Irreducible Modules over the Affine Hecke Algebra: a Strong Multiplicity One Result by Monica Joy Vazirani

A.B. (Harvard University) 1993

A dissertation submitted in partial satisfaction of the requirements for the degree of Doctor of Philosophy in Mathematics in the GRADUATE DIVISION of the UNIVERSITY of CALIFORNIA at BERKELEY

Committee in charge:

Professor Tsit Y. Lam, Chair Professor Paul A. Vojta Professor Steven N. Evans

Spring 1999

The dissertation of Monica Joy Vazirani is approved:

Chair Date

Date

Date

University of California at Berkeley

Spring 1999

Irreducible Modules over the Affine Hecke Algebra: a Strong Multiplicity One Result

Copyright 1999 by Monica Joy Vazirani

1 Abstract

Irreducible Modules over the Affine Hecke Algebra: a Strong Multiplicity One Result by Monica Joy Vazirani Doctor of Philosophy in Mathematics

University of California at Berkeley

Professor Tsit Y. Lam, Chair

Let H_n denote the affine Hecke algebra of type A, and let M denote an irreducible H_n-module. The main new result of this thesis is that the irreducible submodules of Res^{Hn}_{Hn−1} M occur with multiplicity one. This holds regardless of the characteristic of the field R or the multiplicative order of q ∈ R. The main tools of the proof are the functor e_i, which is a slight refinement of restriction, and the functor Ind^{Hn}_{HP} , which denotes induction within the affine Hecke algebra.

Professor Tsit Y. Lam Dissertation Committee Chair iii

Contents

1 Introduction 1

2 Notation and Definitions 3 2.0.1 Grothendieck Group . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.0.2 The symmetric group . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1 Definitions and first properties of Hecke algebras . . . . . . . . . . . . . . . 4 2.1.1 H^{fin}_n , H_n and H^λ_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.1.2 Rep H_n and Rep_q H_n . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1.3 Characters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Induction and Restriction 9 3.1 Induced modules and their characters . . . . . . . . . . . . . . . . . . . . . 10 3.1.1 Ind^{Hn}_S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.1.2 Shuffles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.1.3 Ind and Ǐnd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Examples and characters of some modules 15 4.1 H_0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.2 H_1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 4.3 H_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 4.4 H_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.4.1 q^{ij} all distinct, i.e. ∏ (s_i − s_j ) ≠ 0 . . . . . . . . . . . . . . . . . . . 17 4.4.2 s = (1, 1, q^i), q^i ≠ 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.4.3 s = (1, 1, 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 4.5 H_4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 The Strong Multiplicity One Result 20 5.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.2 The affine Mackey formula, a special case . . . . . . . . . . . . . . . . . . . 22 5.3 Kato’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 5.4 Strong Multiplicity One Result . . . . . . . . . . . . . . . . . . . . . . . . . 25 5.5 Independence of Characters . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

6 The action of the center and a Mackey map result 30 6.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 6.2 e_iM and c_{n−1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 6.3 f_iM and c_{n+1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 6.4 e_if_iM and c_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 6.5 f_ie_iM and c_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

A Modifications when q = 1. 43

Bibliography 44

Acknowledgements

I wish to thank T. Y. Lam for advising and encouraging me throughout my graduate career at Berkeley.

I thank my family for their unfaltering support, and many thanks to Kashi for letting my rely on her so heavily these past months.

Words are not sufficient to express my gratitude to Ian Grojnowski for taking me under his wing, teaching me about Hecke algebras (and lots of other math), spending countless hours talking to me, and the list goes on. So, I’ll express that gratitude instead by proving theorems.

Chapter 1

Introduction

Let S_n denote the symmetric group on n letters and M denote an irreducible S_n-module over a field R. The decomposition of Res^{Sn}_{Sn−1} M into irreducible S_n-modules is referred to as the branching rule. When R has characteristic 0, it is a classical result that Res^{Sn}_{Sn−1} M is a direct sum of irreducible modules occurring with multiplicity one.

However, when the characteristic of R is prime, the decomposition of Res^{Sn}_{Sn−1} M is still a mystery. It is only in the last decade that Kleshchev described the socle (largest semisimple submodule) of restriction and showed it is multiplicity free. We extend this result to the irreducibles of a larger category of modules.

One can consider the group algebra RS_n a special case of a family of algebras called Hecke algebras. The finite Hecke algebra H^{fin}_n , the cyclotomic (or Ariki-Koike) Hecke algebra H^λ_n , and the affine Hecke algebra H_n are deformations of S_n, and of the wreath products S_n ≀ Z/rZ, and S_n ≀ Z, respectively. One may search for a partial branching rule for the Hecke algebra.

In section 5.4, corollary 5.9, we prove that the socle of restriction of any irreducible H^λ_n -module is multiplicity free by proving it for a large class of modules for the affine Hecke algebra. This is a corollary to the strong multiplicity one result, theorem 5.7, that the socle of a certain refinement of restriction is either 0 or irreducible.

This result, theorem 5.7, is the main new result of this thesis. A major tool in proving the main theorem is the idea of induction and restriction within the affine Hecke algebra H_n as opposed to within the cyclotomic Hecke algebra H^λ_n . This viewpoint was taught to the author by Ian Grojnowski. The structure and the ideas comprising Chapter 5 sprung from conversations with Grojnowski and the results of this paper are our joint work. Further, the organization of this paper is modeled after [G].

Chapter 2 is self-explanatory. Chapter 4 lists examples of several irreducible H_nmodules. Chapter 3 lays out some main tools we will use in the proof of the main theorem, in particular the functor Ind^{Hn}_{HP} . The other key tool, the functor e_i, is defined in section 5.1. Section 5.3 is also crucial to the proof—it proves the main theorem for the modules q^iK_n which we later use to prove the theorem in general by employing the tools Ind^{Hn}_{HP} and e_i. We conclude with a few consequences, most notably the independence of characters.

Chapter 6 is a slight departure from the main thrust of the paper. Although a given irreducible occurs once in the socle, it can occur many times as a composition factor of

2 CHAPTER 1. INTRODUCTION

Res^{Hn}_{Hn−1} M. In Chapter 6 we investigate how these other copies sit in Res^{Hn}_{Hn−1} M. Further, we use Grojnowski’s functor f_i which is adjoint to e_i, and some results from [G], to describe the copies of M that sit as composition factors of e_if_iM and f_ie_iM. The description is in terms of the action of the center, whose Jordan block structure we give. We conclude Chapter 6 with the result that one of e_if_iM and f_ie_iM is a direct summand of the other, and that the cyclotomic Mackey map induces the decomposition.

The results of Chapter 5 will appear in a joint paper with Grojnowski and those of Chapter 6 in a separate paper.

The viewpoint of the thesis is only a small piece of the much larger puzzle that investigates the rigid structure on the representation theory of H^λ_n . For further investigation, we urge the reader to read [G].

Chapter 2

Notation and Definitions

Throughout the paper, we fix a field R, and an invertible element q ∈ R, i.e., a homomorphism Z[q, q^{−1}] → R. We write μ_q = {q^i | i ∈ Z} for the powers of q in R, and ℓ = |μ_q|, so ℓ ∈ N ∪ {∞}, and ℓ is the order of q ∈ R^×.

We further assume that q ≠ 1. This is for clarity of exposition; the changes in the statements of definitions and theorems that must be made when q = 1 are sketched in the Appendix.

If A is an R-algebra, we write A-mod for the category of all left A-modules, and Rep A for the category of left A-modules which are finite dimensional as R-modules. (If R is an arbitrary ring, we would also need to define various subcategories, such as the category of A-modules which are projective as R-modules, and so on.)

We recall that the socle of a module M, denoted soc(M), is the largest semisimple submodule of M, and that the cosocle of M, denoted cosoc(M), is its largest semisimple quotient.

2.0.1 Grothendieck Group

If C is an abelian category, we write K(C) for the Grothendieck group of C. This is the quotient of the free abelian group with generators the objects M ∈ C by the ideal generated by the elements M_1 − M_2 + M_3 for every short exact sequence

0 → M_1 → M_2 → M_3 → 0

in C. If objects in C have finite length and unique composition factors, we write K(C)^∗ for the topological dual of K(C); i.e. for the linear functions f:K(C) → Zsuch that f(M) = 0 for all but finitely many isomorphism classes of irreducible objects M ∈ C.

If M ∈ C, let’s write [M] for its image in K(C). Then as M runs through the irreducible objects in C, the elements [M] form a basis of K(C), and the functions

δ_M :K(C) → Z δ_M (N) = { 0 if M ≄ N, N irreducible 1 if M ≃ N

form a basis of K(C)^∗.

Now, if F :C → C^′ is an exact functor of abelian categories, we get an induced Z-linear map F :K(C) → K(C^′), and we can define its transpose F^∗:K(C^′)^∗ → K(C)^∗ by F^∗f = f ∘ F . We will apply all this to the category Rep A of finite dimensional representations of an algebra A (over R). Recall that if A and A^′ are two such algebras, the absolutely irreducible representations of A ⊗ A^′ are of the form M ⊠ M^′, where M is an absolutely irreducible A-module and M^′ is an absolutely irreducible A^′-module. This is certainly not true for general representations of A ⊗ A^′. Throughout the paper, M ⊠ M^′ denotes the A ⊗ A^′-module which is isomorphic to M ⊗_R M^′ as an R-module and has A ⊗ A^′ action given by (a ⊗ a^′) · (m ⊗ m^′) = am ⊗ a^′m^′. 2.0.2 The symmetric group

We write S_n for the symmetric group on n letters, τ_i = (i i + 1), 1 ≤ i ≤ n − 1, for the simple transpositions. The simple transpositions satisfy the braid relations and the relation τ^2_i = 1, which we may write in RS_n as

braid relations τ_iτ_{i+1}τ_i = τ_{i+1}τ_iτ_{i+1}, 1 ≤ i < n − 1 τ_iτ_j = τ_j τ_i, |i − j| > 1 1 ≤ i, j ≤ n − 1 quadratic relations (τ_i + 1)(τ_i − 1) = 0.

Any w ∈ S_n can be written as a product of simple transpositions w = τ_{i1} τ_{i2} · · ·τ_{ik} , and if this expression is of minimal length we call it a reduced word expression of w and denote its length k = ℓ(w). Length is well-defined, although a permutation can have many different reduced word expressions.

Define a partial order, Bruhat order, on S_n via u ≤ w if some reduced word expression of u is a subword of some reduced word expression of w. A subword of w_1w_2 · · ·w_k is a string w_{i1} w_{i2} · · ·w_{im} where 1 ≤ i_1 < i_2 < · · · < i_m ≤ k. There is a unique longest word w_0 of S_n defined by w_0(i) = n − i + 1. It has length (_n 2 ) and w_0 ≥ w for all w ∈ S_n.

If P = (a_1, . . . , a_k), a_i ∈ Z_{>0}, ∑ a_i = n, it is convenient to denote S_P = S_{a1} × · · · × S_{ak} ⊆ S_n. For example, S_{(n)} = S_n, S_{(1,... ,1)} = {1}.

For later use, we establish the notation W_P = {w} for the set of minimal length left coset representatives of S_P ⊆ S_n, W^{−1}_P = {w^{−1}}_{w∈WP} for the set of minimal length right coset representatives, and x_0 as the longest element of W_P , i.e. the representative of w_0S_P .

Also write P^′ = rev P = (a_k, . . . , a_2, a_1), noting x_0S_P x^{−1}_0 = w_0S_P w^{−1}_0 = S_P ′ . Then W_P ′ = {wx^{−1}_0 }_{w∈WP} , W^{−1}_P ′ = {x_0w^{−1}}_{w∈WP} .

2.1 Definitions and first properties of Hecke algebras

2.1.1 H^{fin}_n , H_n and H^λ_n

The finite Hecke algebra, H^{fin}_n is the R-algebra with generators T_1, . . . , T_{n−1} and relations

braid relations T_iT_{i+1}T_i = T_{i+1}T_iT_{i+1}, T_iT_j = T_j T_i, |i − j| > 1 (2.1) quadratic relations (T_i + 1)(T_i − q) = 0. (2.2)

The braid relations imply that if w = τ_{i1} · · ·τ_{ik} and ℓ(w) = k, then T_{i1} · · ·T_{ik} depends only on w ∈ S_n. It is denoted T_w, and the {T_w}_{w∈Sn} form a basis of H^{fin}_n over R.

The affine Hecke algebra H_n (or H^{aff}_n ) is the R-algebra, which as an R-module is isomorphic to H^{fin}_n ⊗_R R[X^{±1}_1 , . . . , X^{±1}_n ].

The algebra structure is given by requiring that H^{fin}_n and R[X^{±1}_1 , . . . , X^{±1}_n ] are subalgebras, and that

T_iX_iT_i = qX_{i+1}. (2.3)

Equivalently, if f ∈ R[X^{±1}_1 , . . . , X^{±1}_n ], then T_if −^{τi}fT_i = (q − 1) f −^{τi}f 1 − X_iX^{−1}_{i+1}

(2.4)

where τ_i ∈ S_n acts on R[X^{±1}_1 , . . . , X^{±1}_n ] by permuting X_i and X_{i+1}.

We justify (2.4) by first reducing to the case f = X_j. If (2.4) holds for f, g ∈ R[X^{±1}_1 , . . . , X^{±1}_n ], it holds for fg because^{τi}f^{τi}g =^{τi}(fg) and T_ifg = ( τ_ifT i + (q − 1) f −^{τi}f 1 − X_iX^{−1}_{i+1} ) g =^{τi}f^{τi}gT_i + (q − 1)^{τi}f g −^{τi}g 1 − X_iX^{−1}_{i+1}

+ (q − 1) f −^{τi}f 1 − X_iX^{−1}_{i+1} g =^{τi}(fg)T_i + (q − 1) fg −^{τi}(fg) 1 − X_iX^{−1}_{i+1} . It also holds for f + g as^{τi}(f + g) =^{τi}f +^{τi}g.

If j ≠ i, i + 1, then^{τi}X^{±1}_j = X^{±1}_j and T_iX^{±1}_j = X^{±1}_j T_i, showing (2.4) holds for f = X^{±1}_j . To show that (2.4) holds for f = X_i, multiply both sides of (2.3) on the right by T^{−1}_i = q^{−1}(T_i + 1 − q), yielding

T_iX_i = X_{i+1}(T_i + 1 − q) = X_{i+1}T_i + (q − 1) X_i − X_{i+1} 1 − X_i/X_{i+1} . Multiplying on the left yields (2.4) for f = X_{i+1}. For X^{−1}_{i+1}, we invert (2.3) and left multiply by qT_i to get

T_iX^{−1}_{i+1} = qT_iT^{−1}_i X^{−1}_i T^{−1}_i = X^{−1}_i (T_i + 1 − q) = X^{−1}_i T_i + (q − 1)

X^{−1}_i − X^{−1}_{i+1} 1 − X_i/X_{i+1} .

Similarly, right multiplication gives the relation for f = X^{−1}_i . This verifies the relation (2.4) for any f ∈ R[X^{±1}_1 , . . . , X^{±1}_n ].

The cyclotomic Hecke algebra or Ariki-Koike algebra H^λ_n is the quotient H_n/I_λ, where I_λ is the ideal generated by ∏ q^i∈μ_q (X1 − q i)^{λi} , and λ:μ_q → Z_+ is a function such that ∑ i≥0 λ_i = ∑ i≥0 λ(q^i) = r < ∞. In other words, H^λ_n -modules are those H_n-modules on which X_1 has eigenvalues in μ_q with Jordan block size bounded by λ.

We warn the reader that given an exact sequence 0 → A → B → C → 0, where A and C are H^λ_n -modules, B need not be an H^λ_n -module.

Remark 2.1. Observe that any irreducible H_n-module (being finite-dimensional by proposition 2.3 below) is an irreducible H^λ_n -module if we take λ large enough. Conversely, any irreducible H^λ_n -module is an irreducible H_n-module (on which I_λ acts as 0).

