any § term involving xo or xy is zero.

The probability Py(X;t) is the solution of this equation that also satisfies the initial
condition

u(X;0) =68y (X). “

The particles interact through the exclusion constraint. If they did not interact then
Py (X; t) would satisfy the differential equation

N
=Y [pux — 1) +qulx + 1) — ux)]. )
i=1

If u satisfies this equation then it would also satisfy (3) if in addition the difference of the
right sides were zero. This difference is

=

—1

[puxi, xip1 — 1) 4+ quxi + 1, xi41) — u(xi, xi0) |8 (i — x; — 1).
1

i

Here we displayed entries i and i + 1 in u(x). For the first and last summands, we changed
indices of summation from what they were in (3).

Thus u(x) satisfies (3) if it satisfies both (5) and, for i = 1,..., N — 1, the boundary
conditions

pu(x;, x;) +qu(x; +1,x; +1) —u(x;, x; +1) =0. (6)
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For any nonzero complex numbers &, ..., &y, a solution of (5) is [, (£, ¢°%)"). We may
permute the &;, take linear combinations, and integrate. In this way we obtain a class of

solutions
| ¥ r@Tlai [T as

oceSy i i

where the functions F, (§) are arbitrary. We look for F,, such that the integrand satisfies the
boundary conditions pointwise. This is the Bethe Ansatz.
Substituting the left side of (6) into the part of the integrand that depends on x; we get
Eosi)éoi+1)™ times
(P + 95 éoi+1) — Eoi+1) Fo-

Define T;o to be o with the entries o (i) and o (i + 1) interchanged. If we replace o by
T;o nothing else in the integrand changes, so a sufficient condition that the integrand is zero
is that

P+ 28 ési+1) — o+ Fo + (P +a&sirE5i41) — E6@)) F16 =0.

If we define

S(S,é}',) - _ P+q€§: _";'_,,
p+qtf —§
then the conditions become
Fro
F SEoi+1)>Eo))-

We can find the general solution of this system of equations for the F,. An inversion in
o is a pair (i, j) with i > j and 6~'(i) < o~'(j). It is straightforward to check that one
solution is

A®)= ] SE.&). )
inversions (i, j)
All F, are determined by F,, where e is the identity permutation. Since this can be an
arbitrary function ¢(§), the general solution is F, (§) = A, (§)p(§).
2.2 Satisfying the Initial Condition

We choose ¢(&) so that the initial condition is satisfied by the 0 = e summand. Since
1 s
X, 7)” 71 N
S ; d"& =6y (X),
EnE /chils, & =8y(X)

where C is a circle about zero, we take ¢ (&) = 2mi)™V IL Sf'v"fl and the domain of inte-
gration to be CV.

When o # e it matters which contours of integration we take because of the denominators
in the A,. If p # 0 then all the denominators will be nonzero on and inside C, if r is small
enough. It is such an r that we take in (1).

Denote by I (o) the o-summand in (1) with # = 0. To prove (1) we must show that

Y I(e)=0.

o#e
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On the Asymmetric Simple Exclusion Process with Multiple Species 461

This will be proved by induction on N. For N = 1 there is nothing to show. Assuming the
result for N — 1, the sum over all permutations in Sy \{e} such that o (N) = N will be zero,
by the induction hypothesis. (No S-factor in A, will involve &y, and there is an obvious
correspondence between o € Sy_; and those o € Sy satisfying o (N) = N.) So it suffices
to show that

> Ie)=0. ®)

o (N)#N

For each nonempty subset B of [1, N — 1] define
Sy(B) = {a € Sy : the inversions in o involving N are the (N, i) withi € B}.
‘We shall show that for each B we have

Z I(c)=0. )

0eSy(B)

Once we have this, (8) will follow since the set of o with o (N) # N is the disjoint union of
the various Sy (B).

