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A BIJECTION BETWEEN DOMINANT SHI REGIONS AND
CORE PARTITIONS

SUSANNA FISHEL AND MONICA VAZIRANI

ABSTRACT. It is well-known that Catalan numbers, = #1(2")

n

count the number of dominant regions in the Shi arrangemietytpe

A, and that they also count partitions which are betbores as well as

(n + 1)-cores. These concepts have natural extensions, which e ca
here them-Catalan nhumbers ana@-Shi arrangement. In this paper, we
construct a bijection between dominant regions of #Shi arrange-
ment and partitions which are bothcores as well aémn + 1)-cores.
The bijection is natural in the sense that it commutes withattion of

the affine symmetric group.

1. INTRODUCTION

In this paper, we build on the work of Anderson [1] to give aedirbi-
jection between dominant regions in the “extendedShi arrangement of
type A,,_; and partitions that are simultaneousiycores andmn + 1)-
cores.

Core partitions and regions in the Shi arrangement are heitrad ob-
jects in algebraic combinatorics. Core partitions of ieteg(see Defini-
tion 5.1) are used in Nakayama'’s Conjecture to describe whewrdinary
irreducible representations of the symmetric group betortlge same block
in positive characteristic [14]. They also arise in conimttvith ¢-series,
for example in [9, 8, 6], symmetric functions [17], and othegas.

The Shi arrangement (see Definition 2.1) has also been ex¢énstud-
ied. See, for example, [20, 23, 5, 4, 2, 3, 19]. The Shi arrargge arose
in Shi’'s study of left cells in affine Weyl groups. The Shi aigement,
and more generally hyperplane arrangements, have beeadexdensively
within combinatorics, but also arise in many branches ohmaiatics such
as algebraic topology, algebraic geometry, and the thefinymergeomet-
ric functions. The complement of a complexified arrangenseatsmooth
manifold whose topological invariants, such as its cohagypling, are of
interest. The Shi arrangement can be seen as a deformatibe lofaid ar-
rangement, whose complement’s fundamental group is a graigh. One
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4 S. FISHEL AND M. VAZIRANI

can also define multivariate hypergeometric integrals encttimplement,
which in special cases satisfy the Kniznik-ZomolodchikkY) equations,

and which are related to the representation theory of Lielalgs and quan-
tum groups. Although it can be defined in all types, in thisgrape are

only concerned with the (extended) Shi arrangement of #/pe

Anderson’s result, that- (*7*) counts the number of partitions which
are botht-cores ands-cores generalizes the well-known interpretation of
Catalan number§’, as counting:-cores that are als@: + 1)-cores. Cata-
lan numbers are also known to count dominant regions in thar&nge-
ment, termed here theShi arrangement. (See [24, 25].) Our main result
provides a direct bijective proof between two more geneztd of combi-
natorial objects which are counted by the higher Catalanb®ug) called
here them-Catalan numbers. The bijection is interesting first in that
involves two very interesting families of combinatorialjetts, and second
in that it is very natural. The bijection highlights someraxstructure the
combinatorial objects carry, which is largely induced frdme action of a
group, and our bijection commutes with that group action.

Let W be the affine symmetric group, defined in Section 2. Our bgect
is W-equivariant in the following sense. In each connected aorept of
them-Shi hyperplane arrangement of tyde_1, there is exactly one “rep-
resentative,” orm-minimal, alcove closest to the fundamental alcoye
Since the affine Weyl groupd” acts freely and transitively on tDe set of al-
coves, there is a natural way to associate an elementiV = &, to any
alcovew!A,, and to this one in particular. There is also a natural acifon
S, 0on partitions, whereby the orbit of the empty partitibis precisely the
n-cores. We will show that() is also an(mn + 1)-core and that all such
(mn + 1)-cores that are alse-cores can be obtained this way.

Roughly speaking, to eaclrcore A we can associate an integer vector
7i(A) whose entries sum to zero. Wharis also an(mn + 1)-core, these
entries satisfy certain inequalities. On the other hanesehare precisely
the inequalities that describe when a dominant alcowve-mainimal.

The article is organized as follows. In Section 2 we revieatdabout
Coxeter groups and root systems of type Sections 3 and 4 explain how
the position ofw=!.4, relative to our system of affine hyperplanes is cap-
tured by the action ofv on affine roots and that.-minimality can be ex-
pressed by certain inequalities on the entries@, 0,...,0). In Section
5 we review facts about core partitions and in particularinehthe reader
how to associate an element of the root lattice to each carenfain theo-
rem, the bijection between dominant regions of thShi arrangement and
special cores, is in Section 6. Section 7 describes a reldjiction on al-
coves. In Section 8, we derive further results refining ojgdbion between
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alcoves and cores that involve Narayana numbers. Narayanbars give
a refinement of the Catalan numbers, and will be defined inose8t

2. THE TYPE A ROOT SYSTEM SHI ARRANGEMENT, AND WEYL
GROUP

Our main result is a bijection between two sets of objectshigsection,
we define one these sets: dominant regions imth®&hi arrangement. We
define the affine symmetric group as well and review the ptasewe will
need.