The statements and proofs throughout this paper will be made for Rep H_n. However, by the remark above, all results on irreducible modules will extend to Rep H^λ_n as well. This viewpoint, along with proposition 2.6 and remark 4.5 to follow, motivate the following definition.

2.1.2 Rep H_n and Rep_q H_n

We define Rep_q H_n to be the full subcategory of Rep H_n consisting of those modules M in Rep H_n such that the only eigenvalues of the X_j on M are in μ_q, 1 ≤ j ≤ n.

We will focus our attention on Rep_q H_n, although below present some definitions and statements that will hold for M ∈ Rep H_n as long as the X_i have all eigenvalues in R (e.g. if M ∈ Rep_q H_n or if R is algebraically closed).

Proposition 2.2. (Bernstein) The center of H_n, Z(H_n), is isomorphic to symmetric Laurent polynomials.

Z(H_n) ≃ R[X^{±1}_1 , . . . , X^{±1}_n ]^{Sn}

Proof. The relation (2.4) makes it clear that R[X^{±1}_1 , . . . , X^{±1}_n ]^{Sn} is contained in the center. Suppose h = ∑ f_w T_w ∈ Z(H_n) where f_w ∈ R[X^{±1}_1 , . . . , X^{±1}_n ]. Let u ∈ S_n be maximal with respect to Bruhat order such that f_u ≠ 0. If u ≠ 1 then there exists some i such that u(i) ≠ i. As T_wX_i = X_{w(i)}T_w + ∑ w^′<w gw^′ Tw^′ , for some gw^′ ∈ R[X ±1 1 , . . . , X^{±1}_n ], comparing leading terms of X_ih and hX_i we reach a contradiction: the coefficient of T_u in X_ih − hX_i is f_u(X_i − X_{u(i)}) ≠ 0. Hence h = f_1 ∈ R[X^{±1}_1 , . . . , X^{±1}_n ]. By the relation (2.4), we see h ∈ R[X^{±1}_1 , . . . , X^{±1}_n ]^{Sn} .

Proposition 2.3. If M ∈ H_n-mod is irreducible, then M is finite dimensional. If the X_i act on M with eigenvalues in R, then dim_R M ≤ n!.

Proof. Write S = R[X^{±1}_1 , . . . , X^{±1}_n ]. Let N be an irreducible submodule of Res^{Hn}_S M. Then N is finite dimensional. By the adjointness of induction and restriction, discussed in section 3 below, M is a quotient of Ind^{Hn}_S N which has dimension less than or equal to n! dim N. If the X_i take eigenvalues in R, then N will be one-dimensional so that dim M ≤ n!.

2.1.3 Characters

For the following definitions, and throughout the rest of the paper, suppose the X_i act on the module M with eigenvalues in R. Write S = R[X^{±1}_1 , . . . , X^{±1}_n ].

Define the generalized S-eigenspace

M[s] = {v ∈ M | (X_i − s_i)^mv = 0, m ≫ 0, for all 1 ≤ i ≤ n}

where s = (s_1, . . . , s_n) ∈ R^n.

Because the X_i commute, we can decompose M into a direct sum of generalized eigenspaces Res^{Hn}_S M = ⨁ s∈(R^×)^n M[s]. We define the character of M to be

ch M = ∑ s∈(R^×)^n (dim M[s])[s] = [Res_S M] ∈ K(Rep S).

As S = R[X^{±1}_1 , . . . , X^{±1}_n ] = R[X^{±1}_1 ] ⊗_R · · ·⊗_R R[X^{±1}_n ], we will also write s = s_1 ⊠ s_2 ⊠ · · ·⊠ s_n for the 1-dimensional S-module with character s = (s_1, . . . , s_n) (omitting the square brackets).

Write M_s = {v ∈ M | X_iv = s_iv, 1 ≤ i ≤ n} for the actual simultaneous eigenspace of the elements X_i. Then M_s ≠ 0 ⇐⇒ M[s] ≠ 0. Proposition 2.4. If M is indecomposable and M[s] ≠ 0, M[t] ≠ 0, then there exists w ∈ S_n such that w · s = (s_w−1_{(1)}, . . . , s_w−1_{(n)}) = t.

Proof. If f = f(X_1, . . . , X_n) ∈ R[X^{±1}_1 , . . . , X^{±1}_n ]^{Sn} = Z(H_n) then M indecomposable implies f acts with the same eigenvalue on all of M (perhaps not semisimply). In other words, Res_{Z(Hn)} M has a filtration with factors all the same 1-dimensional representation (i.e. character). If not, we could decompose M as a direct sum of generalized eigenspaces for Z(H_n), which the H_n action respects.

If v ∈ M_s is nonzero then fv = f(s_1, . . . , s_n)v and likewise fu = f(t_1, . . . , t_n)u for 0 ≠ u ∈ M_t. Thus f(s_1, . . . , s_n) = f(t_1, . . . , t_n) for any f ∈ R[X^{±1}_1 , . . . , X^{±1}_n ]^{Sn} yielding s and t are in the same S_n-orbit.

For a module M such that M[t] ≠ 0 implies there exists w ∈ S_n such that t = w·s, we say the central character of M is the orbit S_n · s. Thus, by the above proposition, indecomposable modules have a well-defined central character. Our assumptions on M ensure s ∈ (R^×)^n, so that conversely, if M has central character S_n · s there there exists w ∈ S_n such that M[w · s] ≠ 0. Further, Schur’s Lemma implies Z(H_n) acts by scalars on irreducible modules (in particular f(X_1, . . . , X_n) acts as f(s_1, . . . , s_n)).

Remark 2.5. It is worthwhile to note that for any algebra A, an A-module can be decomposed into a direct sum of isotypic components, i.e. generalized eigenspaces, of Z(A). That an indecomposable module has a well-defined central character is one instance of this. We will see another instance of this in claim 5.1 of Chapter 5.

Proposition 2.6. If M an H_n-module and {α} ⊆ R^× are all of the eigenvalues for some X_i on M, then for any j, the only eigenvalues of X_j on M lie in {q^iα}_qi_{∈μq} .

Proof. It suffices to prove this for H_2.

Let α be an eigenvalue of X_1. There exists a simultaneous eigenvector v ∈ M for X_1 and X_2 such that X_1v = αv. Suppose X_2v = βv.

Case 1. {v, T_1v} are linearly dependent. The relation (T_1 + 1)(T_1 − q) = 0 implies T_1v ∈ {−v, qv}. Then βv = X_2v = q^{−1}T_1X_1T_1v ∈ {qαv, q^{−1}αv} by relation (2.3), yielding β ∈ {qα, q^{−1}α}. Case 2. {v, T_1v} are linearly independent. Then their span forms an H_2 submodule, and with respect to this basis

X_1 = [ α (1 − q)β 0 β ] X_2 = [ β (q − 1)β 0 α ] T_1 = [ 0 q 1 q − 1 ] . Thus β is also an eigenvalue of X_1.

Corollary 2.7. A finite dimensional H_n-module M is in Rep_q H_n if and only if all eigenvalues for X_1 on M lie in μ_q . In particular, any module in Rep H^λ_n can be realized as being in Rep_q H_n.

In the next chapter we will compute the characters of induced modules and of several irreducible modules. In theorem 5.11 we show an irreducible module is determined by its character.

Chapter 3

Induction and Restriction

Recall that if A ⊂ B are R-algebras, the exact functor of restriction Res^B_A :B-mod → A-mod has left and right adjoints, Ind and Ǐnd defined by Ind^B_A :A-mod → B-mod M → B ⊗_A M Ǐnd^B_A :A-mod → B-mod M → Hom_A(B, M);

i.e.

Hom_B(Ind^B_A M, N) = Hom_A(M, Res N) Hom_B(N,ǏndM) = Hom_A(Res N, M). We will also refer to the adjointness of Ind (respectively Ǐnd) and Res as Frobenius reciprocity. Explicit isomorphisms are given by the maps α → (v → α(1 ⊗ v)) β → (w → β(w)(1)) . We will repeatedly make use of this when discussing B-homomorphisms Ind^B_A M^α−→ N. To define such a map, we need only define an A-homomorphism M → Res^B_A N; in other words, define α(1 ⊗ M) and extend by α(b ⊗ M) = bα(1 ⊗ M).

If B is a free A-module, then Ind and Ǐnd are exact functors also. Further, if A ⊂ B ⊂ C are inclusions of R-algebras, we have transitivity of induction and restriction: Res^B_A Res^C_B = Res^C_A , Ind^C_B Ind^B_A = Ind^C_A , Ǐnd^C_B Ǐnd^B_A = Ǐnd^C_A Now apply these remarks to the affine Hecke algebra. Given a sequence P = (a_1, . . . , a_k) of non-negative integers summing to n, write H_P = H_{a1} ⊗ · · · ⊗ H_{ak} . We have an obvious embedding H_P = H_{a1} ⊗ · · · ⊗ H_{ak} → H_n which makes H_n a free H_P -module. Applying the previous remarks we get exact functors Res, Ind,Ǐnd. These functors depend on the order (a_1, . . . , a_k) and not just on the underlying set! When unambiguous from context, we may just write Res_{HP} , Res_P or simply Res for Res^{Hn}_{HP} , and similarly for Ind to lighten notation.

3.1 Induced modules and their characters

3.1.1 Ind^{Hn}_S Claim 3.1. Let s = (s_1, . . . , s_n) ∈ (R^×)^n (or ∈ μ^n_q ). We also write s = s_1 ⊠ · · ·⊠ s_n . Then

ch(Ind^{Hn}_S s) = ∑ w∈S_n w · s.

Proof. First, Ind^{Hn}_S s = H_n ⊗_S s, which as an R-module is H^{fin}_n ⊗_R S ⊗_S s = H^{fin}_n ⊗_R s and so dim Ind^{Hn}_S s = dim H^{fin}_n = n!. Further, if we write Rv = s = s_1 ⊠ · · · ⊠ s_n, then a basis of Ind^{Hn}_S s is given by {T_w ⊗ v}_{w∈Sn} . If we order the basis respecting Bruhat order, then by the relation (2.4)

X_iT_w ⊗ v = T_w ⊗ X_w−1_{(i)}v + ∑ u<w g_u ∈S T_u ⊗ g_uv

= s_w−1_{(i)}T_w ⊗ v + lower terms = (w · s)_iT_w ⊗ v + lower terms.

Thus the action of all the X_i is upper triangular with respect to this basis, and the diagonal entries give the simultaneous eigenvalues, i.e. the character of Ind^{Hn}_S s, which is thus ∑ w∈S_n w· s. Claim 3.2. 1. X_1(T_1 (_{1−X1/X2} 1−q ) + 1) = (T_1 (_{1−X1/X2} 1−q ) + 1)X_2.

2. For any S-module N there is an H_2-homomorphism Ind^{H2}_S N^σ−→ Ind^{H2}_S rev^∗ N given by 1 ⊗ u −→ (T_1 (_{1−X1 /X2} 1−q ) + 1) ⊗ u.

3. The map σ^2 : Ind^{H2}_S s_1 ⊠ s_2 −→ Ind^{H2}_S s_1 ⊠ s_2 is multiplication by the scalar ( 1 − q_{s1s} 2 1 − q ) (1 − q_{s2s} 1 1 − q ) .

4. When s_2 ≠ q^{±1}s_1, σ is an isomorphism. When s_2 = q^{±1}s_1, the sequence

Ind^{H2}_S s_1 ⊠ s_2^σ−→ Ind^{H2}_S s_2 ⊠ s_1^σ−→ Ind^{H2}_S s_1 ⊠ s_2 (3.1)

is exact, and so Ind^{H2}_S s_1 ⊠ s_2 and Ind^{H2}_S s_2 ⊠ s_1 have the same composition factors.

Proof. Write p = (T_1 (_{1−X1/X2} 1−q ) + 1). The proof of (1) is a straightforward computation.

(2) follows from (1). By Frobenius reciprocity it suffices to give σ as an S-map N → Res^{H2}_S Ind^{H2}_S rev^∗ N, where rev^∗ N denotes the module with underlying set N and S-action induced by the automorphism rev_S :S → S, X_1 → X_2, X_2 → X_1.

One may compute p^2 = (_{1−qX1 /X2} 1−q ) (_{1−qX2/X1} 1−q ) , which in particular is central, yielding (3) when N = s_1 ⊠ s_2.

For (4), because σ^2 is multiplication by a nonzero scalar when s_2 ≠ q^{±1}s_1, σ itself must be an isomorphism. When s_2 = s_1, σ is just the identity.

In the case s_2 = q^{±1}s_1, write Rv and Rw for s_1 ⊠ s_2 and s_2 ⊠ s_1 (not necessarily in that order). One application of σ has image R(T_1 − q) ⊗ v and kernel R(T_1 + 1) ⊗ w while the next has image R(T_1 + 1) ⊗ w and kernel R(T_1 − q) ⊗ v, yielding the exactness of the sequence above (even when q = −1).

Corollary 3.3. All irreducible modules with central character S_n ·s = S_n ·(s_1, . . . , s_n) occur as composition factors of Ind^{Hn}_S s. In particular, all the Ind^{Hn}_S w · s, w ∈ S_n, have the same composition factors.

Proof. First we prove the second statement. We can extend the map of claim 3.2 to Ind^{Hn}_S s_1 ⊠ · · · ⊠ s_i ⊠ s_{i+1} ⊠ · · · ⊠ s_n^{σi}−→ Ind^{Hn}_S s_1 ⊠ · · · ⊠ s_{i+1} ⊠ s_i ⊠ · · · ⊠ s_n. By claim 3.2 statement 4, σ_i is either an isomorphism or gives an exact sequence as in (3.1); in either case, the above induced modules have the same composition factors. As the simple transpositions generate S_n, we see all the Ind^{Hn}_S w · s have the same composition factors.

If M is irreducible with central character S_n · s then M[w · s] ≠ 0 for some w ∈ S_n by the discussion following proposition 2.4. In other words, there is a nonzero S-map w · s → Res^{Hn}_S M. By Frobenius reciprocity there is a nonzero, hence surjective, map Ind^{Hn}_S w · s → M and so M is a composition factor of Ind^{Hn}_S s.

3.1.2 Shuffles

To describe the character of a module induced from H_P to H_n we introduce the notion of a shuffle. Then we proceed as in claim 3.1.

We say a string s = s_1s_2 · · · s_k is a shuffle of t and u if t is a subword of s and u is its complementary subword. The shuffle of t and u, denoted t ∪∪ u, is then the formal sum of all shuffles of t and u, with multiplicity. We can extend ∪∪ linearly to sums of words. If we write tu for the concatenation of t and u, which have length m and n respectively, then a useful description of shuffling is t ∪∪ u = ∑ w∈W_{(m,n)} w · tu.

In other words the permutations of 12 · · ·n+m that keep 1 · · ·m in order and m+1 · · · m+n in order are exactly the minimal length left coset representatives W_{(m,n)}. Example 1. 1q ∪∪ qq^2 = 1qqq^2 + 1qqq^2 + q1qq^2 + 1qq^2q + q1q^2q + qq^21q Example 2. 1 ∪∪ 23 = 123 + 213 + 231 = (1 + s_1 + s_2s_1) · 123

Lemma 3.4 (shuffle lemma). Let M ∈ Rep_q H_m, N ∈ Rep_q H_n. Then ch Ind^{Hm+n}_{Hm⊗Hn} M ⊠ N = ch M ∪∪ ch N.

Proof. Write ch M = ∑ s^{(j)}, ch N = ∑ t^{(k)}. Let {u_j }, {v_k} be bases of M, N respectively on which S acts upper triangularly, i.e. u_j ∈ M[s^{(j)}] and X_iu_j = s^{(j)}_i u_j + lower terms, v_k ∈ N[t^{(k)}] and X_iv_k = t^{(k)}_i v_k + lower terms. Write s^{(j,k)} for the concatenation s^{(j)}t^{(k)} so that X_i(u_j ⊗ v_k) = s^{(j,k)}_i (u_j ⊗ v_k) + lower terms. Then

ch M ∪∪ ch N = ∑ w∈W_{(m,n)} ∑ j,k w · s^{(j,k)}.