Start of the proof The integrands in I (o) with o € Sy (B) may be written

[Ts@v.erx [T « [[{SGuc0: N>k>e o'k <o~ @)},

ieB i<N

In these integrals we make the substitution

n
v > =, (10)
Hi<N 'i:i
so that 7 runs over a circle of radius 7. The integrand becomes
+an[len& ' —n &'
(_1)|3|l—[l’ q ne;é,N ¢ 711_[275N ¢ (1
icB pranlliuné —&
X nxa*I(N)_yN_l 1_[%-ix(T*](i)_fol(N)_'—yN_yi_l (]2)
i<N
< [[{SG.8): N>k>t, o7 (k) <o (0)}. (13)

The reason we still have —1 in the exponents in (12) is that déy =[], _y Sfld n.

Lemma 1 When |B| =1 we have 1(0) =0 for all 0 € Sy(B).

Proof There is a single i € B and (11) is analytic inside the &;-contour except for a simple
pole at & = 0. The exponent of & in (12) is positive since N > i, and so yy > y;, and

o~'(i) > 07! (N), and 50 x,-13;) > X,-1(y,. Therefore the integrand is analytic inside the
&;-contour, so the integral is zero. O
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Lemma 2 When |B| > 1 we have for all o0 € Sy(B),

I(o) = ZIB,(IZJ)(G)’

@.j)

where in the sum (i, j) runs over all unordered pairs with i, j € B and i # j, where each
I i j(0) is a lower-order integral in which (11) is replaced by a factor depending only on
B and (i, j) (the other factors remaining the same), and where & = &; in the domain of
integration.

Proof We may assume that ¢ # 0. This case follows by a limiting argument. We are going
to shrink some of the &;-contours with i € B. Due to the defining property of r, the only
poles we pass will come from the product (11). In fact, to avoid double poles later we take
& € C,, with the 7; all slightly different.

Take j = max B and shrink the &;-contour. The product (11) has a simple pole at §; =0
(the j-factor has the pole and the i-factors with i # j are analytic there) and the power of
&; in (12) is positive as before, so the integrand is analytic at §; = 0. For each k € B with
k # j we pass the pole at

_4an l_[e;éj,k,N 5[1
- §&—p
coming from the k-factor in (11). (Our assumption on the r; assures that there are no double
poles.) For the residue we replace the k-factor by

§j (14)

_P +4qn H@¢k,N -’;:y_l - ﬂnz;ﬁN ge_l
ﬂ]’lffz Hl;éj,k,N g[l

where in this and the j-factor we replace &; by the right side of (14). When i # j, k the
i-factor becomes

; 5)

p+aqn l_[#,-,N ég_l - fll_[@#N Sé_l
p(1—&&™),

and we replace &; in the numerator by the right side of (14).

We now shrink the &,-contour. There is a pole of order 2 at & = 0 coming from (15) and
the j-factor in (11). Since k < j = max B < N, we have yy — y, > 2, so the exponent of
& in (12) is at least 2. Therefore the integrand is analytic at & = 0. The factor (15) has no
other poles inside C,, . An i-factor with i # j, k will have a pole at &, = §; if r; < ry. There
is also the pole at

_4an Hz#_/,k.zv Se_l
§i—p
coming from the j-factor. This relation and (14) imply &; = &;.
Thus when we shrink the &;-contour and the &-contours with k # j we obtain (N — 2)-
dimensional integrals in each of which two of the &-variables corresponding to indices in B
are equal. This proves the lemma. ]

&k

Lemma 3 In the notation of Lemma 2, for each (i, j) there is a partition of Sy(B) into
pairs 0,0’ such that I ; j(0) + I i j(c") =0 for each pair.
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On the Asymmetric Simple Exclusion Process with Multiple Species 463

Proof We pair o and o’ if they agree except for the positions of i and j, which are inter-
changed. The factor (12) is clearly the same for both when §; = &;, and we shall show that
the o- and o'-factors in (13) are negatives of each other when & =§;.

Assume for definiteness that

i<j and o '() <o '(j). (16)

(Otherwise we reverse the roles of o and ¢'.) Then the factor S(&;, ;) does not appear for
o in (13) but it does appear for o’. This factor equals —1 when & =§&;.