2.1. The type A root system. Let {4, ..., e, } be the standard basis &f
and (| ) be the bilinear form for which this is an orthonormal basist L
a; =&; —¢&i11. Thenll ={ay, ..., a,_1} is a basis of

V={(a1,....a,) ER"| > a; =0}
=1

We let@ = @;‘:—11 Zao; be identified with the root lattice of typé,,_,. The
elements oA = {¢;, — ¢, | i # j} are called roots and we say a raots
positive, writtenae > 0, if « € AT = {g; —¢; | i < j}. WeletA™ = —A*
and sayy < 0 if « € A™. Thenll is the set of simple roots.

2.2. Extended Shi arrangements.A (real) hyperplane arrangemeig a
discrete set of hyperplanes, possibly affine hyperplameR™i We first
define a system of affine hyperplanes

Hop={veV]|(v|a)=Ek}
givena € A andk € Z. Note H_,, _, = H, ; SO we usually také € Z,.

Definition 2.1. The (typeA) extended Shi arrangemes$it’, here called the
m-Shi arrangemenis the collection of hyperplanes

Hop = {Hop | o € A, —m < k < m}.

This arrangement can be defined for root systems of all fipges; here
we are concerned with typé.

The extended Shi arrangement was defined by Stanley in [28}. af-
rangemensS! is known as the Shi arrangement and was first considered by
Shi [20, 22] and later by Headley [11, 12]. The extended Stairgyement
was further studied in, for example, [5, 4, 2, 3, 19]. In [3}hAnasiades
gave formulas for the number of dominant regions of #hxhi arrange-
mentS)” in any type. We recommend the reader see [3, Section 5.1hfor a
excellent discussion of the-Shi arrangement in typé.
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In this paper, we are primarily concerned with the connectedponents
of the hyperplane arrangement complement | J,.,, H. For ease of
notation we will refer to these asgionsof the m-Shi arrangement.

Each connected componentiof\ UaEA+ H,  is called aralcove

Z

We denote the (closed) half- spadé:,;k ={veV|{v|a) >k}and
Hoy ={veV]|(v|a) <k}

Definition 2.2. The dominantchamber of" is V N (., 1H * (also re-
ferred to as the fundamental chamber in the Ilterature)

A dominant regiorof them-Shi arrangement is a region that is contained
in the dominant chamber. Aominant alcovés one contained in the domi-
nant chamber.

Definition 2.3. The fundamental alcovées denotedA, and is the interior
of VN Hyy ™ N, HayoyWhered = oy + -+, = &1 — &,

Definition 2.4. An alcove ism-minimalif it is the unique alcove of all those
contained in one region of the-Shi arrangement that is separated by the
fewest number of affine hyperplanestif), from A,.

A wall of a region or alcove is a hyperplan€hi), which supports a facet
of that region or alcove.

2.3. The affine symmetric group.
Definition 2.5. The affine symmetric group, denoté&d,, is defined as

~ ) e,
S, =(51,...,80-1,5 | s =1, s;5; =s;s;if i #j+ lmodn,

$5:8;8; = S;j5iS; if 1 = j + 1m0dn>
forn > 2, butS, = (s1, 5o | 2 = 1).

The affine symmetric group contains the symmetric gréupas a sub-
group.S,, is the subgroup generated by the0 < i < n. We identifyS,,
as permutations of1,...,n} by identifying s; with the simple transposi-
tion (i,7 + 1).

The affine symmetric grou@n acts onV/ (preserving?) via affine linear
transformations, and acts freely and transitively on theoalcoves. We
thus identify each alcovel with the uniquew € S, such thatd = wA,.
Each simple generataf, : > 0 acts by reflection with respect to the simple
root ;. In other words, it acts by reflection over the hyperpldfg ™.
Whereas the elemeny acts as reflection with respect to the affine hyper-
planeH,*.
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More specifically, the action oW is given by
87;(@1, B ¢ 7 R 7 I P ,CLn) = (al, B ¢ 7 P 7 PO ,CLn) for 4 §£ 0, and

so(at, ... an) = (an + 1,a9,...,a5-1,a1 — 1).