Let W = W_{(m,n)} = {w} denote minimal length left coset representatives as above. Then {T_w ⊗ (u_j ⊗ v_k)}_{w∈W} is a basis of Ind^{Hm+n}_{Hm ⊗Hn} M ⊠ N, ordered respecting Bruhat order and the order on {u_j }, {v_k}. As in claim 3.1 we compute X_iT_w ⊗ (u_j ⊗ v_k) =T_wX_w−1_{(i)} ⊗ (u_j ⊗ v_k ) + lower terms =s^{(j,k)}_{w−1(i)}T_w ⊗ (u_j ⊗ v_k) + lower terms =(w · s^{(j,k)})_iT_w ⊗ (u_j ⊗ v_k) + lower terms.

This shows all X_i act upper triangularly with respect to this basis, yielding ch Ind^{Hm+n}_{Hm⊗Hn} M ⊠ N = ∑ w∈W_{(m,n)} ∑ j,k w · s^{(j,k)} = ch M ∪∪ ch N.

3.1.3 Ind and Ǐnd

To describe one of the relationships between Ind and Ǐnd, we introduce the involution rev :H_n → H_n defined by X_i → X_{n−i+1} T_i → −(T_{n−i} + 1 − q). In other words, rev is induced by w_0, as X_i → X_{w0(i)}, T_i = T_{si} → −qT^{−1}_{w0si w−10} , and hence T_u → (−q)^{ℓ(u)}T^{−1}_{w0uw−10} , where w_0 is the longest permutation in S_n.

For P = (a_1, . . . , a_k), ∑ a_i = n, write rev(P ) = P^′ = (a_k, . . . , a_1), so that rev(H_P ) = H_P ′ . Let rev_P = ⊗ rev :H_P → H_P . So the rev_S of claim 3.2 was rev_{1,1}.

For x_0 the shortest element of the coset w_0S_P , there is also a map H_P → H_P ′ , rev ∘ rev_P , which is in fact induced by x_0. All of the maps above induce functors on H_P - modules via h · rev^∗_P (M) = rev_P (h) · M. Write M̌ for rev^∗ rev^∗_P (M), so that T_xM̌ = T_{x0xx}−1_0 M, X_iM̌ = X_{x0(i)}M. (3.2) Proposition 3.5. Let M be an H_P -module and M_i be H_{ai} -modules. Then 1. Ind^{Hn}_{HP} M ≃ Ǐnd^{Hn}_{HP ′} M̌.

2. Ind^{Hn}_{HP} M ≃ rev^∗ Ǐnd^{Hn}_{HP} rev^∗_P M.

3. Ind^{Hn}_{HP} M_1 ⊠ · · · ⊠ M_k ≃ Ǐnd^{Hn}_{HP ′} M_k ⊠ · · · ⊠ M_1.

Proof. We will construct an explicit isomorphism. It would suffice to give the proof for k = 2, but as the general case is no more complicated notationally, we present that.

Recall W = W_P = {w} = minimal length left coset representatives for S_P ⊆ S_n. Let W^′ = {x_0w^{−1}}_{w∈W} = {w^′} = minimal length right coset representatives for S_P ′ = S_{rev P} ⊆ S_n, where x_0 is the longest element of W . If {v_j }_{j∈J} is a basis of M, then {v̌_j }_{j∈J} is a basis of M̌, {T_w ⊗ v_j }_{j∈Jw∈W} is a basis of Ind^{Hn}_{HP} M, and {ϕ_w′_{,vj} }_{j∈Jw′∈W ′} is a basis of Ǐnd^{Hn}_{HP ′} M̌, where ϕ_{w′,vj} (T_{u′} ) = δ_{w′,u′}v̌_j for u′ ∈ W ′. Write ϕ_v for ϕ_{x0 ,v}. Define the isomorphism ψ: Ind^{Hn}_{HP} M −→ Ǐnd^{Hn}_{HP ′} M̌ h ⊗ v^ψ−→ hϕ_v for h ∈ H_n. To check that ψ is well-defined, it suffices by Frobenius reciprocity to check that the map v → ϕ_v is an H_P -map. In other words, that T_x · ϕ_v = ϕ_{Tx0xx−10 v} for x ∈ S_P and X_i · ϕ_v = ϕ_{Xx0 (i)v} by (3.2). To show this, we first observe that for x ∈ S_P , because x_0 is the shortest element of x_0S_P and of S_P ′ x_0, T_{x0} T_x = T_{x0x} = T_{x0xx}−1_{0 x0} = T_{x0xx}−1_0 T_{x0} ;

and second, that if T_w′ T_x = ∑_{y∈S} P ′ u^′∈W^′ c_{yu}′ T_yT_u′ then W^′ ∋ w^′ ≠ x_0, y ∈ S_P ′ implies c_{yx0} = 0.

The second observation follows because no reduced word expression for x_0 can occur as a subword of the concatenation of w^′ and x. In greater detail: considering the s_i such that ℓ(x_0s_i) = ℓ(x_0) − 1 we see s_i /∈ S_P so s_i is not a subword of x but is a (final) subword of x_0. Of these, there must be some s_j such that ℓ(w^′s_j ) = ℓ(w^′) + 1 as w^′ = x_0w^{−1} for some 1 ≠ w ∈ W . Given that, T_y T_{x0} cannot occur in T_w′ T_x for y ∈ S_P ′ , x ∈ S_P .

Then

(T_x · ϕ_v )(T_w′ ) =ϕ_v(T_w′ T_x) = { ϕ_v(T_{x0xx}−1_0 T_{x0} ) = T_{x0xx}−1_0 v if w^′ = x_0 0 else =ϕ_{Tx0xx−10 v} (T_w′ ). As they agree on {T_w′ }, T_xϕ_v = ϕ_{Tx0 xx−10 v}.

Similarly

(X_i · ϕ_v )(T_w′ ) =ϕ_v(T_w′ X_i) = ϕ_v(X_w′_{(i)}T_w′ + lower terms) = { X_{x0(i)}v if w^′ = x_0 0 else =ϕ_{Xx0(i) v}(T_w′ ). Next, we show ψ is surjective, yielding it is an isomorphism by a dimension count.

Consider T_w · ϕ_v (T_u′ ) = ϕ_v (T_u′ T_w) = ϕ_v(T_{x0u}−1 T_w) = { v if u = w, 0 if u ≰ w.

This shows the {T_w · ϕ_{vj} }_{j∈Jw∈W} have a triangular change of basis matrix with respect to

{ϕ_w′_{,vj} }, so in particular span Ǐnd^{Hn}_{HP ′} M̌, yielding ψ is onto.

Statement 2 of the proposition follows from the first as rev^∗(Ǐnd^{Hn}_{HP ′} rev^∗_P M) = Ǐnd^{rev Hn}

rev H_P rev

∗ rev^∗_P M = Ǐnd^{Hn}_{HP ′} M̌.

Finally, since M = M_1 ⊠ · · · ⊠ M_k implies M̌ = M_k ⊠ · · · ⊠ M_1, the third is a special case of the first.

Given proposition 3.5, we will rarely use the functor Ǐnd. However, it does imply the following useful observation which allows us to detect whether certain induced modules are irreducible.

Proposition 3.6. Suppose Ind(M ⊠ N) ≃ Ind(N ⊠ M). If M ⊠ N is an irreducible module which occurs with multiplicity one in a composition series for Res Ind(M ⊠N), then Ind(M ⊠ N) is irreducible.

Proof. Let 0 → K → Ind(M ⊠ N) → Q → 0 be an exact sequence. Then M ⊠ N is a submodule of Res Q, if Q ≠ 0, by Frobenius reciprocity, and as Ind(M ⊠N) ≃ Ind(N ⊠M) ≃ Ǐnd(M ⊠ N), M ⊠ N is also a submodule of Res K if K ≠ 0. As M ⊠ N occurs with multiplicity one, either K or Q is zero, and so Ind(M ⊠ N) is irreducible.

It is well-known that there exists an involution D: Rep_q H_n → Rep_q H_n that takes irreducibles to themselves and 0 → A → B → C → 0 ⇐⇒ 0 → D(C) → D(B) → D(A) → 0. This is an unpublished result of Bernstein [B] that has since entered the literature.

This functor also has the property that

D(Ind M) = Ǐnd D(M).

In other words, there is an even stronger relationship between Ind and Ǐnd: for M irreducible, the factors in the socle series of Ind M coincide with the factors in the cosocle series of Ǐnd M in order.

Chapter 4

Examples and characters of some modules

Remark 4.1. If M ∈ Rep_q H_n is irreducible, then so is rev^∗ M, and so is q^iM, meaning the module isomorphic to M as an H^{fin}_n -module, but with S action X_j · v = q^iX_j v for all 1 ≤ j ≤ n. If ch M = ∑ s = ∑ (s_1, . . . , s_n) then

ch q^iM = ∑ q^is = ∑ (q^is_1, . . . , q^is_n) ch rev^∗ M = ∑ w_0 · s = ∑ (s_n, . . . , s_1). The Hecke algebra H_n has a 1-dimensional module 1_{(q}i_{,q}i+1_{,... ,q}i+n−1_) with character (q^i, q^{i+1}, . . . , q^{i+n−1}), which we will call the trivial module, on which X_1 − q^i and T_j − q vanish for all j.

H_n also has a 1-dimensional module, which we will call the Steinberg module, and denote St_{(q}i_{,... ,q}i−n+1_). The Steinberg module has character (q^i, q^{i−1}, . . . , q^{i−n+1}), and X_1 − q^i and T_j + 1 vanish on it for all j. Notice that the Steinberg module is distinct from the trivial if q ≠ −1.

Furthermore, any 1-dimensional module in Rep_q H_n must be one of the above. If M = Rv is such a module, then as (T_j − q)(T_j + 1) = 0, we must have T_j v = qv or −v. If T_j v ≠ T_{j±1}v (and so q ≠ −1) then T_j T_{j±1}T_j v ≠ T_{j±1}T_j T_{j±1}v contradicting the braid relations. As M ∈ Rep_q H_n there is some i such that X_1v = q^iv and the relation (2.3) qX_{j+1} = T_jX_j T_j yields ch M = (q^i, . . . , q^{i+n−1}) or (q^i, . . . , q^{i−n+1}).

Remark 4.2. We make the obvious but useful observation that if A is a composition factor of B and ch A = ch B, then A = B.

4.1 H_0

H_0 = R has just one irreducible R, which we denote by 1.

4.2 H_1

H_1 = R[X^{±1}_1 ] is commutative, so its irreducible modules in Rep_q H_1 are onedimensional and determined by the X_1 action, i.e. by their characters s = (q^i). In chapter

5, we will see that for any n, an H_n-irreducible is determined by its character.

4.3 H_2

By corollary 3.3, any irreducible in Rep_q H_2 occurs as a composition factor of Ind q^i ⊠ q^j , which is 2-dimensional with character (q^i, q^j) + (q^j, q^i) by claim 3.1. The map τ of claim 3.2 gives an isomorphism Ind q^i ⊠ q^j → Ind q^j ⊠ q^i if q^j ≠ q^{i±1}. In this case, the irreducibility of Ind q^i ⊠ q^j follows from the above description of all 1-dimensional modules. However, we directly compute the H_2 action for completeness.

Write Rv = q^i ⊠ q^j . With respect to the basis {1 ⊗ v, T_1 ⊗ v}

X_1 = [ q^i (1 − q)q^j 0 q^j ] X_2 = [ q^j (q − 1)q^i 0 q^i ] T_1 = [ 0 q 1 q − 1 ]

on Ind q^i ⊠ q^j . Notice that when q^i = q^j , the S eigenspace is only 1-dimensional.

In the case q^i ≠ q^j , then with respect to the basis {(T_1 +^{1−q}_{1−qi−j} ) ⊗ v, 1 ⊗ v},

X_1 = [ q^j 0 0 q^i ] X_2 = [ q^i 0 0 q^j ] T_1 = [ −^{1−q}_{1−qj−i} 1 (1−qq^{i−j} )(q−q^{i−j} ) (1−q^{i−j} )(1−q^{i−j} ) − 1−q 1−q^{i−j} ] . From this, or from considering images and kernels of τ, we see

0 → St_{(q}i+1_{,q}i_) → Ind q^i ⊠ q^{i+1} → 1_{(q}i_{,q}i+1_) → 0 (4.1) 0 → 1_{(q}i−1_{,q}i_) → Ind q^i ⊠ q^{i−1} → St_{(q}i_{,q}i−1_) → 0 (4.2)

In summary, the 1-dimensional irreducibles of Rep_q H_2 are 1_{(q}i_{,q}i+1_) and for q ≠ −1 St_{(q}i_{,q}i−1_). The 2-dimensional irreducibles are Ind q^i ⊠ q^j where q^j ≠ q^{i±1}.

Remark 4.3. We can reinterpret the irreducibility of Ind q^i ⊠ q^j , q^j ≠ q^{i±1}, as meaning that if M is any module, dim M[(s_1, s_2, . . . , q^i, q^j, . . . , s_n)] = dim M[(s_1, s_2, . . . , q^j, q^i, . . . , s_n)] and that dim M[(s_1, s_2, . . . , q^i, q^i, . . . , s_n)] is even. Another interpretation of this is given in remark 5.13.

Claim 4.4. Let N, M be irreducible modules of H_n and H_m respectively. Write ch M = ∑ j s^{(j)}, ch N = ∑ k t^{(k)}.

1. If ∏ h,i,j,k (s (j) i − qt^{(k)}_h )(s^{(j)}_i − q^{−1}t^{(k)}_h ) ≠ 0, then Ind M ⊠ N is irreducible.

2. If M has central character S_m · (s_1, . . . , s_m) and (after reordering) there exists 1 ≤ k < m such that for all j, ∏_{1≤i≤k} k<h≤m (s_i − q^j s_h) ≠ 0, then M is an induced module.

Proof. Suppose Q is an irreducible quotient of Ind^{Hm+n}_{Hm ⊗Hn} M ⊠ N. Then the concatenation s^{(j)}t^{(k)} occurs in ch Q by Frobenius reciprocity. However, by the above remark and the hypothesis, if s^{(j)}t^{(k)} occurs then so does s^{(j)} ∪∪ t^{(k)}. In other words, ch Q = ch M ∪∪ ch N, yielding Ind M ⊠ N is irreducible.

4.4. H_3 17

Another way to state the hypothesis of part 2 is that the s_1, . . . , s_k are in different μ_q-orbits from the s_{k+1}, . . . , s_m, where μ_q acts on R^× by multiplication. By remark 2.5 Res^m_{k,m−k} M has a direct summand Q^′ such that Res^{k,m−k}_k Q^′ has central character S_k · (s_1, . . . , s_k). Pick an irreducible submodule A ⊠ B ⊆ Q. Then by Frobenius reciprocity, Ind A ⊠ B ↠ M. A ⊠ B satisfies the hypotheses of part 1, yielding that both sides are irreducible, so this must be an isomorphism.

Remark 4.5. One important conclusion we draw from the claim is that to understand the irreducibles of Rep H_n (on which the X_j have eigenvalues in R), it is enough to understand the irreducibles of Rep_q H_n, in other words when all the {s_1, . . . , s_n} lie in a single μ_q-orbit.

4.4 H_3

Let M ∈ Rep_q H_3 be irreducible with central character s = (q^{i1} , q^{i2} , q^{i3} ). By corollary 3.3 M is a composition factor of Ind^{H3}_S q^{i1} ⊠ q^{i2} ⊠ q^{i3} .

