THE COHOMOLOGY OF THE THIRD FINITE SUBSET SPACE
OF A CLOSED ORIENTABLE SURFACE

CHRISTOPHER TUFFLEY

ABSTRACT. The kth finite subset space of a topological space X is the space
expy X of nonempty finite subsets of X of size at most k, topologised as
a quotient of X*. The construction co-incides with the symmetric product
Sym*X = Xk/Sk for £k = 2 but is a proper quotient of the symmetric prod-
uct for k& > 3. We use Mayer-Vietoris arguments and the ring structure of
H*(Symkz) to calculate the integer cohomology groups of the third finite
subset space of a closed orientable surface X.

1. INTRODUCTION

The kth finite subset space of a topological space X is the space exp, X of
nonempty subsets of X of size at most k, topologised as a quotient of X* via the
map

(21,...,25) > {1} U - U {zx}.

The first finite subset space is of course simply X, and the second finite subset space
co-incides with the second symmetric product Sym?X = X2/S,, but for k > 3 we
have the proper quotient of Sym* X = X% /Sy, obtained by forgetting multiplicities:
both (a,a,b) and (a,b,b) in X3 map to {a,b} in exp;X.

In our previous papers [9, 10] we studied the finite subset spaces of the circle,
connected graphs, and punctured surfaces. The purpose of this note is to calculate
the cohomology groups of the third finite subset space of a closed orientable surface,
and our main result is the following:

Theorem 1. Let ¥, be a closed orientable surface of genus g. The cohomology
group H'(expsXy; Z) is given by

g
0 1 > 2
0| z Z Z
1 0 0 0
21 o0 Z 7(%)
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o= () + (%) + (7). i) = () +1

for g > 2. The FEuler characteristic is

—4g3 + 1292 — 179+ 9
3 .
In particular x(exp3S?) = 3, x(expsT?) = 0, and x(exp3X2) = —3.

n which

x(expgXy) =

We will prove Theorem 1 using quite different techniques from those of [9, 10], in
which we used explicit cell structures to study the finite subset spaces of a connected
graph T'. A key step in building the cell structures was ordering each subset of T
in order to choose a preferred lift from exp,I' to I'*. Ordering each subset made
use of the fact that a graph is one dimensional, but it appears that with some
work a similar idea may apply to 2—complexes, using the lexicographic ordering on
I?. However, we do not pursue this approach here. Instead, we build a homotopy
model for expzX out of Sym®% and the mapping cylinder of £2 — Sym?®Y, and use
Mayer-Vietoris arguments and the calculation of H*(Sym* %) due to Macdonald [6]
and Seroul [7, 8].

We adopt the convention that where a co-efficient group is not specified integer
co-efficients should be assumed.

2. A HOMOTOPY MODEL FOR THE THIRD FINITE SUBSET SPACE OF A SURFACE

2.1. The model. To construct a homotopy model for exp3Y we begin with the
intermediate quotient Sym®Y = ¥3/S;3. Inside Sym®Y we have the preimage of
exp, 2, namely the branch locus D consisting of the quotient of the diagonals of
3 x ¥ x X. Instead of quotienting D further to get expsX we attach the mapping
cylinder of D — exp,¥ to obtain a homotopy equivalent space E33. Fortunately
D is simply a copy of & x ¥ and D — exp,¥ is the quotient map ¥ x ¥ — Sym*Y,
so the construction is all in terms of known spaces and maps.

Concretely, let gr: T — Sym”*T be the quotient map and A: ¥ — ¥ x &
the diagonal map. Then D is the image of ¥ x ¥ under the map ¢ = g3 01d XA,
and is homeomorphic to ¥ x ¥ since ¢ is injective, ¥ x ¥ is compact, and Sym>%
is Hausdorff. Further, exps¥ is obtained from Sym®Y by identifying t(a,b) =
qs(a, b,b) with ¢(b,a) = q3(b,a,a). Let

Y x ¥ x I Sym?%
M‘]z =
(z,1) ~ ga(2)
be the mapping cylinder of ¢5, and note that we adopt the convention that mapping

cylinders are attached to the target at 1 € I rather than 0. We obtain our model
for exps¥ by attaching My, to Sym®Y along D and ¥ x ¥ x {0}, namely