Note S, preserved | ), but&,, does not.
We note thatS,, contains a normal subgroup consisting of translations
by elements of) and thats,, = &,, x Q is their semidirect product, i.e.
1-Q— (%n -6, —1
is exact. We denote by, translation by the vectoy, and in terms of the
coordinates above, f = (v1,...,7,) € @ C V thent,(a4,...,a,) =
(a1 + 71,...,a, + 7). Consequently, we may express anye S, as
w = ut, for uniqueu € &,, v € Q, or equivalentlyw = ¢,,u where
7" = u(7v). Note thaty’ = w(0,...,0).
We let$ denote the null root. It is the unique (up to scalar) root that

corresponds to the null space of the Cartan matrix of tﬂ{iﬁ_él also known
as affine typeA. More precisely, its coordinate vector with respect to

the basis{o; | 0 < i < n} spans the null space. Hence for typg’ |
d = > ,a;. Noteay = 0 — 0. The finite root system above extends to an
affine root system

A={ké+a|k€Zac A =ArUA-
where
At ={ki+a|k€Zsp,a € AYYU{kS +a |k € Zog,a € A7),

A~ = —A*, and the simple roots are ndiv= I1U{qa,}. See [15, Chapters
5, 6] for details. Again we writex > 0 if a € Atanda < 0if a € A~
We can picturé/ sitting in the span ofl as an affine subspace; whereas

S, acts on the larger space linearly, it actsiorby affine linear transfor-
mations. In most of this paper, we found it more useful to waitk 1/, its
coordinate system, and affine hyperplanes. However, weld@mye chosen
to express everything in terms of the sparibfas we found useful to do
in Section 3. In terms of affine roots, the action of the simgléection

8; € én,o <1 < n, is given by

(2.1) si(7) =7 — (v | ai)a,

wherey € spanll and we have extended ) as appropriate (given by the

Cartan matrix of typeﬁl,(f_)l). In this setting, we se®) is a reflection with re-
spect to the simple roat,. We can also re-express the action of translations
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as
(22) t(a) = a— {y| )

for o € A, ~ in the integer span ofl or indeed~ in the affine weight
lattice. See [15]. Note, inthe casec ), o € A, u € &,,, expressions like
(v | u(a)) are unambiguous as they agree in either setting.

3. INVERSION SETS

This section reminds the reader of the exact correspondesteeen the
inversions ofw and the affine hyperplanes that separate the fundamental

alcove A, fromw~='A4,. The inversions ofv € &,, are defined to be
Inv(w) = {a > 0| w(a) < 0}.

The length ofw is defined to bé&(w) = |Inv(w)|, and this quantity counts

the number of affine hyperplanég, ;, separatingd, from w~'Aj.

While we could have definethv(w) in terms of theS,, action onV/, it
is more conventional to define it in terms of the action®n

Example 3.1. For example, note foy € @ that
Inv(t,) ={a+ ki |ae AT, 0<k<(y|a)}U
{—a+ki|ae AT, 0<k< —{(y|a)}.

Proposition 3.2. Letw € &, anda + ké € AT, i.e. eitherk > 0 and
a€Aork=0anda € AT. Thena + ké € Inv(w) iff w4y C H_ox"

Proof. We first writew = t,u fory € @, v € &,. Note, in terms of
affine roots,w(a + k0) = u(a) + (k — (v | u(a)))d. Assumen + kd €
Inv(w) which implies eithert — (v | u(a)) = 0 andu(a) € A~ or that
k= (v ] u(a)) <0.
Considern € w™' Ay, so thatw(v) € Ay. Then
0<(w()|n)y<1 forallne A"

and so translating by we obtain—(~ | n) < (u(v) | n) <1 — (v |n).
First suppose(«) € A~ and consider; = —u(«) for k anda as above.
Then in particular

k< (ylu(@)=—={]u(=a)) < (u©) | u(-a)) = {v]-aq)
sov e H ,x".
If insteadu(a) € AT, we must have: — (v | u(«)) < —1. Therefore,
takingn = u(a),
k< =1+ (y|u(@) < —(u) [u(a)) = (v]-aq)

soagain € H_,;".
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The converse is straightforward. U

Similar methods show thatif (o + k) € A+ thenw='Ay C H_, ;.