To complete the proof it is enough to show that for any k # i, j the product of S-factors
involving k and either i or j is the same for ¢ and ¢’ when &; = &;. If o~ 1(k) is outside the
interval (07! (i), 07! (j)) the S-factors in question are the same for o and ¢’, so we assume
o~!(k) is inside the interval. There are three cases, with the results displayed in the table
below. The first column gives the position of & relative to i and j, the second column gives
the product of S-factors involving k and either i or j for o, and the third column gives the
corresponding product for o”,

i<k<j, 1, NFRINCTRDE
k<i, S(&i, &6, S, 60,
k> j, Sk, &), Sk, &).
In all cases but the second the S-factors are exactly the same for o and o’ when & =&;. For
the second we use S(&,&,)S(, &) =1. 0
Clearly (9) follows from Lemmas 1-3, and this completes the proof of (1). ]

3 ASEP with Multiple Species
3.1 Bethe Ansatz Solution

Observe that an interchange of particles at positions x; and x;,; has the same effect as
leaving the particles as they were but interchanging 7; and ;. ;. Thus X remains the same
but 7 is replaced by 7;7r. (This is the same 7; as before, but applied to 7 rather than o.)
Write u”™ (X; t) for Py,(X;t). The master equation for ™ differs from Eq. (3) for u since
particles are not blocked as much, so there are other terms on the right side.
We define
0 ifm=myy,
ai(m)=qp ifm <mi,
q ifm >y,
and define B; () as above but with p and ¢ interchanged. (Thus B;(7) = «;(T;7).) We
compute that what must be added to the right side of (3) is
N-1
D e o™ (i, xiga) = By (O™ (xi, xip) 8 (e — x5 — 1),

i=1

(As before, we displayed entries i and i 4 1.) The terms here may be incorporated into the
boundary conditions, as the §-terms in (3) were. We conclude that if u” (X; t) satisfies the
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equation

b2

N
= [P (i = D) +qu” (i + 1) — ™ ()], (17)
i=1
the boundary conditions fori =1,..., N — 1
pu” (xi, xi) +qu (i + 1,x + 1) —u”™ (x;, x; + 1)
— o (m)u"7 (i, X+ 1) + i (xp, x; + 1) =0, (18)
and the initial condition

u™(X;t) =8y (X)8, (),

then Py (X;t) =u" (X;1).
‘We assume a solution of the form

I -
Xn= 3 W/ (S)]_[%}(,) (& e ),
oeSy

where A7 =4, (i) so that the initial condition is satisfied by the o = e summand.
Substituting the left side of (18) into the part of the integrand that depends on x; we now

get (§5)Eoi+1))™ times
[/ (b, a) + Bi(0)b] AT — a; ()b AT,

where

f(&.&)=p+qsE ¢, a==E&q), b=5&i+1- (19)

If we replace o by T;o nothing else in the integrand changes, so a sufficient condition that
the integral be zero is that

[f(b.a) + Bi(m)b|AL + [ f(a,b) + Bi(m)a] AT, — a;(m)bAL™ —a; (n)aAQjZ =0.
If this is to hold for all 7 it must hold for & replaced by 7;m, so
[£(b,a) +a;(m)b]AT™ + [ f(a, b) + ai()a] A7 Lo — Bi(m)bA] — Bi(m)aAT,, =0.
If ;11 = m; then we obtain simply
f(b,a)AL + f(a,b)AT,, =0. (20)

If ;11 # 7 weuse B; () =1 — o; (1) to help with the computation and find by eliminating
Tio .
Az, from the two equations above that

AT 1) 2= 4 [ (2= +1}A”

o — &i o [

E f(a,b) fa,b)

(Here (19) was also used.) If we replace the second «; () by 1 — B;(;r) we get
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On the Asymmetric Simple Exclusion Process with Multiple Species 465

A%O :a,-(n)

—a a0 —pm@=b)
fla.b) * f(a,b) i

which now agrees with (20) when ;| = ;.
The relation is nicer for the quantity 4] defined by