E3Y = Sym®Y Usws M,
_ Sym®S 11 M,,
v(w) ~ (2,0)
The space E3Y is shown schematically in figure 1. The subscript 3 reflects the

hope that a similar construction may apply for & > 4, perhaps using several map-
ping cylinders to successively quotient Sym*¥ to expy X in several stages. However,
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FiGURE 1. A schematic picture of the space F3X. As we shall see
in section 2.2, Sym®Y is a complex 3-manifold with the branch
locus D = %2 embedded with a cusp along the diagonal. X2 maps
two-to-one to Sym*Y via ¢, and we form FEsX by attaching the
mapping cylinder M,, to D along £? x {0}.

such a generalisation is complicated by the increasing complexity of the branch lo-
cus: for example, when k = 4 it is ¥ x Sym?Y with an embedded copy of ¥ x &
quotiented to Sym?¥.

The cornerstone of this paper is the following lemma:

Lemma 1. The spaces F3Y and expsX are homotopy equivalent.

We prove the lemma after a brief digression on known facts about symmetric prod-
ucts of surfaces. Not all of what follows is central to our argument, but it nonetheless
serves to give a fuller picture of the construction.

2.2. Symmetric products of surfaces. We recall that the symmetric product
of an orientable surface is a manifold, and moreover that a complex structure on
¥ leads to a complex structure on Sym”*Y. Local co-ordinates about {p1,.. ., P&}
are given by the elementary symmetric functions in the local complex co-ordinates
about the p;, and are obtained by regarding the points as the zeroes of a polynomial
(see Griffiths and Harris [3, p. 326]). In particular Sym™ C P! may be identified with
the nonvanishing homogeneous polynomials of degree n in two variables, modulo
scaling, and as such is equal to CP™.

A polynomial p has repeated roots if and only if its discriminant is zero. The
discriminant is a polynomial in the co-efficients of p (see Lang [5, pp. 192-194]) and
it follows that the branch locus, the image of the diagonals of ©*, is locally given
by the vanishing of a polynomial and is therefore an algebraic variety. Specialising
to k = 3, for a suitable choice of complex co-ordinates (a, b, ¢) the branch locus D
is locally the set 2 = ¢3. We see that D has a cusp along b = ¢ = 0, which is
precisely the image of the main diagonal in ¥ x ¥ x 3.
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2.3. The proof of Lemma 1. Consider the mapping cylinder of ¢: Sym®% —
exps. This deformation retracts to expsX and contains E3Y as a subspace, and
our aim 1s to show that it also deformation retracts to EF3X. To do this it suffices
to show that Sym®Y x I deformation retracts to Sym>% x {0} UD x I, as such a
homotopy will descend setwise to the quotient M, and be continuous there.

The existence of a deformation retraction from Sym®E x T to Sym®T x {0}UD x I
follows from results in Bredon [1, pp. 431-432] and Dugundji [2, pp. 327-328] and
the existence of a neighbourhood U/ D D that strongly deforms to D in Sym>X.
We will prove it in this way, using the fact that Sym®Y and D are both compact
manifolds to construct U/. However, an approach of perhaps greater generality
might be to realise D as a subcomplex of Sym>% and appeal to Hatcher [4, Prop.
0.16]. Hatcher [4, pp. 482-483] gives a construction of an Sg—equivariant simplicial
structure on X* for simplicial X, and Lemma 1 would follow from checking whether
this contains the diagonals as a subcomplex.

Although Sym®Y and D are both manifolds the existence of the desired neigh-
bourhood U does not simply follow from the tubular neighbourhood theorem, since
D is not smoothly embedded. We therefore resort to more hands-on means, and use
the fact that manifolds are Euclidean neighbourhood retracts. Embed M = Sym®%
in some R™. Then there are neighbourhoods V of M, W of D, and retractions
ry: V= M, rw: W — D. W may be taken sufficiently small that the linear
homotopy from W < R”™ to ri remains in V', and we post-compose this with ras
and intersect W with M to get the desired neighbourhood and deformation.

3. THE CALCULATION OF H*(exp3X;Z)

3.1. Introduction. To calculate the cohomology of F33 we use the Mayer-Vietoris
sequence and the obvious decomposition

E3Y = (F3X \ Sym?X) U (E3X \ Sym®Y).