4.4.1 q^{ij} all distinct, i.e. ∏ (s_i − s_j ) ≠ 0

Case 1. ∏ (s_i − qs_j ) ≠ 0 Then M = Ind q^{i1} ⊠ q^{i2} ⊠ q^{i3} which has character ∑ w∈S_3 w · s. Applying claim 4.4

twice, by the transitivity of induction, yields the irreducibility of Ind q^{i1} ⊠ q^{i2} ⊠ q^{i3} .

For the remaining cases by remark 4.1 we may assume s_1 = 1 and that it occurs with highest multiplicity.

Case 2. s = (1, q, q^i), q^i /∈ {q^{−1}, 1, q, q^2}.

We will decompose Ind 1 ⊠ q ⊠ q^i using (4.1) and the exactness of induction:

0 → Ind^{H3}_{H2⊗H1} St_{(q,1)} ⊠ q^i → Ind^{H3}_{H1 ⊗H1⊗H1} 1 ⊠ q ⊠ q^i → Ind^{H3}_{H2⊗H1} 1_{(1,q)} ⊠ q^i → 0. (4.3)

Again, applying claim 4.4, the kernel and image of the above are irreducible. By the shuffle lemma, ch Ind 1_{(1,q)} ⊠ q^i = (1, q, q^i) + (1, q^i, q) + (q^i, 1, q) and ch Ind St_{(q,1)} ⊠ q^i = (q, 1, q^i) + (q, q^i, 1) + (q^i, q, 1). M is one of these modules. Case 3. s = (1, q, q^2)

The sequence (4.3) still holds, but further

0 → N → Ind 1_{(1,q)} ⊠ q^{2 α}−→ 1_{(1,q,q}2_) → 0 (4.4)

0 → St_{(q}2_{,q,1)}^β−→ Ind St_{(q,1)} ⊠ q^2 → rev^∗ N → 0 (4.5)

where for instance α and β may be constructed via Frobenius reciprocity along with the observation Ind^{H3}_{H2⊗H1} St_{(q,1)} ⊠ q^2 ≃ Ǐnd^{H3}_{H1⊗H2} q^2 ⊠ St_{(q,1)} of proposition 3.5. N, and thus rev^∗ N, is irreducible by remark 4.3 as long as q^3 ≠ 1 since ch N = (1, q^2, q) + (q^2, 1, q). Thus M is one of 1_{(1,q,q}2_), St_{(q}2_{,q,1)}, N, or rev^∗ N.

In the case that q^2 = 1, so in fact not all the q^{ij} are distinct, the irreducibility of Ind^{H2}_S 1 ⊠ 1 still gives N and rev^∗ N are irreducible.

In the case q^3 = 1, the six 1-dimensional irreducibles 1_{(1,q,q}2_), 1_{(q,q}2_{,1)}, 1_{(q}2_{,1,q)}, St_{(q}2_{,q,1)}, St_{(q,1,q}2_), St_{(1,q}2_{,q)} must all occur as composition factors of Ind 1 ⊠ q ⊠ q^2 and thus these exhaust all possible M.

4.4.2 s = (1, 1, q^i), q^i ≠ 1.

Case 1. q^i /∈ {1, q, q^{−1}}.

Applying claim 4.4 to Ind^{H3}_S 1 ⊠ 1 ⊠ q^i = Ind^{H3}_{H2⊗H1} (Ind^{H2}_{H1 ⊗H1} 1 ⊠ 1) ⊠ q^i yields its irreducibility.

Case 2. s = (1, 1, q^{±1}).

In fact, we’ll just show this for s = (1, 1, q), and the other case is similar. First the exact sequence (4.3) still holds. If q^2 ≠ 1, then Ind 1_{(1,q)} ⊠ 1 is irreducible as direct computation below verifies. With respect to the basis {1 ⊗ v, (T_2 + 1) ⊗ v, T_1(T_2 + 1) ⊗ v}

X_1 =

1 0 0 0 1 1 − q 0 0 1

X_2 = q 0 0 0 1 q − 1 0 0 1

X_3 =

1 0 0 0 q 0 0 0 q

T_1 = q 0 0 0 0 q 0 1 q − 1

T_2 =

−1 0 −q(1 + q) 1 q q 0 0 q

on Ind 1_{(1,q)} ⊠ 1. Thus Ind St_{(q,1)} ⊠ 1 which must be rev^∗(Ind 1_{(1,q)} ⊠ 1) is also irreducible. Notice their characters are 2(1, 1, q)+(1, q, 1) and 2(q, 1, 1)+(1, q, 1) respectively. Similarly, Ind St_{(1,q}−1_) ⊠ 1 and Ind 1_{(q}−1_{,1)} ⊠ 1 are irreducible.

Remark 4.6. As an analogue to remark 4.3 we can reinterpret this as saying for q^2 ≠ 1: M[(s_1, s_2, . . . , 1, q^{±1}, 1 . . . , s_n)] ≠ 0 if and only if M[(s_1, s_2, . . . , 1, 1, q^{±1}, . . . , s_n)] ≠ 0 or M[(s_1, s_2, . . . , q^{±1}, 1, 1, . . . , s_n)] ≠ 0 and further that the dimensions of these spaces satisfy that twice the first is the sum of the next two. This observation will be made more precise in remark 5.13.

However, if q^2 = 1, we refer back to Case 3 giving M has character (1, q, 1) (trivial), or 2(1, 1, q) or 2(q, 1, 1). (Given the case below, the list of characters of all eight irreducibles in Rep_q H_3 when q^2 = 1 is (1, q, 1), (q, 1, q), 2(1, 1, q), 2(q, q, 1), 2(q, 1, 1), 2(1, q, q), 6(1, 1, 1), 6(q, q, q).) 4.4.3 s = (1, 1, 1).

Ind^{H3}_S 1⊠1⊠1 is irreducible with character 6(1, 1, 1). This will be shown in theorem 5.4 below.

4.5 H_4

We will list the characters of all fourteen irreducible modules in Rep_q H_4 for q = −1. Based on the list, one could make a statement analogous to remarks 4.3 and 4.6.

By scaling as in remark 4.1 and by corollary 3.3, we need only decompose Ind^{H4}_S 1⊠ 1 ⊠ 1 ⊠ 1, Ind^{H4}_S 1 ⊠ 1 ⊠ 1 ⊠ q, and Ind^{H4}_S 1 ⊠ 1 ⊠ q ⊠ q.

4.5. H_4 19

The first is irreducible by theorem 5.4 below. Thus there are two 24-dimensional irreducibles with character 24(1, 1, 1, 1) and 24(q, q, q, q) respectively.

By Case 3, and the exactness of induction Ind^{H4}_S 1 ⊠ 1 ⊠ 1 ⊠ q has subquotients Ind^{H4}_{H1⊗H3} 1⊠1_{(1,q,1)} with multiplicity two, Ind^{H4}_{H1⊗H3} 1⊠N, and Ind^{H4}_{H1⊗H3} 1⊠rev^∗ N. These are each irreducible with characters 2(1, 1, q, 1) + 2(1, q, 1, 1), 6(1, 1, 1, q) + 2(1, 1, q, 1) and 2(1, q, 1, 1) + 6(q, 1, 1, 1) respectively. Similarly, the irreducibles with central character s = (q, q, q, 1) have characters 2(q, q, 1, q)+2(q, 1, q, q), 6(q, q, q, 1)+2(q, q, 1, q) and 2(q, 1, q, q)+ 6(1, q, q, q). The decomposition of Ind^{H4}_S 1 ⊠ 1 ⊠ q ⊠ q is more complicated (it has factors that are not induced modules). We merely list the characters of its composition factors (six without multiplicity): (1, q, 1, q), (q, 1, q, 1), 2(1, q, q, 1), 2(q, 1, 1, q), 4(1, 1, q, q), 4(q, q, 1, 1).

Chapter 5

The Strong Multiplicity One Result

This chapter contains the main theorem 5.7 and its corollary 5.9 which state that if M is irreducible, then the irreducibles in soc Res^{Hn}_{Hn−1} M occur with multiplicity one. In order to prove this, we introduce a functor e_i which is a slight refinement of restriction, and show in the main theorem 5.7 that the socle of e_iM is in fact irreducible or 0. This theorem is a strengthening of the statement that the socle is multiplicity-free, and so is our “strong” multiplicity one result. We conclude by showing that a module is determined by its character.

5.1 Definitions

Throughout this chapter, assume all modules lie in Rep_q H_n.

First let i-Res M denote the generalized eigenspace of X_n −q^i in Res^{Hn}_{Hn−1⊗H1} M. In other words, because X_n − q^i ⊆ Z(H_{n−1} ⊗ H_1), left multiplication by (X_n − q^i)^m induces an endomorphism of Res^{Hn}_{Hn−1 ⊗H1} M and i-Res M is the kernel of this map for m ≫ 0. We can take m ≤ dim M. In particular, i-Res M is an H_{n−1} ⊗H_1-module. As restriction and taking generalized eigenspaces are exact functors, i-Res is exact. Furthermore Res^{Hn}_{Hn−1 ⊗H1} M = ⨁ q^i∈μ_q i-Res M as Xn acts on M ∈ Repq Hn with eigenvalues in μq. This is an instance of

remark 2.5.

If s = S_n · (s_1, s_2, . . . , s_n) write s + q^i = S_{n+1} · (s_1, . . . , s_n, q^i), and if some s_j = q^i we may assume it is s_n and write s \ q^i = S_{n−1} · (s_1, . . . , s_{n−1}). Let |s| stand for ∑ s_j .

If M is finite dimensional and indecomposable with central character s, then for m ≫ 0, ( ∑_n 1 X_j − |s|)^m M = 0. If i-Res M ≠ 0, the fact ∑_n 1 (X_j − s_j ) = (X_n − q^i) + ∑_{n−1} 1 (X_j − s_j ) yields

ker(X_n − q^i)^m = ker (_{n−1} ∑ 1 X_j − |s \ q^i| )_m for m ≫ 0.

Thus, i-Res M is also the generalized eigenspace of ∑_{n−1} 1 X_j − |s \ q^i| ∈ Z(H_{n−1}).

5.1. DEFINITIONS 21

Define e_iM = Res^{Hn−1⊗H1} H_{n−1} (i-Res M).

Alternately, e_iM is the generalized eigenspace of ∑_{n−1} 1 X_j − |s \ q^i| on Res^{Hn}_{Hn−1} M. The above discussion makes the following claim clear.

Claim 5.1. e_i is an exact functor Rep_q H_n → Rep_q H_{n−1} and Res^{Hn}_{Hn−1} M = ⨁ i e_iM. As e_i is an exact functor, we can also view it as an operator on ⨁ n K(Rep_q H_n).

Notice that if M has central character s, each e_iM has distinct central character s \ q^i. On the level of characters, if ch M = ∑ j s^{(j)} then

ch e_iM = ∑ j:s^{(j)}_n =q^i

(s^{(j)}_1 , . . . , s^{(j)}_{n−1}) = ∑ j:s^{(j)}_n =q^i (s \ q^i)

and so, iterating,

ch e^k_i M = ∑ j:(s^{(j)}_{n−k+1} ,... ,s^{(j)}_n )=(q^i,... ,q^i) (s^{(j)}_1 , . . . , s^{(j)}_{n−k} ).

Notice that e^n_i M ≠ 0 if and only if the central character of M is S_n·(q^i, . . . , q^i) = (q^i, . . . , q^i), and in this case e^n_i M = ⊕_{(dim M )}1.

Remark 5.2. We also observe that one can describe e^k_i as follows. Let Q be the largest submodule of Res^{Hn}_{Hn−k ⊗Hk} M such that Res^{Hn−k ⊗Hk}_{Hk} Q has central character (q^i, . . . , q^i), which, by remark 2.5, is a direct summand. Then e^k_i M = Res^{Hn−k ⊗Hk}_{Hn−k} Q. If Q has a filtration by irreducibles N_a ⊠N^′_a, then e^k_i M has a filtration by the N_a ⊠e^k_i N^′_a = ⊕_{dim N} ′_a N_a.

If M, N are irreducible, then N ⊆ e_iM ⇐⇒ N ⊠ q^i ⊆ Res^{Hn}_{Hn−1⊗H1} M. (5.1) One direction is clear. For the other, let Ñ ⊂ Res M be such that Res Ñ = N (which a priori might not be a submodule). Because N is irreducible with central character s \ q^i, it is killed by ∑_{n−1} j=1 X_j −|s \ q^i|, and hence Ñ is killed by X_n −q^i. In other words, Ñ = N ⊠q^i.

Notice we do require N irreducible for (5.1) to hold; consider for example M = Ind^{H2}_S q^i ⊠q^i.

Define ε_i(M) = max{m ≥ 0 | ~e^m_i M ≠ 0}. We also define ~e_iM = soc e_iM. Then (5.1) implies that for M, N irreducible N ⊆ ~e^k_i M ⇐⇒ N ⊠q^i ⊠· · ·⊠q^i ⊆ Res^{Hn}_{Hn−k} M. Later we shall also see that ~e_iM ≃ cosoc e_iM.

We remark that ~e_iM = 0 ⇐⇒ e_iM = 0 ⇐⇒ ε_i(M) = 0. The major result of this chapter is that if M is irreducible, then ~e_iM is either 0 or also irreducible.

5.2 The affine Mackey formula, a special case

The following is a special case of the affine Mackey formula. For the general statement and for cyclotomic Hecke algebras, see [G].

Theorem 5.3. Let A ∈ Rep_q H_a, B ∈ Rep_q H_b. Then the following are exact sequences of H_{n−1}-modules, where n = a + b.

0 → Ind^{n−1}_{a,b−1} A ⊠ Res^b_{−1} B^α−→ Res^n_{−1} ( Ind^n_{a,b} A ⊠ B )_β −→ Ind^{n−1}_{a−1,b}(Res^a_{−1} A) ⊠ B → 0 0 → Ind^{n−1}_{a,b−1} A ⊠ e_iB → e_i ( Ind^n_{a,b} A ⊠ B ) → Ind^{n−1}_{a−1,b} e_iA ⊠ B → 0. Proof. The general Mackey formula gives a filtration of Res^{Hn}_{HQ} Ind^{Hn}_{HP} M, which has subquotients roughly of the form Ind^{HQ} Res^{HP} M̃. Underlying the proof is really an exercise in double cosets S_Q\S_n/S_P .

The map α is built from the identity map Res^b_{−1} B → Res^b_{−1} B via adjunction and composing with Ind A⊠−. Similarly for β if we make use of proposition 3.5 relating Ind and Ǐnd. However, we describe the maps on a basis to check the exactness of the sequence.

The map Ind^{n−1}_{a,b−1} A ⊠ Res^b_{−1} B^α−→ Res^n_{−1} ( Ind^n_{a,b} A ⊠ B ) is defined (by Frobenius reciprocity) by 1 ⊗ (u ⊗ v)^α→ 1 ⊗ (u ⊗ v), so α(T_w ⊗(u⊗v)) = T_w ⊗(u⊗v), where {w} = W_{(a,b−1)}, which is a subset of W_{(a,b)} (minimal length left coset representatives of S_a × S_{b−1} ⊆ S_{n−1} and S_a × S_b ⊆ S_n respectively). Since the {T_w ⊗ (u_j ⊗ v_k )}_{w∈W(a,b)} are linearly independent as {u_j }, {v_k} run over bases of A and B, we see α is injective.

Before describing β, notice that {T_w}_{w∈W(a,b)} = {T_xT_y }_{x∈W(a−1,b)} ⋃ {T_w}_{w∈W(a,b−1)} , where T_y = T_{n−1}T_{n−2} · · · T_a. In other words, the shuffles of 12 · · ·a and a + 1 · · ·n consist of those fixing n, W_{(a−1,b)}, and those that do not and hence send a to the n^{th} position. Equivalently, {1, s_{n−1} · · · s_a} are minimal length double coset representatives of S_{n−1}\S_n/S_a ×S_b.