AT =hTA,, 2

where A, is defined by (7) as before. The condition A7 =§,(r) becomes h] =6, (7).
If weuse a — b= f(b,a) — f(a,b), divide by A7, = S(b,a)A,, and recall (19), our
formula becomes

Gy =h7 4+ (1 4+ SGow, &) [ ORIT = Bi(r)RT . (22)

We have to show that these formulas together with 2] = §,(;r) define A7 consistently.
This means that if we obtain o from e by a sequence of operations 7; on Sy then what we
obtain from this same sequence acting on the 47 is independent of the particular sequence
chosen. This follows from the relations

) TL=I
(i) TT;=T;T; whenli—j|>1;
(ii1) LTinTi =TT T

We should be more precise as to what exactly these 7; are. Let H, be the set of all
functions

h : m — function of &,

and H = Sy x Hy. Define T : H — H, by
70, h) =h+ (1+ Sy, Eo41))[ei - (ho T;) — Bi - h]. (23)
Then define T; : H — H by
Ti(o,h) = (Tio, T (0., b)). (24)

(The same symbol 7; is used to denote these operators and operators on Sy. The context
should make it clear which is meant.) It is the 7; defined by (24) that satisfy relations (i)—(iii).
Once we have these relations it follows from the Coxeter presentation of Sy [11, Sect. 1.9]
that there is a homomorphism from Sy to the group of mappings from H to itself, such that
each T; acting on Sy goes to the corresponding 7; acting on H. Because this is a homo-
morphism, if two products of transpositions in Sy are equal then so are the corresponding
products of the 7; on H, which is what was claimed.

Relations (i)—(iii) are the braid relations and are the consistency equations referred to
in Sect. 1. Relations (i) and (ii) can be checked by hand. Since (iii) involves only three
consecutive indices, it is enough to check the case N = 3. This was verified by a computer
computation.
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466 C.A. Tracy, H. Widom

3.2 Satisfying the Initial Condition

‘We have to show that
> I"(e) =0, (25)

oceSy(B)

where 17 (o) is the o-summand in (2) with r = 0.

In Sect. 2.2 we made a variable change, shrank contours, and found that all 7 (o) with
0 € Sy(B) are sums of lower-dimensional integrals Iz ; j, (o), one for each unordered pair
(i, j) with i, j € B, such that §; = &; in the domain of integration.

To extend this to the /™ (o) we have to know first that no new poles arise from the
factors h7. These would come from S-factors involving &y, because it is only these that
might introduce poles after the variable change (10). Using (22) to see which such factors
could arise in the expressions for 47 we start with o = e and do the following to get to our
o € Sy(B): first, bring to the front and rearrange the i ¢ B U {N}. This gives some factors
1+ S, &) with i, j # N. (Which exact factors occur depends on 7 as well as o.) Then
move N through the i € B. Since at each step N was to the right of where it moves to, we get
some factors 1 + S(&;, £y) with i € B. Then rearange the elements of B to reach ¢, which
introduces some factors 1 4 S(§;,&;) with i, j € B. Thus the only factors involving &y are
some 1 4+ S(&, £y) with i € B.? If we multiply this factor by the S(£y, &) from the product
in (7) for A, we get S(éw,&;) + 1. Thus, no new poles arise from 47 with o € Sy(B).

We can now proceed as in Sect. 2.2, making the variable change and shrinking contours.

We say that o, o’ are (i, j)-paired if they agree except for the positions of i and j, which
are interchanged. We saw in the proof of Lemma 3 that if o and o are (i, j)-paired then the
integrands in I3 (;, (o) and I ; ;,(c”) are negatives of each other. Therefore to prove (25)
it suffices to show that if o and o’ are (i, j)-paired then h] = h7, when & =&;. We show
this by induction on |0 ~!(i) — o ~'(j)|, and we may assume o' (j) > o' (i).

If o 7' (j) =0 ~'(i) + 1 we replace i by o' (i) in (22). Since S(&;,&;) = —1 when & =
&;, the statement holds then.