Hozl,O Hozl,l Ha1,2 Ha1,3

Ha2,2

HOéz,l

HOtQ,O

Hp1 Hgo Hpsz Hpy

FIGURE 1. Whenw= Ay C H, .t fora e AT

Example 3.3. Considerw = 5555051525150, and let4A = w=1.A4,, which
is pictured in Figure 1. Obsente = syt(_20.2) and sow™" = (59 _2) .
Then

ACH, 3~ NHps N ;

and the three hyperplanes that bound these half-spacesbdetie walls
of A. Note how the half-spaces above correspond to the actiarm bbn
the simple rootsw = (ap) = —ay + 38, wHay) = 0 — 49, wHay) =
. (This phenomenon is explained in Proposition 4.1 below.)
The information in the following chart exhibits the corresgence be-
tweenInv(w) and the half-spaced_,, ;™ containingw ' .A,.

a w o) Inv(w) w Ay C Hy "

(7)) —Q +3(S {—Oél +5, —Q +2(5, Ha171+,Ha1,2+,

q 0 — 4o —0+6,—0 + 20, Hy1 ", Hgo™,
—0 + 30, —0 + 49, Hys" Hyy™

Qg }

Remark3.4. Letw be a minimal length left coset representative(%;;/@n,

and writew = t,u~' wherey € Q,u € &,,. This meansv.A, is the alcove
separated by the fewest number of affine hyperplanes figramong all
alcoves whose closure contaislt is well-known (and not hard to show)
thaty’ = —u(~) is in the dominant chamber. See [13] for details. Hence the



10 S. FISHEL AND M. VAZIRANI

minimal length right coset representative® = ¢.,u. In particular,w'.A4,
is in the dominant chamber.

Corollary 3.5. Supposev is a minimal length left coset representative for
S,/6,. Thenlnv(w) consists only of roots of the forma + k6, k €
Z~o,a € A™. Further, if—a+kd € Inv(w) andk > 1then—a+(k—1)0 €
Inv(w).

Proof. By Remark 3.4v~' A is in the dominant chamber, and soff, ,*
foranya € AT, and in particular never i#f_,, ;" for k > 0.
For the second statement, ndfg . ™ C H, ;1" if k£ > 0. O

4. m-MINIMAL ALCOVES

In this section, we characterize theminimal alcoves, which we will
use to define our bijection.

We can identify each connected component of the complenié¢né @:-
Shi arrangement with it unique-minimal alcove. Recall an alcoveA, is
m-minimal if it is the unique alcove in its region such titaty) is smallest
(sincel(w) = |Inv(w)[). Such alcoves are termed “representative alcoves
by Athanasiades.

The following proposition is useful. For a given alcove, liacacterizes
the affine hyperplanes containing its walls and which simgliections flip
it over those walls (by the right action). It can be found id][# slightly
different notation.

Proposition 4.1. SupposevAy C H, "t butws; Ay C Hy i~

(1) Thenw(a;) = a — k6.
(2) Let3 =wY(0,...,0) € V. Then(8 | o) = —k.

Proof. We first note that forr > 0 H,,, is the unique hyperplane such
that A, C H,. 0", buts; Ay C H,, o . In the case = 0 we rewrite this
condition aS.Ao - H_971+, S()A() - H_g’l_.

Becausev is an isometryy(H,, o) must be the unique hyperplane sepa-
ratingw.A, from ws;.A,, and by hypothesis, this hyperplanefis ;. Then
w(Hy,, o) = Hy ™ which impliesw(q;) = o — kd.

For the second statement, note that we can uniquely writet. u with
u€ G,y €Qas6, =Qx6,. Thens = w=0,...,0) = u(—7)
and (u™ (=) o) = (=7 u(ew)) = —(v|a) = —k sincew(e;) =
ty(u(az)) = u(aq) — (v | w(aq))d = o — kd. O

In terms of the coordinates of € VV with u € &,, as above, we note
k= Yu@) — Yuli+1)-
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Remark4.2 Note, if wA, is m-minimal, then whenevek < Z-, and
wAy € H, " butws; Ay C H,;~ then we must havé < m in the
casen > 0 andk < m — 1inthe casex < 0.

It is easy to see that this condition is not only necessarubifficient to
describe whem A, is m-minimal. Together with Proposition 3.2, Proposi-
tion 4.1 says that whem, € Inv(w) andw(a;) = a — kd thenk < m, and
for 3 =w™'(0,...,0) that(3 | a;) > —m.

Applying Remark 4.2 to positive and alcoves in the dominant chamber,
we get the following corollary.

Corollary 4.3. Supposev A, is in the dominant chamber ama-minimal.

(1) f wAy C H, " butws; Ay C H, .~ for somea € AT k € Zsy,
thenk < m.

(2) Let3 = w™Y(0,...,0). Then(B3|a;) > —m, for all i, and in
particular(s | 8) < m + 1.

Proof. The first statement follows directly from Proposition 4. H&emark
4.2. To conclude that the second statement holds for atite that ift < 0
then automatically: < m. O

5. CORE PARTITIONS AND THEIR ABACUS DIAGRAMS

Here we definei-cores, review some well-known facts about them, and
review the abacus construction, which will be a useful toolifs. Details
can be found in [14].

5.1. Core partitions and residues. We identify an integer partition =
(A,..., ), where; > X\, > ... > A, > 0, with its Young diagram, the
array of boxes centered at coordinafés, /) | 1 <1 < A\}.