Then T_xT_y ⊗ (u ⊗ v)^β→ T_x ⊗ (ū ⊗ v) T_w ⊗ (u ⊗ v)^β→ 0 where ū = u ∈ Res A. As {T_x ⊗ (ū_j ⊗ v_k )} runs over a basis of Ind^{n−1}_{a−1,b}(Res^a_{−1} A) ⊠ B for x ∈ W_{(a−1,b)}, both the surjectivity of β and the fact ker β = Imα are clear.

As T_w ∈ H_{n−1}, T_y /∈ H_{n−1}, for T_j, X_j ∈ H_{n−1}, β(T_j T_w) = 0 and β(X_j T_w) = 0. Thus to show β is well-defined as an H_{n−1}-map, it suffices to check β(T_jT_y ⊗ (u ⊗ v)) = T_j β(T_y ⊗ (u ⊗ v)) = T_j ⊗ (ū ⊗ v) and β(X_j T_y ⊗ (u ⊗ v)) = X_j ⊗ (ū ⊗ v).

We first observe there is a shift of indices

T_j(Res A ⊠ B) = Res A ⊠ T_{j+1}B X_j (Res A ⊠ B) = Res A ⊠ X_{j+1}B

as B is acted on by H_b = H_{{a+1,...a+b}} in A ⊠ B, but by H_b = H_{{a,... ,n−1}} in Res A ⊠ B.

Next, as s_{a−1} ∈ W_{(a−1,b)}, β(T_{a−1}T_y ) = T_{a−1} ⊗ (ū ⊗ v) by definition.

T_j T_y = { T_yT_j 1 ≤ j ≤ a − 2 T_yT_{j+1} a ≤ j ≤ n − 2

5.3. KATO’S THEOREM 23

so that

β(T_j T_y ⊗ (u ⊗ v)) = { 1 ⊗ (T_jū ⊗ v) 1 ≤ j ≤ a − 2 1 ⊗ (ū ⊗ T_{j+1}v) a ≤ j ≤ n − 2 } = T_j ⊗ (ū ⊗ v)

by the indices shift.

Observe if j ≥ a, X_j T_y = T_yX_{j+1} + (1 − q)T_{j−1} · · ·T_aX_{j+1}T_{n−1} · · · T_{j+1} so that

X_j T_y ⊗ (u ⊗ v) = { T_y ⊗ (X_j u ⊗ v) j < a, T_y ⊗ (u ⊗ X_{j+1}v) + ker β terms j ≥ a.

As above, this gives β(X_jT_y ⊗ (u ⊗ v)) = X_j ⊗ (ū ⊗ v) and completes the proof.

As homomorphisms preserve central character, by claim 5.1 and its subsequent comments, the second sequence is also exact, via the same maps α and β.

For the general Mackey formula, the same thing happens. We partition the {T_w ⊗ u}_{w∈WP} according to S_Q\S_n/S_P double cosets, so H^{fin}_Q preserves the span of each set, which is isomorphic to an induced module. Ordered respecting Bruhat order on minimal length double coset representatives, the X_j action may contribute lower order terms, yielding a filtration as described above.

5.3 Kato’s Theorem

Denote by q^iK_n the module Ind^{Hn}_S q^i ⊠ · · · ⊠ q^i.

Theorem 5.4. 1. (Kato’s Theorem) q^iK_n = Ind^{Hn}_S q^i ⊠ · · · ⊠ q^i is irreducible. It is the unique H_n-irreducible with central character s = (q^i, . . . , q^i).

2. e_i(q^iK_n) has an n step socle filtration which coincides with its cosocle filtration and each factor is q^iK_{n−1}.

Proof. Any submodule of q^iK_n would have to contain an S eigenvector. We will show there is only one such and that it generates all of q^iK_n, yielding the irreducibility.

Write Rv for the S-module q^i ⊠ · · · ⊠ q^i. q^iK_n has basis {T_w ⊗ v}_{w∈Sn} . Order the basis respecting Bruhat order.

First, we compute the eigenspace of X_1. Any T_w may be written T_uT_1T_2 · · ·T_j for some u ∈ S_{{2,... ,n}} = S_{n−1}. Observe X_1T_u = T_uX_1 by relation 2.4. Consider

(X_1 − q^i)T_1T_2 · · · T_j ⊗ v = (1 − q)q^i(T_1 · · · T_{j−1} + qT^{−1}_j T_1 · · · T_{j−2} + · · · +

q^{k−2}T^{−1}_3 · · · T^{−1}_j T_1 + q^{k−1}T^{−1}_2 · · ·T^{−1}_j ) ⊗ v. (5.2)

A length argument now shows that if (X_1 − q^i) ∑ u,j α_{u,j} T_uT_1T_2 · · · T_j ⊗ v = 0 then α_{u,j} = 0 for j ≥ 1. Thus the {T_u ⊗ v}_{u∈S{2,... ,n}} span the X_1 − q^i eigenspace. The above computation shows the Jordan block structure of X_1 as well.

The same computation with indices shifted shows the intersection of the X_1 − q^i and X_2 − q^i eigenspace is the span of {T_u ⊗ v}_{u∈S{3,... ,n}} . Continuing, the simultaneous eigenspace for X_1 − q^i, . . . , X_{n−1} − q^i is the span of {1 ⊗ v} which is 1-dimensional and generates all of q^iK_n. This is certainly also an X_n −q^i eigenvector. Thus q^iK_n is irreducible. (That there is only one eigenvector for X_1, . . . , X_{n−1} tells us that ~e_iq^iK_n = q^iK_{n−1} and is reflected in what we call our alternate viewpoint, explained below.)

Given any irreducible M with central character (q^i, . . . , q^i), corollary 3.3 implies M is a subquotient of q^iK_n which is irreducible, yielding M = q^iK_n.

A similar computation to that for X_1 above gives that X_n − q^i acts on q^iK_n with (n − 1)! many Jordan blocks of size n. Consider the filtration of Res^{Hn}_{Hn−1⊗H1} q^iK_n whose j^{th} term is ker(X_n − q^i)^j . By the analogue to (5.2) above, this is 0 ⊆ span{T_u ⊗ v} ⊆ span{T_u ⊗ v, T_uT_{n−1} ⊗ v} ⊆ · · · ⊆ span{T_u ⊗ v, . . . , T_uT_{n−1} · · ·T_1 ⊗ v} = q^iK_n (5.3) where each set runs over u ∈ S_{n−1}.

We remind the reader that the socle filtration of a module M has first term soc M, next term the preimage of soc(M/ soc M) and so on; the cosocle filtration is the dual notion. (5.3) must be the socle series of Res^{Hn}_{Hn−1⊗H1} q^iK_n = i-Res q^iK_n because first, the X_n action tells us (5.3) refines the socle series and second, because each factor is the simple module q^iK_{n−1} ⊠ q^i. We remark the j^{th} term of (5.3) is also Im(X_n − q^i)^{n−j} . The same reasoning applies to the cosocle series, and they must coincide.

Our alternate viewpoint of i-Res and e_i allows us to replace X_n − q^i in the above discussion with a central element of H_{n−1}, and so restricting the filtration (5.3) to H_{n−1} gives the socle (and cosocle) filtration of e_iq^iK_n.

Corollary 5.5. soc Res_{a1,... ,ak} q^iK_n = q^iK_{a1} ⊠ · · · ⊠ q^iK_{ak} is irreducible.

Proof. If N is in the socle, then it must contain an S eigenvector, but there is only one such in q^iK_n, and it generates q^iK_a over H_a.

From the corollary above, for M irreducible, soc((i-Res)^kM) = (soc ∘ i-Res)^kM. Our alternate view of e_i and i-Res as the generalized eigenspace of an element in Z(H_{n−1}) shows that ~e_iM = Res^{n−1,1}_{n−1} soc i-Res M. Iterating this, ~e^k_i M = Res^{n−k,1,... ,1} n−k soc(i-Res)^kM. (5.4)

We will use this observation in the proof of the main theorem.

From theorem 5.4 and remark 5.2, we see if [e^k_i M] = ∑ N irred

a_N [N] ∈ K(Rep_q H_{n−k} )

then k! | a_N and so the divided power^{eki}_{k!} operates on ⨁ n K(Rep_q H_n). We refer the reader to [G] for the definition of an exact functor e^{(k)}_i on ⨁ n Rep_q H_n that coincides with^{eki}_{k!} on ⨁ n K(Rep_q H_n). In the notation of remark 5.2, if Res^{Hn}_{Hn−k ⊗Hk} M has a filtration with factors N_a ⊠ N^′_a, then e^{(k)}_i M has a filtration with factors the N_a such that N^′_a = q^iK_k.

5.4. STRONG MULTIPLICITY ONE RESULT 25

5.4 Strong Multiplicity One Result

Lemma 5.6. Let N be irreducible.

1. Suppose ε_i(N) = 0. Then M = cosoc(Ind N ⊠q^iK_k) is irreducible. Further, ε_i(M) = k and all other composition factors of Ind N ⊠ q^iK_k have ε_i < k. Likewise for Ǐnd N ⊠ q^iK_k and M = soc(Ǐnd N ⊠ q^iK_k).

2. For any irreducible M, there exists irreducible N with ε_i(N) = 0 such that M = cosoc(Ind N ⊠ q^iK_{εi(M )}). Further, we may take N ⊆ ~e^{εi (M )}_i M.

3. M = cosoc(Ind N ⊠ q^iK_k) is irreducible with ε_i(M) = ε_i(N) + k, and all other composition factors of Ind N ⊠ q^iK_k have strictly smaller ε_i.

Proof. By Frobenius Reciprocity, N ⊠ q^iK_k must occur in the restriction of any quotient of Ind^{Hn+k}_{Hn⊗Hk} N ⊠q^iK_k, in particular in M. On the other hand, on the level of characters, by the shuffle lemma 3.4 and the fact ε_i(N) = 0, we see N ⊠q^iK_k occurs in Res^{Hn+k}_{Hn⊗Hk} Ind^{Hn+k}_{Hn ⊗Hk} N ⊠ q^iK_k with multiplicity one, yielding the cosocle is irreducible.

By the shuffle lemma, we see ε_i(M) = k and any other composition factor has strictly smaller ε_i.

By the remark 2.5 and the discussion above,

Res M = N ⊠ q^iK_k ⨁ A (5.5)

where e^k_i A = 0. and in particular N ⊠ q^iK_k is a quotient of Res M, yielding M → Ǐnd N ⊠ q^iK_k. Arguing as above, M is the socle, and all other composition factors have smaller ε_i.

For (2), given an irreducible M, if ε_i(M) = 0 we’re done. If not, write ε = ε_i(M) and pick irreducible N ⊆ ~e^ε_i M. Then ε_i(N) = 0. By (5.1), N ⊠q^i ⊠· · ·⊠q^i ⊆ Res^n_{−ε,1,... ,1} M and so by Frobenius reciprocity and the irreducibility of M, there is a surjection Ind N ⊠q^i ⊠ · · · ⊠ q^i → M. By (1) of the lemma, M = cosoc Ind N ⊠ q^i ⊠ · · · ⊠ q^i = cosoc Ind N ⊠ q^iK_ε.

For a given N, by the exactness of induction and by part (2), there exists irreducible L with ε_i(L) = 0 such that

Ind L ⊠ q^iK_{εi(N )+k} = Ind L ⊠ q^iK_{εi (N )} ⊠ q^iK_k ↠ Ind N ⊠ q^iK_k.

As the above map is a surjection, cosoc Ind L⊠q^iK_{εi(N )+k} surjects onto cosoc Ind N ⊠q^iK_k = M, which is thus irreducible by part (1). Again applying (1) to L yields the rest of (3).

Theorem 5.7 (Main Theorem). Let M be irreducible. Then ~e_iM = 0 or is irreducible.

Proof. Recall ~e_iM = 0 ⇐⇒ e_iM = 0 ⇐⇒ ε_i(M) = 0, so we may assume ε = ε_i(M) ≠ 0.

Note that if N ⊆ soc e_iM then ε_i(N) = ε−1. As e^ε_i N ⊆ e^ε_i e_iM = 0, ε_i(N) ≤ ε−1. By (5.1) we have a map N ⊠q^i → Res^{Hn}_{Hn−1 ⊗H1} M and thus Ind^{Hn}_{Hn−1 ⊗H1} N ⊠q^i ↠ M. By the shuffle lemma, ε_i(Ind N ⊠ q^i) = ε_i(N) + 1. By the exactness of e_i, e^ε_i Ind N ⊠ q^i ↠ e^ε_i M ≠ 0, so ε_i(N) + 1 = ε_i(Ind N ⊠ q^i) ≥ ε_i(M). In particular, this shows ~e^{ε−1}_i N ≠ 0.

Thus it suffices to show ~e^ε_i M is irreducible.

Pick irreducible N ⊆ ~e^ε_i M. We’ll show N = ~e^ε_i M. As in the proof of lemma 5.6, ε_i(N) = 0 and we have a surjection Ind N ⊠ q^iK_ε ↠ M. From equation (5.5), (i-Res)^ε(M) = N ⊠ Res_S q^iK_ε. By theorem 5.4, soc N ⊠ Res_S q^iK_ε = N ⊠q^i ⊠· · ·⊠q^i. Then by (5.4), ~e^ε_i M = Res_{Hn−ε} soc(i-Res)^ε(M) = Res_{Hn−ε} N ⊠q^i ⊠· · ·⊠q^i = N. Note that in the proof above, Res_{Hn−ε} cosoc(i-Res)^ε(M) = N as well, so that we could repeat the argument above with Ind replaced by Ǐnd and reversing arrows. Thus ~e^ε_i M = (cosoc ∘e_i)^εM. We will use this observation below to conclude ~e_iM = cosoc e_iM.

Corollary 5.8. Let M be irreducible. Then

1. Letting ε = ε_i(M),N = ~e^ε_i M, for 0 ≤ k ≤ ε

~e^k_i M = cosoc Ind N ⊠ q^iK_{ε−k} . (5.6)

2. ~e_iM ≃ cosoc e_iM.

3. If L is also irreducible and ~e_iM ≃ ~e_iL ≠ 0 then M ≃ L.

Proof. By theorem 5.7, N = ~e^ε_i M is irreducible. Further ε_i(N) = 0 and Ind N ⊠q^iK_ε ↠ M, which by lemma 5.6 is the cosocle. Replacing M by ~e^k_i M, which is again irreducible, finishes the proof of (1) because N = ~e^{ε−k}_i (~e^k_i M).

By lemma 5.6, M = socǏnd N ⊠ q^iK_ε, so that dualizing the proof of theorem 5.7, N = (cosoc ∘e_i)^εM; and then by the dual of 1 above, cosoc e_iM = socǏnd N ⊠ q^iK_{ε−1}. By lemma 5.6 this is isomorphic to cosoc Ind N ⊠ q^iK_{ε−1} = ~e_iM.

If ~e_iM ≃ ~e_iL, then ~e^ε_i M ≃ ~e^ε_i L = N and so both M and L are cosoc Ind N ⊠ q^iK_{ε−k} . Theorem 5.7 and corollary 5.8 have the following simple consequence, which if λ = Λ_0 was first shown by Kleshchev [Kv], but which otherwise is new. (We remind the reader here of the Appendix, which covers the case q = 1, i.e. H_n = RS_n.)

Corollary 5.9 (Multiplicity One Result). 1. Let M be a simple H_n-module. Then soc Res^{Hn}_{Hn−1} M is multiplicity free and is isomorphic to the cosoc Res^{Hn}_{Hn−1} M.

2. Let M be a simple H^λ_n -module, λ cyclotomic. Then soc Res^{H λn+1}_{H λn} M ≃ cosoc Res^{H λn+1}_{H λn} M

is multiplicity free. Also the cosocle of Ind^{H λn+1}_{H λn} M is multiplicity free.

Proof. The first follows from the theorem, claim 5.1, and the observation that the central characters of e_iM and e_j M differ if i ≠ j.