Suppose m > 1, that the statement holds when o~!(j) = 0~!(i) +m — 1, and that
o~1(j) = 0~(i) + m. For convenience of notation we assume that

o=(1,2, ..., mm+1..), o'=(m+1,2,...,m, 1..).

(Thus o and ¢’ are (1, m + 1)-paired. Neither the actual labels nor the exact positions for
the indices is relevant; only their relative positions is.) The dots represent other entries that
are equal for o and o”.

We want to show that ] = h7, when & =§,,,1. We have

Tio=2,1, ...m,m+1, ..), Tio'=Q2,m+1, ...m, 1, ..).
Observe that Tio and Tjo’ are also (1,m + 1)-paired but (Tjo)~!(1) = 2 while

(Tyo)~'(m + 1) = m + 1, so the induction hypothesis holds. Thus hj}la = h%n, for all
7w when & =§,. 1.

3For example, suppose 0 = (325 4 1), for which B = {4, 1}. Then the steps might be
(12345)—(13245)—-(31245)—>(32145)—- (32154 —>(32514)—>(32541).

The only S-factors involving &5 come from steps four and five, and are S(&4, £5) and S(&1, &5).
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On the Asymmetric Simple Exclusion Process with Multiple Species 467

Applying (22) with i = 1 and o replaced by 70 and by Ty’ gives the relations

hE = h%, + (14 SE. 6))[en 0T — BT, ],
K =3+ (14 SE i) [ (DR, — (AT, ].

When & = §,,, the right sides are equal and therefore so are the left sides.
This completes the proof.

3.3 Formulas for i}
3.3.1 A General Formula

For o € Sy we define h, € H, to be the function w — A7 . With this notation formula (22)
may be written h7,, = Tio(a, h,), where Tl-O is given by (23). From this we get

h11,0 =T (Tjo, hr,e) = T (Tj0, T) (0, ho)) = T Tj (0, ho).

And in general,

h 1), 15,0 = Tj(: Tj, -+ 1), (0, ho).

If we first set o = e above and then choose the various 7; such that
T, T),---Tj,e=o0, (26)

we get, since h] =4, (),
R =TT, ---T;,(e.5,). 7

For p € Sy, and « and B functions of 7, we define

Ui(p. B)=1—[1+ S0 Epi+1)] - B
Vi(p, o) =[1+ SEpiy. Epiiv1))] - -

These U; and V; come from the coefficients of & and & o T;, respectively, in (23), and products
of them are the coefficients of the §-summands which result from applying the various 7T;
in (27). When we apply (23) consecutively to (27) we get a sum of products of the form
W, W, ---W,,, where each Wisa U or V.

As an example, we find that T;’Ti (e,8,) is a linear combination of 8, 8y.7;, (Suorj,
and SWTioTJ.. The coefficient of 8, is U;(T;e, Bj)Ui(e, B;), the coefficient of §,.7, is
U;(Tie, Bj)Vi(e, a;), the coefficient of 5\)0Tj is V;(Tie,aj)Ui(e, Bi o T;), and the coefficient
of SvoTioTj is V;(Tie,aj)Vi(e,a; o T;). These are the four W-products.

Passing to the general case, we observe that in every factor W the original permutation e
has been composed with all earlier (rightward) 7 in (27). Every factor V; comes from the
corresponding 4 o 7; summand in (23). This changes the « or § in each earlier factor W by
composing it with these 7;. Otherwise said, each « or 8 in a factor W is a composition with
the later 7;. The W-product is determined by these (ordered) i, and we denote the sequence

of them by Z = {i\, ..., i,}. The resulting é-term is 5uoT,-l ooy -
In general we get a linear combination of §-terms of the form 8V°Ti| 00Ty, s where 7 =
{i1,...,i,} CZy and Z, = {ji, ..., jm} is the sequence in (26). Each iy is a j, while the
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other j, appear between some consecutive i;_; and i;. (For this we set ip =0, i,4; = 00.)
From the above remarks we see that the coefficient of 8,.7; o..o7;, is

m

Wz = l_[ Wz (28)
=1
where
Wy, = | ViTiy e Tpesay 0Ty yovvo ) i jo=in, 29)
Uj(Tj,_, - Tj,e.Bj,oTy_ o---0Ty,) if jo € (ix_1,ir)-
This gives
hy =" Wr(m)8ver, o.om;, (T), (30)
ICZy
where Z = {iy, ..., in}.