We do not fix|\| = >, A to be a set integer. Indeed, we are interested
in partitions of all sizes throughout the paper, and so ailely state thak
is a partition of| .

The (k, 1)-hookof \ consists of thék, [)-box of \, all the boxes to the
right of it in row k together with all the nodes below it and in columiThe
hook Iengthh(*k,l) of the box(k, 1) is the number of boxes in thé, [)-hook.

Definition 5.1. Let n be a positive integer. An-coreis a partition\ such
thatn { b, ) forall (k,1) € .

Example 5.2. Figure 2 illustrates thé¢2, 1)-hook for the partition\ =
(5,2,1,1,1). The hooklengths of all of its boxes are listed in Example 5.9
so one can immediately see thais a4-core, a6-core, ar-core, arg-core,
and an-core forn > 10 and it is not al-, 2-, 3-, 5-, or 9-core.
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i

FIGURE 2. The hook lengtth

(5,2,1,1,1)

1) is 5.

There is a well-known bijectiod : {n-coreg — () described below in
Section 5.2, that commutes with the action@t. One can use thén-
action to define the bijection, or describe it directly frdme tombinatorics
of partitions via the work of Garvan-Kim-Stantonisvectors [9] or as de-
scribed in terms of balanced abaci as in [7].

Here, we will recall the description from [7] as well as rechihe reader
of the G,,-action onn-cores.

Definition 5.3. We say thek, [)-box in the partition\ hasresidueequal to
[ — k mod n, and lettingi = [ — k mod n, we refer to it as a-box.

Note that the definition of residue dependsmrbut by convention and
asn is fixed throughout the paper, we make that dependence iimplic

We say a box igemovablefrom ) if its removal results in a partition.
Equivalently its hook length is. A box not in\ is addableif its union with
A results in a partition.

Lemma 5.4. Let A\ be ann-core. Supposa has a removablébox. Then
it has no addablé-boxes. Likewise, ifA has an addablébox it has no
removable-boxes.

Proof. If A\ had both a removablebox (x, y) and an addablebox (X, Y),
then\ also contains exactly one ¢f,Y") or (X, y) and this box has hook
length| X — = + y — Y| which is divisible byn, asy —z =Y — X =
tmodn. U
(%n acts transitively on the set afcores as follows. Lek be ann-core.

Then

A U {all addable-boxeg if there is an addablébox

siA = ¢ A\ {all removable-boxeg if there is a removablébox
A otherwise.

By Lemma 5.4s; )\ is well-defined and it is easy to chegk\ is ann-core.

Remark5.5. In fact @n acts on the set of all partitions, but this action is
slightly more complicated to describe (see [18] and Sedtibaf [16]), and
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involves the combinatorics of Kleshchev’s “good” boxesr thrmse readers
familiar with the realization of the basic crystal(A,) of sl,, as having
nodes parameterized lyregular partitions,

oy SR (e wt () 2 0
TE ") ewe(n) <o,

2

where
(51) Wt()\) = AO - Z Qy—_zmodn;

(z,y)EN

andh; is the co-root corresponding tqg. We again refer the reader to [15]
for a discussion of th@-th fundamental weight\,. (Since we need not
make a distinction between roots and co-roots in tylpeve could have
simply substitutedy; for h; in the expressions above.) Then the&ores
are exactly the?;‘n-orbit on the highest weight node, which is the empty
partition(.

5.2. Abacus diagrams. We can associate to each partitiants abacus
diagram, which we define below. Whenis ann-core, its abacus has a
particularly nice form, and can then be used to constructi@mentri(\)

of Q. This gives us a bijectiojn-coreg — @ which commutes with

the action of&,. We follow [7] in describing this bijection, which rests
on the work of [14], and we note this bijection agrees with #eector
construction of Garvan-Kim-Stanton [9],

Definition 5.6. Thes-numberdor a partition\ = (A, ..., \,) are the hook
lengths from the boxes in its first column:

ﬁk = h?k,l)-
Each partition is determined by itsnumbers.

Definition 5.7. An abacus diagrams a diagram, with integer entries ar-
ranged inn columns labeled, 1, ..., n — 1, calledrunners The horizontal
cross-sections or rows will be calléal/elsand runnef contains the integer
entryrn + k on levelr where—oo < r < co. We draw the abacus so that
each runner is vertical, oriented witho at the top andx at the bottom,
and we always put runnérin the leftmost position, increasing to runner
n — 1 in the rightmost position. Entries in the abacus diagram beayir-
cled; such circled elements are calleeiads The level of a bead labelled
by rn + k is r and its runner isc. Entries which are not circled will be
calledgaps We shall say two abaci are equivalent if they differ by addin
a constant to all entries. (Note, in this case we must cyitlipgrmute the
runners so that runnéris leftmost.) See Example 5.9 below.
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Given a partition\ its abacus is any abacus diagram equivalent to the one
obtained by placing beads at entrigs= h?m and all entriesj € Z_,.