The pieces are homotopy equivalent to Sym®Y and Sym”Y. respectively, and inter-
sect in ¥ x ¥ x (0,1) ~ ¥ x X, leading to a long exact sequence

o= HY(E3X) — H (Sym®%) @ H (Sym?’Y) — H'(2?) — HF(EX) — --- .
Before proceeding we describe the rings H*(X*) and H*(Sym*X). Recall that

integer co-efficients are to be assumed except where specified otherwise.

3.2. The rings H*(X*) and H*(SymkE). Let ay, ..., as, be generators for H! ()

such that
0 li—i
aia; = i=il#g,
g i=i+ty,
where 3 is the generator of H%(X) coming from the orientation of X. Since H*(X)
is finitely generated and free the Kunneth formula applies and
H*(TF) = H*(%)%k,

The cohomology ring of Sym®Y has been calculated by Macdonald [6] and
Seroul [7]. In addition Seroul’s paper [8] gives a sketch of his argument. Mac-
donald uses methods from algebraic geometry to give generators and relations for
H* (SymkE; K) over a field K of characteristic zero, and to show that H* (SymkE)
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is torsion free. He then states incorrectly that this implies the same elements gener-
ate over the integers. Seroul confirms Macdonald’s answer, using purely algebraic-
topological techniques to find H* (SymkE; Z) directly. In part the result may be
stated as follows; we omit the statement of the relations as we will do all ring
multiplication in H* (SymkE).

Theorem 2 (Macdonald [6] and Seroul [7, 8]). The map
g5 H*(Sym*%; R) — H*(Z*; R)

is an isomorphism of H*(Sym*X; R) onto H*(X*; R)%*, the subring of cohomol-
ogy fired by Sk, for R a field of characteristic zero, and s injective for R = Z.
H* (SymkE; Z) is generated by elements &1, ... €z in degree 1 and 7 in degree 2
such that

k k
* _ * * *
& = E T; Qg 9N = E 7"]'/7)’
7j=1 j=1

where ;: Yk 5 ¥ is projection on the jth factor. A basis for H’”(Symkz; Z) is
gwen by the monomuals &, ---& 1" for which m+2n =7r, i1 < -+ < &y, and
m < min{r, 2k — r}.

We remark that ¢ is a degree k! map, so ¢ is certainly not onto H*(X%)% with
integer co-efficients.

To avoid confusion we give different names to the generators of H* (Sysz) and
H*(Sym®Y). Let

G=0; @14+ 1®ay,
I=pel+1ep,
§i=ai®lel+1l0ae1+1010aq,
N=0FR101+10801+101& 4.

Since g}, is injective we shall abuse notation and not take care to distinguish between
elements of H*(Sym”*Y) and their images in H*(2*), and will regard the ¢; and
as generators of H*(Sym?X), and the & and 5 as generators of H*(Sym>X).

3.3. The cohomology calculation. Returning to the Mayer-Vietoris sequence,
letting

®;: H'(Sym’Y) @ H'(Sym?’%) — H'(X x %)
be the map ¢* @ ¢35 = (g3 o id xA)* @ ¢5 we have the short exact sequence
0 — coker ®;_; — H'(E3%) — ker &; — 0.

Since H(Sym®T) @ H(Sym?X) is free the kernel of ®; is too, so the sequence splits
and we get

(1) Hi(EgE) = coker ®;_; @ ker ®;.

In what follows we calculate the kernel and cokernel of each ®;.
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Dimension one. Both H'(Sym®%)@ H'(Sym?Y) and H' (X x X) have rank 4¢, with
bases {&;} U {¢;} and {a; ® 1} U {1 ® a;} respectively. For a € H(X) we have

(dxA)(1®1®a) = (d xA)*'mia
= (m30id xA)*a

=ma=1®«q,
and similarly (id xA)*(1®@a®1) = 1@a, (id xA)* (a®1®1) = a®1. Consequently

(&) =([dxA)(@101+100;01+1010 w)
=, @1 +2® a;.

Since ®1(¢;) = ¢3¢ = ;@ 1+ 1® a; and det [ ; 1 ] = —1, ®; maps span{&;, (;}

isomorphically onto span{a; ® 1,1 ® «;}. Thus

ker ®; = coker ®; = {0}.