The next statement follows from the first, by remark 2.1 in Chapter 2 and because the restriction of an H^λ_n -module is an H^λ_{n−1}-module. As soc ∘ Res is adjoint to cosoc ∘ Ind when acting on semisimple modules, the final statement follows. In fact, by adjointness, socǏnd^{H λn+1}_{H λn} M is also multiplicity free. Although we omit the proof, Ind^{H λn+1}_{H λn} M ≃

Ǐnd^{H λn+1}_{H λn} M, yielding soc Ind^{H λn+1}_{H λn} M is multiplicity free as well.

We point out that Ind^{H λn+1}_{H λn} is quite different from the induction used throughout the paper.

Proposition 5.10. 1. ε_i(M) is the largest size of a Jordan block of X_n − q^i acting on M. 2. [e_iM] = ε_i(M)[~e_iM] + [lower terms].

3. [e^{εi(M )}_i M] = ε_i(M)![~e^{εi(M )}_i M].

4. ε_i(M) = dim Hom_{Hn−1} (e_iM, e_iM).

Proof. We may assume ε = ε_i(M) ≠ 0. Let N = ~e^ε_i M.

From the proof of theorem 5.4, X_n − q^i acts on q^iK_ε with (ε − 1)! many Jordan blocks of size ε. That N ⊠ q^iK_ε → Res M says the block size of X_n − q^i on M is at least ε. To see it is no larger, it suffices to show the block size is no larger on Ind N ⊠ q^iK_ε. The generalized X_n − q^i eigenspace is e_i(Ind N ⊠ q^iK_ε) = Ind N ⊠ e_i(q^iK_ε) by the Mackey formula 5.3, and thus is the span of {T_w ⊗ u}_{w∈Sn−1} u∈N ⊠q^iK_ε . As X_n − q^i commutes with T_w for

w ∈ S_{n−1}, its blocksize is no larger than it is acting on u ∈ N ⊠ q^iK_ε, namely ε.

By lemma 5.6, [Ind N ⊠ q^iK_ε] = [M] + [lower terms], where lower refers to ε_i. So that [e_i Ind N ⊠ q^iK_ε] = [e_iM] + [lower terms]. By the Mackey formula, theorem 5.4, exactness of induction, and corollary 5.8, [e_i Ind N ⊠ q^iK_ε] = [Ind N ⊠ e_iq^iK_ε] = ε[Ind N ⊠ K_{ε−1}] = ε[~e_iM] + [lower terms]. Comparing both equations yields 2.

Applying (2) iteratively yields (3).

We defer the proof of 3 to Chapter 6, as we use the notation introduced there.

In light of theorem 5.7, we could have defined ~e_iM as the socle of the actual eigenspace of (X_n − q^i). Dual to this are the statements of lemma 5.6, which motivates the definition ~f_iM = cosoc Ind M ⊠ q^i,

which we have already seen takes irreducibles to irreducibles. By lemma 5.6, ~f_iM = socǏnd M ⊠ q^i. Although ~f_i is adjoint to ~e_i acting on semisimple modules, we cannot define an adjoint to e_i on ⨁ n K(Rep_q H_n). However, in [G], Grojnowski defines a functor f_i on ⨁ n K(Rep H^λ_n ) which depends on λ, is adjoint to e_i, and has the property ~f_i = cosoc f_i.

5.5 Independence of Characters

Theorem 5.11. 1. An irreducible module M ∈ Rep_q H_n is determined by its character ch M.

2. If A is any module in Rep_q H_n, then [A] ∈ K(Rep_q H_n) is determined by ch A ∈ K(Rep S); in other words, we have linear independence of irreducible characters over Q. Proof. We’ll induct on n. If M is an H_1-module, ch M = [M]. For M ∈ Rep_q H_n, pick i such that ε_i(M) > 0, noting that ε_i(M) can be read off of ch M. By theorem 5.7, ~e^{εi (M )} i M = N is irreducible and M = cosoc Ind N ⊠ q^iK_{εi (M )}. Further, by the shuffle lemma, ch e^{εi(M )}_i M = ε_i(M)! ch N and so we can also read ch N off of ch M. By induction ch N determines N, and thus we have determined M = cosoc Ind N ⊠ q^iK_{εi(M )}.

We warn the reader that for M irreducible, M is determined in the sense that M ≃ N ⇐⇒ ch M = ch N. Actually finding the H_n structure of M or determining ch cosoc Ind N ⊠ q^iK_k can be quite difficult.

Now for any A, write [A] = ∑ M_j irred aj [Mj ]. Given ch A, we can pick i such that

ε = ε_i(A) is maximal. Then

ch(e^ε_i A) = ∑ M_j irred

a_j ch(e^ε_i M_j ) = ∑ M_j :ε_i(M_j )=ε

a_j ε! ch(~e^ε_i M_j ).

By induction, knowing ∑ a_j ε! ch(~e^ε_i M_j ) determines ∑ a_j ε![~e^ε_i M_j ] and further we know that M_j = cosoc Ind ~e^ε_i M_j ⊠ q^iK_ε. Thus we in fact “know” ∑ M_j :ε_i(M_j )=ε aj [Mj ] and in principle

may subtract off ∑ M_j :ε_i(M_j )=ε aj ch Mj from ch A. Continuing, we will eventually determine

[A]. In other words, ∑ M_j irred

a_j ch M_j = ∑ M_k irred

b_k ch M_k, a_j , b_k ∈ N =⇒ a_j = b_j .

The linear independence of the characters of irreducibles follows as the {[M]}_{M irred} form a basis of K(Rep_q H_n) ⊗_ZQ.

Corollary 5.12. The module Ind^{Hn}_{HP} A_1 ⊠ · · · ⊠ A_k has the same composition factors as Ind_H H_{nσ(P )} A_σ−1_{(1)} ⊠ · · · ⊠ A_σ−1_{(k)} for any σ ∈ S_k .

Proof. By the shuffle lemma 3.4, the above modules have the same character.

Remark 5.13. Another interpretation of the examples listed in Chapter 4 is that the operators e_i satisfy the following relations, called the Serre relations.

Proposition 5.14. The operators e_i: ⨁ n K(Rep_q H_n) → ⨁ n K(Rep_q H_n) satisfy the Serre relations; i.e. if q^i, q^j ∈ μ_q , q^j ≠ q^{i±1}, then as operators on the Grothendieck group

e_ie_j = e_j e_i.

If q ≠ q^{−1}, then e_i^2e_{i±1} + e_{i±1}e_i^2 = 2e_ie_{i±1}e_i.

If q = q^{−1} = −1, so q^2 = 1,

e^3_i e_{i+1} + 3e_ie_{i+1}e^2_i = e_{i+1}e^3_i + 3e^2_i e_{i+1}e_i.

The proof is a consequence of the fact that, as we are working in the Grothendieck group, we need only consider irreducible modules, and that the irreducible H_n ⊗H_k modules have the form M ⊠ N. Our list of examples shows the proposition is true for H_k , k = 2, 3, (4 for q = −1), so we are done.

The proof of independence of characters can be restated to show that the associative algebra U defined to have generators the symbols {e_i}_qi_{∈μq} and relations the Serre relations above, surjects to ⨁ n K(Rep_q H_n)^∗ via the map e_i → e^∗_i (δ_1). We refer the reader to section 2.0.1 for the definition of δ_M and ∗.

For more on this viewpoint, the reader is referred to [G]. Regardless, we recommend [G] to the reader as it explains the rigid structure on the representation theory of H_n and H^λ_n .

Chapter 6

The action of the center and a Mackey map result

In this chapter, we use Grojnowski’s functor f_i : Rep H^λ_n → Rep H^λ_{n+1}. These pages give a description of how copies of ~e_iM sit in e_iM, ~f_iM sit in f_iM, and M in e_if_iM and f_ie_iM, and relate the answers to Jordan blocks. We differentiate between these copies via the action of certain central elements. One result of this description is that e_if_iM is a direct summand of f_ie_iM when φ_i(M) ≤ ε_i(M) and f_ie_iM is a direct summand of e_if_iM when ε_i(M) ≤ φ_i(M).

6.1 Notation

Let M be an irreducible H_n-module with central character S_n ·s = S_n ·(s_1, . . . , s_n). Let |s| = s_1 + s_2 + · · · + s_n. Write c(n, |s|) = n∑ j=1 (X_j − s_j ) = n∑ j=1 X_j − |s|.

Then let c_n = c(n, |s|), c_{n−1} = c(n − 1, |s \ q^i|), c_{n+1} = c(n + 1, |s + q^i|), noting that c_k ∈ Z(H_k) and

c_{n−1} + (X_n − q^i) = c_n (6.1) c_n + (X_{n+1} − q^i) = c_{n+1}. (6.2)

Write ε = ε_i(M).

6.2 e_iM and c_{n−1}

Claim 6.1. c_nM = 0; c_{n−1}~e_iM = 0.

Proof. Because M is irreducible, the center of H_n acts by scalars on M, so by definition of central character, c_nM = 0. As the central character of ~e_iM, if it is nonzero, is s \ q^i, the same argument gives c_{n−1}~e_iM = 0.

6.2. E_I M AND C_{N −1} 31

Claim 6.2. c^ε_{n−1}e_iM = 0.

Proof. As discussed in the alternate viewpoint for e_iM, c_{n−1}M = ( c_n − (X_n − q^i) ) M = −(X_n − q^i)M. By proposition 5.10, X_n has maximal q^i-Jordan-block size ε = ε_i(M) on M, or equivalently on i-Res M, and therefore so does c_{n−1} on e_iM. The proof of the proposition also showed that it attains that blocksize, i.e. c^{ε−1}_{n−1}e_iM ≠ 0.

As c_k is central in H_k, left multiplication by c_k on any module induces an endomorphism which we’ll also denote c_k.

The images of c^j_{n−1} give the following filtration of e_iM

e_iM = A_0 ⊇ A_1 ⊇ · · · ⊇ A_ε = 0 (6.3)

where A_j = c^j_{n−1}e_iM = Imc^j_{n−1}.

Claim 6.3. cosoc A_j /A_{j+1} ≃ ~e_iM and ~e_iM occurs with multiplicity one as a composition factor of A_j /A_{j+1}.

Proof. First, notice that A_j ≠ A_{j+1} as c_{n−1} is nilpotent on e_iM and c^{ε−1}_{n−1}e_iM ≠ 0. Consider the map e_iM^c j n−1 −−−→ A_j ↠ A_j /A_{j+1}. As it is surjective and ~e_iM ≃ cosoc M, we must have cosoc A_j /A_{j+1} ≃ ~e_iM. Hence there is at least one copy of ~e_iM in each of the ε steps of the filtration (6.3). However, by proposition 5.10, there are exactly ε copies of ~e_iM in e_iM (which is our informal way of saying ~e_iM occurs with multiplicity ε as a composition factor of e_iM).

It is important to note that this means the copies of ~e_iM sit in e_iM uniserially.

Claim 6.4. A_{ε−1} = ~e_iM.

Proof. As ~e_iM = soc e_iM, we must have ~e_iM ⊆ A_{ε−1} and so soc A_{ε−1} = ~e_iM. On the other hand, by claim 6.3 above, cosoc A_{ε−1} ≃ ~e_iM and ~e_iM occurs with multiplicity one. We must have A_{ε−1} = ~e_iM.

Now we may complete the proof of part (3) of proposition 5.10, and in fact, we prove something slightly stronger.

Claim 6.5. Hom_{Hn−1} (e_iM, e_iM) ≃ R[x]/(x^ε) via the map c_{n−1} → x̄. In particular, this shows dim Hom_{Hn−1} (e_iM, e_iM) = ε.

Proof. Consider Hom_{Hn−1} (e_iM, A_j ) and induct on ε − j. In the case j = ε − 1, as ~e_iM ≃ cosoc e_iM, Hom_{Hn−1} (e_iM, A_{ε−1}) = Hom_{Hn−1} (e_iM, ~e_iM) = R. As c^{ε−1}_{n−1} is a nonzero map e_iM → ~e_iM, this map generates the above space, i.e. {c^k_{n−1}}_{ε>k≥ε−1} is an R-basis.

Now let 0 ≠ α ∈ Hom_{Hn−1} (e_iM, A_j ). We may assume α(e_iM) ⊈ A_{j+1}. Thus e_iM^α−→ A_j → A_j /A_{j+1} is a nonzero map and so its image contains a copy of ~e_iM ≃ cosoc e_iM. Since ~e_iM occurs with multiplicity one in A_j /A_{j+1}, the composition e_iM^α−→ A_j ↠ A_j /A_{j+1} ↠ ~e_iM is a nonzero map, and as such is given by ac^{ε−1}_{n−1}. By similar reasoning, the composition e_iM^{α−ac} ε−1 n−1 −−−−−→ A_j → A_j /A_{j+1} must be the 0 map, and so (α − ac^{ε−1}_{n−1})(e_iM) ⊆ A_{j+1}. By the inductive hypothesis α − ac^{ε−1}_{n−1} = ∑ k>j a_kc^k_{n−1} and so {c^k_{n−1}}_{ε>k≥j} forms an R-basis of Hom_{Hn−1} (e_iM, A_j ). The case j = 0 gives the claim since A_0 = e_iM. Remark 6.6. c_{n−1} acts on the ε copies of ~e_iM in e_iM as x does on R[x]/(x^ε), in other words, like a Jordan block of size ε.

Corollary 6.7. dim Hom_{Hn} (Ind e_iM ⊠ q^iJ_m, M) = min(ε, m). Proof. By Frobenius reciprocity

dim Hom_{Hn} (Ind e_iM ⊠ q^iJ_m, M) = dim Hom_{Hn−1⊗H1} (e_iM ⊠ q^iJ_m, Res^{Hn}_{Hn−1⊗H1} M) = dim Hom_{Hn−1⊗H1} (e_iM ⊠ q^iJ_m, i-Res M).

If β ∈ Hom_{Hn−1⊗H1} (e_iM ⊠ q^iJ_m, i-Res M), then we know β_{|eiM} = ∑ a_k c^k_{n−1} from claim 6.5.

We also know that c_{n−1} acts on e_iM as −(X_n − q^i) does on i-Res M, so the action of β on q^iJ_m is determined by its action on e_iM. In particular,

c^k_{n−1}β(e_iM ⊠ q^iJ_m) = 0 ⇐⇒ (X_n − q^i)^kβ(e_iM ⊠ q^iJ_m) = 0 = β(e_iM ⊠ q^iJ_{m−k} ). As dim Hom_R(q^iJ_m, q^iJ_ε) = min(ε, m), the corollary follows.

We can also dualize the above discussion considering the filtration 0 = B_0 ⊆ B_1 ⊆ · · · ⊆ B_ε = e_iM (6.4) where B_j = ker c^j_{n−1}.

Observe B_j ⊇ A_{ε−j} as c^j_{n−1}(c^{ε−j}_{n−1}e_iM) = 0.

Claim 6.8. soc B_j /B_{j−1} ≃ ~e_iM and ~e_iM occurs with multiplicity one as a composition factor of B_j /B_{j−1}.

Proof. First, B_j /B_{j−1} ≠ 0 for 0 < j ≤ ε as c^{ε−1}_{n−1}e_iM ≠ 0. Consider B_j^c j−1 n−1 −−−→ B_1 which in nonzero and well-defined as c^{j−1}_{n−1}B_j ≠ 0, but c_{n−1}(c^{j−1}_{n−1}B_j ) = 0. The kernel of the above map is exactly B_{j−1} by definition, and so we have an injection B_j /B_{j−1} → B_1. Thus soc B_j /B_{j−1} → soc B_1 ⊆ soc e_iM = ~e_iM, giving soc B_j /B_{j−1} ≃ ~e_iM. Again, as there are only ε copies of ~e_iM in e_iM, there can be only one copy in each B_j /B_{j−1}. Claim 6.9. e_iM/B_{ε−1} ≃ ~e_iM.