Remarks.8. It is well-known that\ is ann-core if and only if its abacus is
flush that is to say whenever there is a bead at eptiyere is also a bead
atj —n.

We define theébalance numbeof an abacus to be the sum over all run-
ners of the largest level of a bead in that runner. We say thabacus is
balancedif its balance number is zero. Note that there is a uniquewsbac
which represents a givencore )\ for each balance number. In particular,
there is a unique abacus sfwith balance numbei. The balance number
for a set of 3-numbers of\ will increase by exactlyl when we increase
eachg-number byl. On the abacus picture, this corresponds to shifting all
of the beads forward one entry. (Equivalently, we could Atlwleach entry,
leaving the beads in place, after which we cyclically pemrtbe runners so
that runnei is leftmost. )

Example 5.9.Both abaci below represent the 4-core- (5,2,1,1,1). The
first one is balanced, but the second has balance numfdre boxes of
have been filled with their hooklengths.

DI DDIHSD
P DD 1 dI2D
9D s 0 DI
@ 5 6 7 4 Q9 6 7
@ 9 10 1 8 @ 10 11
9[5[3]2]1
\— [P
3
2]
1]

FIGURE 3. Both abaci represent thiecore \.

Definition 5.10. Given ann-core \, we use the flush, balanced abacus as-
sociated to\ to define the integer vectai(\). Thei'* component ofi())
is the largest level of a bead on runrer 1 of the abacus.
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We will call this vectorii()), in keeping with the notation of [9]. We note
that the sum of the componentsf)) is zero, by definition of balanced,
so thati(\) € Q.

Example 5.11.For the 4-core\ = (5,2, 1,1, 1) discussed abovej(\) =
(2,0,0,—2), and the vector for the unbalanced abacus-is, 2, 0, 0).

We recall the following Lemma, which can be found in [7].

Lemma 5.12. The map\ — 7i(\) is an&,-equivariant bijection
{n-coreg — Q.

We recall here results of Anderson [1], which describe thecab of an
n-core that is also &core, fort relatively prime ton. Whent = mn + 1,
this takes a particularly nice form.

Proposition 5.13(Anderson) Let A be ann-core. Suppose is relatively
prime ton. Let M = nt —n —t. Consider the grid of points:, y) € Z x Z
with0 <z <n —1,0 <y labelled byM — zt — yn. Circle a point in this
grid if and only if its label is obtained from the first columodklengths of
A. Then\ is at-core if and only if

(1) All beads in the abacus of are at entries< M, in other words at
(x,y)with0 <z <n-1,0<y;

(2) The circled points in the grid are upwards flush, in otherdsg if
(z,y) is circled, so igz,y — 1);

(3) The circled points in the grid are flush to the right, inettvords if
(x,y)iscircled andr < n —2,s0is(z + 1,y).

Note that the columns of this grid are exactly the runner§'efbacus,
written out of order, with each runner shifted up or down tie&ato its new
left neighbor. This shifting is performed exactly so labelshe same row
are congrueniod ¢t. This explains why the circles must be flush to the right
as well as upwards flush.

Corollary 5.14. Let A be ann-core. Then\ is an(mn + 1)-core if and only
if (i(\) | ;) > —mfor0 <i<nand(i(\)|60) <m+1.

Proof. In the notation of Proposition 5.13, in the special casemn + 1,
the columns of the grid are the runners)d$ abacus, written in reverse
order. Furthermore, each runner has been shiftednits down relative
to its new left neighbor. So the condition of being flush to thgt on
Anderson’s grid is given by requiring on the abacus thataflirgest circled
entry on runnet + 1 is at levelr then runner must have a circled entry
at levelr — m. In other words, if(a,...,a,) = 7(\), then we require
ai+m—aiq > 0,i.e.(i(N) | ;) > —mfor0 < i < n. Recall thed*” and
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(n — 1) and runners must also have this relationship (adding a aonst
to all entries in the abacus cyclically permutes the runndiisis condition
becomesi, +1+m —a; > 0,i.e.(7i(\) | 0) < m+ 1. O

6. THE BIJECTION BETWEEN CORES AND ALCOVES

In this section, we prove the main result, Theorem 6.1, opidgeer. We
describe a bijection between the set of partitions that atlk b-cores and
(mn + 1)-cores and the connected components of/th&hi hyperplane
arrangement complement in the subspecef R” that lie in the dominant
chamber, or more specifically, the dominamtminimal alcoves. Further-
more, this bijection commutes with the action®f.. (We note the minor
technicality that the action on cores is a left action, buttales the right
action on alcoves when discussing the Shi arrangement.)