Dimension two. HQ(SymSE) D H2(Sym22) has basis
1&gl < jYu{GGli <t u{n, 0}
and rank 2(%Y) + 2, while H%(X x ¥) has basis
fai®@a}u{pol 1e 8}
and rank 4g? + 2. Under ®, we have
&= (i @142 a)(a; @ 1+2® ajy)

:{2<ai®%—%®ai) i— il #4.
200i0aj—a;@a)+f1+400 j=ityg,
GG (i @1+10a)(a; @1+ 16 a )
_faiva a0 ji— il # 9.
_{ai®aj—aj®ai+ﬁ®1+1®ﬁ j=itg,
n—=fe1+21 0,
b fe1l+10 8.

Clearly the image of @5 is the span of
(2) {Bo1,10pU{ai®aj —a; @ aili < j},

a subspace of rank (229) + 2. Thus the kernel of ®5 has rank (229). The set in (2)
may be augmented to a basis for H%(X x X), so the cokernel of @5 is free of rank
497 +2 — (229) —2= (229) + 2g. Hence

29
2

ker @, = Z( ), coker @, = Z(7)+29,
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Dimension three. A basis for H>(Sym>%) @ H3(Sym?X) is given by
{658 li < § < kYU {&n} U{GH}.
If the genus of ¥ is greater than one the rank is (239) + 4g, but in genus equal to
one there are only two distinct &;, so the leftmost set in this union is empty and the
rank of H3(Sym>%) @ H3(Sym?X) is 49 = 4. In either case H3(X x X) has basis
{ai® B U{B©® ai}
and rank 4g. We have
(- (i®l+10a)(ol+100)
=0;®F+0®
= (1420 )0 1+200)
=2(; @B+ B ® ),

and 1n genus one it follows that the kernel and cokernel of ®3 both have rank two.
When g > 2 the triple product &;&;& maps to 0 if ¢, j, k are distinct mod g, while

Eilivgéi = 2(i @ @ity —aipg@a)) + R 1+4@ B)(a; @14 21 aj)
:2ﬂ®aj+4ozj®ﬂ

for i # j # i+ g. Considering the images of ;6 and &;£;4,£; we see that the image
of ®3 has rank 4¢ and that

span{f ® a; + 2a; @ B}

coker @3 = ~[Z/27]%,
3 span{2(8 ® a; + 2a; @ )} [2/22]
so that
72 =1, 7? -1
ker &5 = 24 g coker &5 = ) g ’
z(%) g #1, [Z/22)% g #1.

Dimension four. H*(Sym>%) @ H*(Sym?Y) has rank (229) + 2 and basis
{&&inli < YU {n*, 6%},
while H*(X x X) has rank one and basis {# ® #}. Under ®4 we have
02> (Bo1+1® p)?
=20®p,
e (Be1+20p)°
=403 p,
&Gi&in—r 2(a; @ B+ B ai)(a; ©1+20 ay)
_fo li-il#a
Clearly

29
2

ker ®, = 7( )+1, coker &, = 7/27.
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Dimensions five and siz. ¥ x ¥ and Sym?Y have no cohomology in dimensions five
and six so the cokernel of ®; is trivial and the kernel is Hi(Sym?’E) for 2 = 5,6.
H®>(Sym®X) = span{&n?} has rank 2g and H®(Sym®%) = span{n®} has rank one,
S0

ker &5 = 729, coker @5 = {0},

ker &g = Z coker & = {0}.

bl

Completing the proof of Theorem 1. Putting the kernels and cokernels calculated
above together using equation (1) gives the table in Theorem 1. Taking alternating
sums of Betti numbers gives

2 2
x(expsXy) =3 —4g + ( 29) _ <3_l]>

(3) _ —4¢3 + 1'2‘(]: —17¢+9
for ¢ > 2, and direct substitution shows it hoids for ¢ > 0 also. As a check we
calculate the Euler characteristic using

X(E3X) = x(Sym’%) + x(Sym’X) — x(T x X).
Macdonald gives x(Sym"X) = (—1)”(2‘7”_2), S0

29 — 2 29 — 2
X(Egz):_<g3 )+<g2 )—(2—2g)2
_ —4¢% +12¢% — 179+ 9

- )

3

in agreement with (3).
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