Proof. ~e_iM ≃ cosoc e_iM = cosoc e_iM/B_{ε−1} but also ~e_iM ≃ soc e_iM/B_{ε−1} which occurs with multiplicity one yielding e_iM/B_{ε−1} ≃ ~e_iM as before.

Remark 6.10. As c_{n−1} kills semisimple H_{n−1}-modules with central character s \ q^i, we see the cosocle filtration of e_iM must refine the filtration (6.3), while the socle filtration refines (6.4). In any case, the copies of ~e_iM must all lie in different steps, although we have little control over the other composition factors.

6.3. F_I M AND C_{N +1} 33

6.3 f_iM and c_{n+1}

In this section, we fix λ and most of the modules considered live in Rep H^λ_n . Write q^iJ_m = R[x]/((x − q^i)^m),

in other words q^iJ_m is the H_1-module on which X_1 acts with q^i-Jordan block of size m, or equivalently X_1 − q^i acts with nilpotent Jordan block of size m. So q^iJ_1 is what we have been calling q^i. In most of the discussion below, the term Jordan block will refer to a nilpotent Jordan block, especially when discussing the action of c_k.

Notice q^iJ_{λi} is in Rep H^λ_1 while q^iJ_{λi+1} is not. We use the functor of [G] f_iM = lim←− m pr_λ Ind M ⊠ q^iJ_m

where pr_λ N = N/I_λN, recalling I_λ = H_n ∏ i(X_1 − q^i)^{λi} H_n. By the definition of pr_λ, if M ∈ Rep H^λ_n then f_iM ∈ Rep H^{λ+1}_n . The functor pr_λ picks off the largest quotient of N that is an H^λ_n -module. There is also a functor p̌r_λ which picks off the largest submodule of N that is an H^λ_n -module, i.e. that is killed by I_λ.

Define φ_i(M) = min{m | pr_λ Ind M ⊠ q^iJ_m = f_iM}

as the stabilization point of the above limit. A major result of [G] is that φ_i(M) = max{m | f_i^mM ≠ 0} = max{m | ~f^m_i M ≠ 0}, but we will not need this here. We do however note that f_i is adjoint to e_i.

Hom_H λ_{n−1} (e_iM, N) = Hom_H λ_n (M, f_iN); Hom_H λ_{n−1} (N, e_iM) = Hom_H λ_n (f_iN, M).

Further, we list without proof the facts:

f_iM = p̌r_λ Ǐnd M ⊠ q^iJ_φ ~f_iM = cosoc Ind M ⊠ q^i = cosoc f_iM ≃ soc f_iM ⨁ i f_iM = Ind^{H λn}_{H λn−1} M [f_iM] = φ_i(M)[ ~f_iM] + lower terms ~e_i ~f_iM ≃ M or 0; ~f_i~e_iM ≃ M or 0 which mirrors much of what we proved for e_i and ε_i in claim 5.1 and proposition 5.10. This also shows there are (ε_i(M) + 1)φ_i(M) and (φ_i(M) + 1)ε_i(M) copies of M in e_if_iM and f_ie_iM respectively.

Remark 6.11. We also state the cyclotomic Mackey formula, that r⨁ j=1 M ⨁ Ind^{H λn}_{H λn−1} Res^{H λn}_{H λn−1} M ≃ Res^{H λn+1}_{H λn} Ind^{H λn+1}_{H λn} M via the map 1 ⊗ u → T_n ⊗ u and u^′ → X^j_{n+1} ⊗ u^′ for u^′ in the j^{th} copy of M in^r ⨁ j=1 M, where r = ∑ λ_i. Comparing central characters yields r⨁ j=1 M ⨁ i f_ie_iM ≃ ⨁ i e_if_iM.

Below we will give a more explicit description of the images of f_ie_iM and e_if_iM under the isomorphism above.

For the remainder of this chapter, we write

kM = k⨁ j=1 M

for the direct sum of k copies of M.

Claim 6.12. soc f_ie_iM ≃ cosoc f_ie_iM = εM; soc e_if_iM ≃ cosoc e_if_iM = φM

Proof. By the adjointness of f_i and e_i, ε = dim Hom(e_iM, e_iM) = dim Hom(f_ie_iM, M) = dim Hom(M, f_ie_iM), so we just need to show no other irreducibles can occur in the socle or cosocle.

Suppose N irreducible and γ ∈ Hom(e_iM, e_iN) ≃ Hom(f_ie_iM, N). If γ ≠ 0, it has a copy of cosoc e_iM = ~e_iM in its image. As e_iN consists of modules with ε_i ≤ ε_i(~e_iN) = ε_i(N) − 1 this shows ε_i(~e_iM) ≤ ε_i(~e_iN). On the other hand, soc e_iN = ~e_iN ⊆ Imγ so that e_iM has ~e_iN as a subquotient, yielding ε_i(~e_iN) ≤ ε_i(~e_iM). As ~e_iM is the only composition factor of e_iM with ε_i = ε_i(M) − 1 = ε_i(N) − 1, and similarly for ~e_iN, γ must map them to each other, yielding ~e_iM ≃ ~e_iN and so M ≃ N.

The proof for e_if_iM is similar.

As the central character of f_iM, if it is nonzero, is s + q^i, c_{n+1} acts nilpotently on f_iM. Write φ = φ_i(M).

Again, we can make filtrations by the images and kernels of c^j_{n+1}:

f_iM = C_0 ⊇ C_1 ⊇ · · · ⊇ C_φ = 0, (6.5) 0 = D_0 ⊆ D_1 ⊆ · · · ⊆ D_φ = f_iM, (6.6)

where C_j = Imc^j_{n+1} and D_j = ker c^j_{n+1}.

Claim 6.13. c^φ_{n+1}f_iM = 0 and there is exactly one copy of ~f_iM in C_j/C_{j+1} and D_j /D_{j−1} occurring in the cosocle and socle, respectively.

Proof. First, we consider Ind M ⊠ q^iJ_φ. c_{n+1} induces the following filtration

Ind M ⊠ q^iJ_φ ⊇ Ind M ⊠ q^iJ_{φ−1} ⊇ · · · ⊇ Ind M ⊠ q^iJ_1 ⊇ 0, (6.7) where the j^{th} step is Imc^j_{n+1} = ker c^{ε−j}_{n+1}. This follows from the calculation

c_{n+1}H_{n+1} ⨂ H_n ⊗H_1 M ⊠ q^iJ_m =H_{n+1} ⨂ H_n⊗H_1 c_{n+1}M ⊠ q^iJ_m =H_{n+1} ⨂ H_n⊗H_1 (c_n + (X_{n+1} − q^i))M ⊠ q^iJ_m

=H_{n+1} ⨂ H_n⊗H_1 ( c_nM ⊠ q^iJ_m + M ⊠ (X_{n+1} − q^i)q^iJ_m )

=H_{n+1} ⨂ H_n⊗H_1 M ⊠ q^iJ_{m−1}

as c_nM = 0. Consequently, c^φ_{n+1} Ind M ⊠ q^iJ_φ = 0.

As Ind M ⊠ q^iJ_m/ Ind M ⊠ q^iJ_{m−1} ≃ Ind M ⊠ q^i and

[Ind M ⊠ q^iJ_1] = [ ~f_iM] + lower terms, (6.8)

by lemma 5.6, it is clear there is exactly one copy of ~f_iM in each step of the above filtration (6.7), which occurs in the cosocle. It is clear there are a total of φ copies of ~f_iM occurring in Ind M ⊠ q^iJ_φ.

Returning to f_iM, as φ is the stabilization point, this means precisely that there are φ copies of ~f_iM in f_iM; in other words, pr_λ does not kill any of the φ copies in Ind M ⊠ q^iJ_φ. One can attain C_j by applying pr_λ to the j^{th} step in the filtration (6.7). Thus everything noted for the filtration (6.7) holds for (6.5).

However, to see that soc D_j/D_{j−1} = ~f_iM, we appeal to the fact soc f_iM = ~f_iM and argue as in claim 6.8. (or we can make a filtration using Ǐnd, involving the fact f_iM = pr_λ Ǐnd M ⊠ q^iJ_φ.)

Remark 6.14. We have shown the action of c_{n+1} on the φ copies of ~f_iM in f_iM is exactly the action of X_{n+1} − q^i on M ⊠ q^iJ_φ, in other words of a Jordan block of size φ.

As with claims 6.4 and 6.9, the following claim holds.

Claim 6.15. C_{φ−1} ≃ ~f_iM; f_iM/D_{φ−1} = ~f_iM.

Claim 6.16. Hom_{Hn+1} (f_iM, f_iM) ≃ R[x]/(x^φ) via the map c_{n+1} → x̄. In particular, dim Hom_{Hn+1} (f_iM, f_iM) = φ.

We omit the proof, as it is similar to claim 6.5 or can be found in [G].

6.4 e_if_iM and c_n

Before studying e_if_iM, we first consider Ind e_iM ⊠ q^iJ_φ. This has submodules G_{j,k} = Ind A_j ⊠ q^iJ_k which contains (ε − j)k copies of M, but we will not use them to form a filtration. As computed above,

c_{n+1}G_{j,k} =c_{n+1} Ind A_j ⊠ q^iJ_k

=c_{n+1}H_{n+1} ⨂ H_n ⊗H_1 A_j ⊠ q^iJ_k =H_{n+1} ⨂ H_n⊗H_1 c_{n+1}A_j ⊠ q^iJ_k =H_{n+1} ⨂ H_n⊗H_1 c_{n−1}A_j ⊠ q^iJ_k + H_{n+1} ⨂ H_n⊗H_1 A_j ⊠ (X_{n+1} − q^i)q^iJ_k =H_{n+1} ⨂ H_n⊗H_1 A_{j+1} ⊠ q^iJ_k + H_{n+1} ⨂ H_n⊗H_1 A_j ⊠ q^iJ_{k+1} =G_{j+1,k} + G_{j,k+1} Thus the action of c_n on the εφ copies of M in Ind e_iM ⊠ q^iJ_φ is exactly the action of c_{n−1} ⊗ 1 + 1 ⊗ c_{n+1} on e_iM ⊠ q^iJ_φ (over H_{n−1} ⊗ R[X^{±1}_{n+1}]). In other words as x ⊗ 1 + 1 ⊗ y acts on R[x]/(x^ε) ⊠ R[y]/(y^φ). This is almost the whole story of what happens for e_if_iM, as by the affine Mackey formula 0 −→ φM −→ e_i Ind M ⊠ q^iJ_φ −→ Ind e_iM ⊠ q^iJ_φ −→ 0 (6.9) where the kernel is exactly the H_{n−1}-submodule 1 ⊗ (M ⊠ q^iJ_φ) ≃ φM, which in particular is killed by c_n by claim 6.1. By our previous discussion, the structure of the copies of ~f_iM in Ind M ⊠ q^iJ_φ is the same as in f_iM so the structure of the copies of M in e_i Ind M ⊠ q^iJ_φ is exactly the same as in e_if_iM.

Lemma 6.17. The action of c_n on the εφ copies of M in e_if_iM/ soc(e_if_iM) is (i) as ε Jordan blocks of sizes φ + ε − 1, φ + ε − 3, . . . , φ − ε + 1, if ε ≤ φ and charR = 0; (ii) as φ Jordan blocks of sizes ε + φ − 1, ε + φ − 3, . . . , ε − φ + 1, if φ ≤ ε and charR = 0. (iii) as min(ε, φ) Jordan blocks, which have sizes ranging from ε + φ − 1 to ε + φ + 1 − 2 min(ε, φ) if charR = p > 0.

Proof. We have Ind M ⊠ q^iJ_φ^{prλ}↠ f_iM, so e_i Ind M ⊠ q^iJ_φ ↠ e_if_iM. Further, the kernel of this map has no copies of M in it. Thus the kernel of the exact sequence (6.9) is mapped exactly to the socle of e_if_iM. Therefore the sequence induces a surjection Ind e_iM ⊠ q^iJ_φ ↠ e_if_iM/ soc(e_if_iM). (6.10) Again (by counting), there are no copies of M in the kernel of this map. Thus the action of c_n on the copies of M in e_if_iM/ soc(e_if_iM) is exactly as described above for Ind e_iM ⊠q^iJ_φ.

This description is an easy exercise in linear algebra on the Jordan block decomposition of x ⊗ 1 + 1 ⊗ y acting on R[x]/(x^ε) ⊠ R[y]/(y^φ).

In the case charR = p, it is easy to show there are min(ε, φ) Jordan blocks and that the largest has size ε + φ − 1, but harder to describe the sizes of the other blocks, so we omit the description here.

Next, we will compute the Jordan block structure of c_n acting on the copies on M in e_if_iM. As in the previous sections, we create filtrations

e_if_iM = E_0 ⊇ E_1 ⊇ · · · ⊇ E_{φ+ε} = 0 (6.11) 0 = F_0 ⊆ F_1 ⊆ · · · ⊆ F_{φ+ε} = e_if_iM (6.12)

where E_j = c^j_ne_if_iM = Imc^j_n and F_j = ker c^j_n.

The length of each filtration is either φ + ε or φ + ε − 1 because c_n soc(e_if_iM) = 0 and by lemma 6.17 c^{φ+ε−1}_n (e_if_iM/ soc e_if_iM) = 0. Below we will see the length is actually φ + ε. We have a slightly more complicated proof of the analogous statements to claims 6.3, 6.8, and 6.13.

Lemma 6.18. The only copies of M in E_j /E_{j+1} and F_j /F_{j−1} occur in the cosocle and socle respectively. In particular, c_n kills a copy of M if and only if it lies in the socle; a copy of M is outside of c_ne_if_iM if and only if it occurs in the cosocle.

Proof. As e_if_iM/c_ne_if_iM = E_0/E_1^c j n ↠ E_j /E_{j+1}, it suffices to prove the statement for e_if_iM/c_ne_if_iM. Consider the exact sequence

0 −→ c_ne_if_iM + soc e_if_iM / c_ne_if_iM −→ e_if_iM / c_ne_if_iM −→ (e_if_iM/ soc e_if_iM) / c_n(e_if_iM/ soc e_if_iM) −→ 0. (6.13)

The image has min(ε, φ) copies of M occurring only in its cosocle by lemma 6.17. As the kernel is isomorphic to c_ne_if_iM/ (c_ne_if_iM ∩ soc e_if_iM), we will describe the copies of M in c_ne_if_iM ∩ soc e_if_iM.

To do this, we use the surjection (6.10) from lemma 6.17, recalling it maps φM ≃ 1 ⊗ M ⊠ q^iJ_φ ⊆ e_i Ind M ⊠ q^iJ_φ exactly to soc e_if_iM. We shall show 1 ⊗ M ⊠ q^iJ_{min(ε,φ)} ⊆ c_n(e_i Ind M ⊠ q^iJ_φ) by direct computation.

Pick u ∈ M such that c^{ε−1}_{n−1}u ≠ 0 but c^ε_{n−1}u = 0 (i.e. u ∈ A_0 \ A_1). As M is irreducible, H_nc^j_{n−1}u = M for 0 ≤ j < ε.

Write v_j for (X_{n+1} − q^i)^j ∈ q^iJ_φ so that q^iJ_φ = span{v_0, . . . , v_{φ−1}}. For 1 ≤ j ≤ min(ε, φ) let a_j = c^{ε−j}_{n−1}u ⊗ v_{φ−1} − c^{ε−j+1}_{n−1} u ⊗ v_{φ−2} + · · · ± c^{ε−1}_{n−1}u ⊗ v_{φ−j} . Notice c_{n−1}a_j = a_{j−1} and (X_{n+1} − q^i)a_j = −a_{j−1}.