In particular, this map is just the restriction of t@a-equivariant map
{n-coreg — {alcoves in the dominant chamber

w@ — U)_IAQ.

Theorem 6.1.Th§ map®d : w — w~t A, for w a minimal length left coset
representative ab,,/S,, induces a bijection between the setwefores that
are alsqmn + 1)-cores and the set efi-minimal alcoves, which are in the
dominant chamber of .

Proof. Let A\ be ann-core and write\ = w( for w € @n a minimal length
left coset representative f@, /&,. Recall thati(\) = w(0,0,...,0) €
Q. By Remark 3.4~ A, is in the dominant chamber. Recall by Corollary
4.3 that in this case ! A, is m-minimal if and only if (3 | ;) > —m for
0<i<mnand(f|0) <m+1,wheref =w(0,...,0) =17(\).

In Corollary 5.14 above, we haveis an(mn + 1)-core iff the conditions
above hold fors = 7i(\). O

The bijection is pictured in Figure 4.

7. ABIJECTION ON ALCOVES

Although it is not an ingredient in the main theorem of thip@a the
following theorem builds on the work of Sections 4 and 3, swasth in-
cluding here, but in a separate section. We thank Mark Haiargoointing
it out to us.

Define,, to be them-dilation of Ay:

W, ={veV]|{v|la)>-m, (v|0 <m+1}.

Note that the set of alcoves @, is in bijection with@/(mn + 1)Q. Fur-
thermore, itis easy to see by translating by = % > ..+ @) thatQNA,,
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FIGURE 4. m-minimal alcovesv—! A, in the dominant chamber
of the 1-Shi and2-Shi arrangements of typé, filled with the 3-
core partitionw@. In the first, they are alsd-cores, and in the
second are also-cores.

is in bijection with@ N (mn + 1).A4,. It is the latter that is discussed in
Lemma 7.4.1 of [10] and studied in [3] (technically for theromt lattice
V). Taking the latter bijection into account, the secondesteint of The-
orem 7.1 below appears in Theorem 4.2 of [3].

Theorem 7.1. (1) The mapwA, — w~'Aj, restricts to a bijection be-
tween alcoves in the regid,, andm-minimal alcoves.
(2) The mapw(0,...,0) — w~ A, restricts to a bijection between
Q N, andm-minimal alcoves in the dominant chamber.

Proof. Observe2,, = Hy,, 1~ N1, Ha,-m* can be viewed as am-
dilation of (the closure ofdy € Hy1~ N1} Hu,o™

The second statement follows directly from Corollary 4.3.

A proof of the first statement can be given that is very sintibathat of
Propositions 4.1 and 3.2. Instead we shall use those pitaptsio prove
it.

Write w™!(a;) = o — ké with o € A.

Suppose: < 0. Thena; ¢ Inv(w™!) so by Proposition 3.20.4, C
H—ai,O_ = Hai,0+ - Hai,—m+-

Supposé: > 0. Then then-minimality of w=.4, impliesk < m when
a > 0andk < m — 1inthe casex < 0 by Propositions 3.2 and 4.1 and
Remark 4.2. When > 0, w™(o; + k6) = a SO; + ké & Inv(w™!). By
Proposition 3.2w Ay C H o, = Ha, & C Ha, " Since—k > —m.
Whena < 0, w(a; + (k+1)0) = a+6 > 0s0wAdy C H 4, 441 =
Hg, x 1" C H,, ' since—k—1> —m. Hencew Ay C /=)' Ha, —m™.

In the case = 0 sincea; = 0 — 6, a similar argument gives.4, C
Hy 1™ . Hence we getv Ay C 2,,,.

For the converse, suppoged, C 2,,,. Letting3 = w(0,0,...,0) € 2,,
we get(5 | 0) <m+1,(8| ;) > —m, 1 < i < n becausé,, is closed.
Assumew ! A4, is not m-minimal. Then3i, o,k with 0 < i < n,a €
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Ak € Z such thatv=' Ay C H, ;" butw=ts; Ay C H, .~ with k > m if
a > 0, butk > m —1if a < 0. Note by Proposition 4.4~ (a;) = a — kd
where—k = (5 | ;). First considerr > 0. Then(f8 | ;) = —k < —m
which is a contradiction. Next consider< 0. Thenq; + k§ € Inv(w™)
so by Proposition 3.204y € H . 4" = Ha, %~ C H,, ., Sincek >
m > m — 1, contradictingu.Ag C A, € Ha, ™ O

The bijection is illustrated in Figures 6, 5, and 7, the fiattgomparing
Figure 6 to Figure 5, and the second part in Figure 7.