The sequence Z,, in (26) is not unique, so we do not yet have an explicit formula for .
To find a particular sequence let us see how to get from o to e by a sequence of 7;. We may
do this by first bringing 1 to slot 1 by a sequence of transpositions, then bringing 2 to slot 2
by a sequence of transpositions, etc. We first bring 1 to slot 1 by the product

Nt Ty-10)-1-

Suppose we have brought 1, ...,k — 1 to their slots. Then k itself has been moved to the
right by

wk):=#{j: j <k, 07'(j) >0~ "(k)} = the number of inversions of the form (k, j),

because bringing each such j to its slot has moved k one slot to the right. We then bring i to
its slot by the product

Ty Tafl(k)+L(k>—1~
Thus

=

—1
T To-tgyi)—10 =6,
1

~
Il

the factor with the larger k being to the left. This gives

N-1

o= 1_[ To-1g0ia—1 - Tke, 31D
k=1

the factor with the larger k being to the right. With this representation we have

N—-1

o= (... k), (32)

k=1

where £; = o~ ! (k) + 1(k) — 1, the interval with the larger k being to the right.
Together with (30) this gives an explicit, albeit complicated, formula for /7.
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3.3.2 One Second-Class Particle

Because all the 7 now will have 1 in a single position and 2 in the others, most of the « and
B terms in (29) will be zero when applied to 7. So most of the Wz, will be O (when a V)
or 1 (when a U;). It is possible systematically to determine which Wz will be nonzero when
7, is given, and that makes it practical write down formulas for the 4] in specific cases.
We shall not describe the procedure but state two results that use (32), which comes from
representation (31).

For v=!(1) =1 (the second-class particle initially in position 1) and 7~'(1) = j (the
second-class particle ending in position j) h7 =0 when o ~!(1) < j and

hy = (P —qS(&, ga(j)))q(l + S, fa(j—l))) - '6](1 + S(1, 50(1))),

when o~!(1) > j. (When 6! (1) = j the factor on the left equals 1.)
For v='(1) =2 and 7' (1) = j the formula is more complicated. When o~!(1) > j and
o' 2)+1(2) > jitis

j—1Ti—-1
hy = Z[]‘[q(l +5E, 8 w) - (P —a5E. &)

i=1 Lk=I

j-1
x (q — pS1. &) - 1_[ q(1+SE&w)) - (p— 45(517§a<1))):|

k=i+1

j—1
+[1a(1+5G &w)) - (P —a5E. &) - (14 SELE())-

k=1

We should point out that in any given case (31) may not be the best representation for
computation. For example, take v=!(1) = 7~!'(1) =3 and ¢ = (4 3 2 1). Using the repre-
sentation

o =LDLTT:TTe (33)

from (31), there are five nonzero summands in (30). Therefore 47 is given as a sum of five
products. But if instead we use the representation

o = T1 T2T1 T3 T2T1€, (34)
there are only two nonzero summands and we get the relatively simple formula
hy =q(1+ 5. 0)(q — pSG2,8))a (1 + &1, &)
+ (¢ — PS(&.£))(p —qS(&1.8))(q — PS(&1. &3)).

For another example take o = (4 3 2 1) as before but v=!(1) =3, 7~!(1) = 4. Using (33)
we again get five nonzero summands in (30). But using (34) we get only one, and the much
simpler answer

he =q(1+ SE1.£))(q — pS(E1, &)).

So although the representation (31) leads to a general procedure for computing /47, in
any particular case there may well be a better representation for computation.
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