Then c_n(T_n ⊗ a_j ) = T_n ⊗ ( c_{n−1}a_j + (X_{n+1} − q^i)a_j ) + 1 ⊗ (1 − q)X_{n+1}a_j = 1 ⊗ (1 − q)X_{n+1}a_j ∈ 1 ⊗ M ⊠ q^iJ_φ. Hence 1 ⊗ M ⊗ v_k ⊆ c_n(e_i Ind M ⊠ q^iJ_φ) for φ > k ≥ min(ε, φ). In other words 1 ⊗ M ⊠ q^iJ_{min(ε,φ)} ⊆ c_n(e_i Ind M ⊠ q^iJ_φ).

Applying the surjection (6.10) shows min(ε, φ)M ⊆ c_ne_if_iM. Next, we’ll show c_ne_if_iM ∩ soc e_if_iM = min(ε, φ)M.

Let Q ⊆ e_if_iM be such that e_if_iM/Q = cosoc e_if_iM ≃ φM. The fact c_nM = 0 yields c_ne_if_iM ⊆ Q, so that min(ε, φ)M ⊆ Q. On the other hand, as cosoc Ind e_iM ⊠q^iJ_φ = min(ε, φ)M by corollary 6.7, and the kernel of (6.10) has no composition factors isomorphic to M, cosoc(e_if_iM/ soc e_if_iM) = min(ε, φ)M. Recalling cosoc e_if_iM = φM, we must have that φ−min(ε, φ) copies of M in the socle are also in the cosocle, i.e. have trivial intersection with Q and therefore with c_ne_if_iM.

In the case φ > ε, the kernel of (6.13) is isomorphic to soc e_if_iM/(soc e_if_iM ∩ c_ne_if_iM) = φM/min(ε, φ)M = (φ − ε)M. However, these are the copies of M having trivial intersection with Q, in other words they do occur in cosoc e_if_iM. In fact, this shows (φ − ε)M is a direct summand of e_if_iM. Later we shall see its direct complement is f_ie_iM.

In the case φ ≤ ε, the kernel of (6.13) is 0, showing that in either case, there are exactly φ copies of M in e_if_iM/c_ne_if_iM all of which occur in the cosocle.

The proof for F_j /F_{j−1} is similar.

Theorem 6.19. The action of c_n on the (ε + 1)φ copies of M in e_if_iM is

(i) as φ Jordan blocks, ε of which have sizes φ + ε, φ + ε − 2, . . . , φ − ε + 2, respectively, and φ − ε of which have size 1, if ε ≤ φ and charR = 0;

(ii) as φ Jordan blocks of sizes ε + φ, ε + φ − 2, . . . , ε − φ + 2, respectively, if φ ≤ ε and charR = 0.

(iii) as φ Jordan blocks, min(ε, φ) of which have sizes ranging from φ + ε to φ + ε + 2 − 2 min(ε, φ), and φ − min(ε, φ) of which have size 1, if charR = p > 0.

Proof. We employ the exact sequence 0 −→ φM −→ e_if_iM −→ e_if_iM/ soc e_if_iM −→ 0 and lemma 6.17. Lemma 6.18 above tells us exactly how soc(e_if_iM) = φM fits into the Jordan block structure of c_n. As c_nφM = 0 and min(ε, φ)M ⊆ c_ne_if_iM, min(ε, φ) copies of M must lie at the bottom of the min(ε, φ) Jordan blocks described in lemma 6.17. In other words, we get the same description as for e_if_iM/ soc e_if_iM except that each block is size one larger. Furthermore, there are φ − min(ε, φ) singleton Jordan blocks as these are the copies disjoint from c_ne_if_iM as in the proof above.

6.5 f_ie_iM and c_n

We use the results of the previous section to prove the analogue to theorem 6.19 for f_ie_iM. We also prove the pleasing result that, depending on the relative sizes of φ_i(M) and ε_i(M), one of e_if_iM and f_ie_iM is a direct summand of the other.

Lemma 6.20. We have maps f_ie_iM^ψ−→ e_if_iM −→ e_if_iM/ soc(e_if_iM) where the composition is a surjection, and Q −→ e_if_iM^{ψ̂}−→ f_ie_iM where the composition is an injection.

Proof. We will define a map Ind e_iM ⊠ q^iJ_m → e_if_iM which will necessarily factor through pr_λ Ind e_iM ⊠ q^iJ_m = f_ie_iM for m ≫ 0, as e_if_iM ∈ Rep H^λ_n and pr_λ takes the largest quotient that is an H^λ_n -module. We will also denote the map f_ie_iM → e_if_iM by ψ.

Take m ≥ ε + φ. Define

ψ : Ind e_iM ⊠ q^iJ_m −→ e_if_iM by 1 ⊗ (u ⊗ y_0)^ψ−→ T_n ⊗ (u ⊗ v_0)

where y_j = (X_n − q^i)^j ∈ q^iJ_m, v_j = (X_{n+1} − q^i)^j ∈ q^iJ_φ. (Really we should write T_n ⊗ (u ⊗ v_0) to denote the image of T_n ⊗ (u ⊗ v_0) ∈ Ind M ⊠ q^iJ_φ in e_if_iM, but we reserve the bar to mean modulo soc e_if_iM below.)

By Frobenius reciprocity, it suffices to show ψ is a well-defined H_{n−1} ⊗ H_1-map on 1 ⊗ e_iM ⊠ q^iJ_m. For h ∈ H_{n−1}, ψ(h ⊗ (u ⊗ y_0)) = ψ(1 ⊗ (hu ⊗ y_0)) = T_n ⊗ (hu ⊗ v_0) = hT_n ⊗(u⊗v_0). By definition, (X_n −q^i)T_n ⊗(u⊗v_0 ) = ψ((X_n−q^i)⊗(u⊗y_0 )) = ψ(1⊗(u⊗y_1)), so we need only verify (X_n − q^i)^mT_n ⊗ (u ⊗ v_0) = 0.

This follows as m ≥ ε + φ, (X_n − q^i)^φv_0 = 0, (X_n − q^i)^εu = 0, and

(X_n − q^i)^mT_n = T_n(X_{n+1} − q^i)^m + (1 − q)X_{n+1} ( (X_n − q^i)^{m−1}+ (X_n − q^i)^{m−2}(X_{n+1} − q^i) + · · · + (X_{n+1} − q^i)^{m−1} ) . Next, the composition Ind e_iM ⊠ q^iJ_m^ψ−→ e_if_iM −→ e_if_iM/ soc(e_if_iM) 1 ⊗ (u ⊗ y_0)→T_n ⊗ (u ⊗ v_0) → T_n ⊗ (u ⊗ v_0)

is a surjection.

One easy way to see this is to record the discussion about (6.9) and (6.10) in the following diagram 0 −→ φM −→e_i Ind M ⊠ q^iJ_φ −→ Ind e_iM ⊠ q^iJ_φ −→ 0 ↓ e_if_iM ↙ ↓ e_if_iM/ soc(e_if_iM) where the maps in the commuting triangle are T_n ⊗ (u ⊗ v_0) −→ 1 ⊗ (u ⊗ v_0) ↓ ↙ T_n ⊗ (u ⊗ v_0).

Then the map Ind e_iM ⊠ q^iJ_m ↠ Ind e_iM ⊠ q^iJ_φ ↠ e_if_iM/ soc(e_if_iM) 1 ⊗ (u ⊗ y_0) → 1 ⊗ (u ⊗ v_0) → T_n ⊗ (u ⊗ v_0) exactly coincides with the composition above and hence is surjective.

For the second statement, recall Q was defined via 0 −→ Q −→ e_if_iM −→ φM −→ 0. Thus we may use the fact f_iM = p̌r_λ Ǐnd M ⊠ q^iJ_φ, (where p̌r_λ takes the largest submodule that is an H^λ_n -module) and proceed as above, reversing all arrows. Denote the map e_if_iM → f_ie_iM by ψ̂.

Remark 6.21. The maps above are induced from the cyclotomic Mackey map and the natural inclusion and projection maps f_ie_iM → rM ⨁ i f_ie_iM^≃−→ ⨁ i e_if_iM → e_if_iM e_if_iM → ⨁ i e_if_iM^≃−→ rM ⨁ i f_ie_iM → f_ie_iM. We note the obvious fact Claim 6.22. If A^α−→ B^β−→ cosoc B and β ∘ α is a surjection, then α must also be a surjection.

If soc A^γ−→ A^α−→ B and α ∘ γ is an injection, then α must also be an injection. Theorem 6.23. If φ ≤ ε, the maps of lemma 6.20 induce f_ie_iM ↠ e_if_iM and e_if_iM → f_ie_iM. If ε ≤ φ, then we have f_ie_iM → e_if_iM and e_if_iM ↠ f_ie_iM. Proof. If φ ≤ ε, we see from (6.10) and claim 6.12 that cosoc(e_if_iM/ soc(e_if_iM)) ≃ φM ≃ cosoc e_if_iM, so by claim 6.22 the map f_ie_iM → e_if_iM of lemma 6.20 is surjective.

Similarly soc Q ≃ soc e_if_iM, so the map e_if_iM → f_ie_iM of lemma 6.20 is injective. If ε ≤ φ, consider f_ie_iM^ψ−→ e_if_iM −→ e_if_iM/(φ − ε)M −→ e_if_iM/ soc(e_if_iM) where the submodule (φ−ε)M are those φ−ε singleton Jordan blocks for c_n, i.e. the copies of M in both the socle and cosocle of e_if_iM. Thus cosoc(e_if_iM/(φ − ε)M) ≃ εM, and applying claim 6.22 we have f_ie_iM −→ e_if_iM/(φ − ε)M is a surjection.

If that surjection had nontrivial kernel, this kernel would intersect soc f_ie_iM ≃ εM. However there are exactly φε + ε copies of M in each module, showing the map is an isomorphism. Thus there is a surjection e_if_iM ↠ e_if_iM/(φ − ε)M ≃ f_ie_iM. Further, as (φ − ε)M splits off from e_if_iM, f_ie_iM is isomorphic to a submodule of e_if_iM yielding f_ie_iM → e_if_iM. (In other words, ker ψ = 0 and the above injection is just ψ.)

Further, the maps of theorem 6.23 are splittings.

Corollary 6.24. If ε ≤ φ then e_if_iM ≃ f_ie_iM ⨁ (φ − ε)M. If φ ≤ ε then f_ie_iM ≃ e_if_iM ⨁ (ε − φ)M. Proof. The case ε ≤ φ is explained in the proof of theorem 6.23 above.

For φ ≤ ε we apply the same reasoning. From theorem 6.23 we have an injection e_if_iM → f_ie_iM. As soc e_if_iM ≃ φM and soc f_ie_iM ≃ εM, by claim 6.12, there is a submodule (ε − φ)M ⊆ f_ie_iM which has trivial intersection with Im(e_if_iM). Consider e_if_iM −→ f_ie_iM −→ f_ie_iM/(ε − φ)M is still an injection. Noting cosoc(f_ie_iM/(ε − φ)M) is a direct sum of copies of M and we count εφ + φ copies of M in each module above, the map is an isomorphism. Thus cosoc(f_ie_iM/(ε − φ)M) = φM and so the ε − φ copies of M are in the socle and cosocle of f_ie_iM, i.e. they split off, yielding e_if_iM ⨁ (ε − φ)M ≃ f_ie_iM.

Theorem 6.25. The action of c_n on the ε(φ + 1) copies of M in f_ie_iM is

(i) as ε Jordan blocks, φ of which have sizes ε + φ, ε + φ − 2, . . . , ε − φ + 2, respectively, and ε − φ of which have size 1, if φ ≤ ε and charR = 0;

(ii) as ε Jordan blocks of sizes ε + φ, ε + φ − 2, . . . , ε − φ + 2, respectively, if ε ≤ φ and charR = 0.

(iii) as ε Jordan blocks, min(ε, φ) of which have sizes ranging from ε + φ to ε + φ + 2 − 2 min(ε, φ), and ε − min(ε, φ) of which have size 1, if charR = p > 0.

Proof. In the case φ ≤ ε, f_ie_iM ≃ e_if_iM ⨁ (ε − φ)M, whose Jordan block structure we deduce from theorem 6.19.

In the case ε ≤ φ, we have from corollary 6.24 f_ie_iM ≃ e_if_iM/(φ − ε)M whose Jordan block structure we again deduce from theorem 6.19, as the φ − ε copies of M are the singleton Jordan blocks.

The strong relationship between e_i and f_i and the importance of the quantity φ_i(M) − ε_i(M) are investigated further and explained in [G].

Appendix A

Modifications when q = 1.

The following appendix is largely taken, with permission, from [G]. If q = 1 all of the above theorems and constructions go through, without change, once we make the appropriate definitions.

Redefine μ_q to be the image of Z→ R 1 → 1, so ℓ is the characteristic of R, ℓ ∈ N ∪ {∞}. Instead of the affine Hecke algebra, we work with the degenerate or graded affine Hecke algebra H^{gr}_n , defined by Drinfel’d [D] and Lusztig [L]. This is isomorphic as an R-module to R[S_n] ⊗ R[x_1, . . . , x_n] with algebra structure defined by requiring that R[S_n] and R[x_1, . . . , x_n] are subalgebras, and that τ_i · f −^{τi}f · τ_i = f −^{τi}f x_{i+1} − x_i . We motivate the formula above by the following computation: as 1 − q^k = (1 − q)(1 + q + · · · q^{k−1}), as q approaches 1,^{1−q}_{1−qk} ⇝^1_k . We get

(q − 1) f −^{τi}f 1 − q^{xi} /q^{xi+1} = (q − 1) f −^{τi}f 1 − q^{xi−xi+1} ⇝ f −^{τi}f x_{i+1} − x_i . Thinking of X_i as q^{xi} , compare the above to relation to 2.4.

Given λ:μ_q → Z_+ a function such that ∑ λ_i < ∞, Grojnowski defines the degenerate cyclotomic algebra H^λ_n = H^{gr}_n /I_λ, where I_λ = H^{gr}_n ∏ i∈μ_q (x1 − i) λ_i Hgr

n . If λ = Λ_0,

H^{Λ0}_n = R[S_n]; in general one shows that dim_R H^λ_n = r^nn!, where r = ∑ λ_i. We define Rep_q H^{gr}_n to be the subcategory of H^{gr}_n -modules on which x_1 acts with eigenvalues in μ_q. All other definitions and theorems are as before, once we agree to write the group law in ImZ= μ_q multiplicatively, so qi denotes what is usually written i + 1. No changes are necessary in the proofs.

Bibliography

[A] Ariki, Susumu. On the decomposition numbers of the Hecke algebra of G(m, 1, n).

J. Math. Kyoto Univ. 36 (1996), no. 4, 789–808.

[AK] Ariki, Susumu; Koike, Kazuhiko. A Hecke algebra of (Z/rZ) ≀ S_n and construction of its irreducible representations. Adv. Math. 106 (1994), no. 2, 216–243.

[B] Bernstein, I. N. Lectures on Smooth Representations of p-adic Groups. Harvard lecture notes 1991.

[BZ] Bernstein, I. N.; Zelevinsky, A. V. Induced representations of reductive p-adic groups. I. Ann. Sci. École Norm. Sup. 10 (1977), no. 4, 441–472.

[D] Drinfel’d, V. G. Degenerate affine Hecke algebras and Yangians. (Russian) Funktsional. Anal. i Prilozhen. 20 (1986), no. 1, 69–70.

[G] Grojnowski, I. Affine ^sl_p controls the modular representation theory of the symmetric group and related Hecke algebras. Preprint.

[Kt] Kato, Shin-ichi. Irreducibility of principal series representations for Hecke algebras of affine type. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 28 (1981), no. 3, 929–943 (1982).

[Kv] Kleshchev, Alexander S. Branching rules for modular representations of symmetric groups. II. J. Reine Angew. Math. 459 (1995), 163–212.

[L] Lusztig, George. Affine Hecke algebras and their graded version. J. Amer. Math.

Soc. 2 (1989), no. 3, 599–635.

[Z] Zelevinsky, A. V. Induced representations of reductive p-adic groups. II. On irreducible representations of GL(n). Ann. Sci. École Norm. Sup. 13 (1980), no. 2, 165–210.