FIGURE 5. w.A, for the m-minimal alcovesw—! Ay in Figure 6
below,m = 1,2. Notew Ay C 2,,. Eachy € @Q is in precisely
one yellow/blue alcove, so this illustrates the seconaesiant of
Theorem 7.1.

ANAL

FIGURE 6. m-minimal alcoves in then-Shi arrangement for
m = 1 (m = 2). Dominant alcoves are shaded yellow (and/or
blue, respectively).
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§1825150

51825081 $280815281
L L 4

FIGURE 7. w in the alcovew ! Ay; and the corresponding = w(0, .. . ,0)

8. NARAYANA NUMBERS

In this section, we add another set to Athanasiades’ listheofem 1.2
of [3] of combinatorial objects counted by generalized Narea numbers.
We further refine the enumeration efcores\ which are alsqmn + 1)-
cores. This refinement produces theNarayana numbers, or generalized
Narayana numbersy”(k), which are defined in Definition 8.6 below. Re-
call Definition 5.3: thgk, [)-box of then-core is referred to as aitbox if
it has residué = [ — k£ mod n. Our refinement here is to count the number
of n-cores\ which are alsqmn + 1)-cores by the number of residués
such that\ has exactlyn removable-boxes.

8.1. Proposition 4.1 revisited. Recall Equation (5.1) in Remark 5.5 that a
(n-regular) partition has weight

Wt()\) = A(] - Z A (y—z) modn-
(z,y)eX

It is well-known thats; A = p iff s;wt(\) = wt(u) where the action of
&,, on the weight lattice is given by

si(y) =7 — (v ] ).

We refer the reader to [15, Chapters 5, 6] for details on tfireafveight
lattice, definition ofA,, and so on. For computational purposes, all we need
remind the reader of is thaf\, | «u;) = d;0 and (g | ) = 26,0 — 01 —
5i,n—1-



20 S. FISHEL AND M. VAZIRANI

Remark8.1 Equation (5.1) says that #; removesk boxes (of residué)
from )\, or adds—k boxes to\ to obtainu, thenwt(u) = s;(wt(\)) =
wt(A) — kay.

A straightforward rephrasing of Proposition 4.1 is then:

Proposition 8.2. Let A be ann-core,k € Z-,, andw € @n of minimal
length such thaw() = A. Fix 0 < i < n. The following are equivalent:

(1) X hask many removablé-boxes; in particulafs;\| = |\| — k as the
action ofs; removes thoséboxes.

(2) (T(\) | i) = —kfori#0, (fA(\)|6)=Fk+1fori=0,

(3) w_l.Ao - Ha,k+7 ’(U_ISZ‘.AO - Ha,k_ Wherew_l(ozi) = — kd.

When we rephrase Corollary 4.3 in this context, it says:

Proposition 8.3 (Corollary 4.3 restated)Suppose\ = w( is then-core
associated to the dominant alcae= w~'.A, via the bijection® of Sec-
tion 6. ThenA is m-minimal if and only if whenever\ has exactlyk

removable boxes of residughenk < m. (And in this case) is also an
(mn + 1)-core.)

Example 8.4 (Example 3.3 continued)Let us again consider th&core
A=(5,3,2,2,1,1), whereX = wl for w = 5159505152515 = Sat(—20.2) =
t(—2,2,0)52. In the figure below\ is pictured with each box marked with its
residuemod 3. Let A = w~!A4,, which is pictured in Figure 1. Proposi-
tion 8.2 tells us thd removablel -boxes of\ correspond to th¢ half-spaces
AC Hy, " for1 <k <4,andalsothaf(—2,2,0) | ay) = —4.

2/0]1
1

A:

RIN O|F

PIN|IO|IFL,|N|O

We encode some related information in the following charc&l that
in place of(77(\) | ) we instead calculat@i(\) | 6).
5-space bounded

a;  w Ha;) bywallofw='A, i-boxes (TT(N) | ag)
oy —aq + 30 H, 5~ 3 addabldé)-boxes —-3+1
a 0 — 46 Hy,™" 4 removablel-boxes —4

s 2 addable’>-boxes 2
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Example 8.5. Consider thet-core un = (5,2,2,1,1,1) = wl for w =
S380515283525150. In the figure below: is pictured with each box marked
with its residuemod 4. Let A = w™'A4y. Notew™ = s3t20,_20) and
ni(p) = (2,0,—2,0). Then

A - Ha:s,1+ N Ha2+a3,2_ N Ha1,2_ N Ha1+a2,2+7

which corresponds tg’s 1 removable)-box, 2 addablel-boxes,2 addable
2-boxes,2 removable3-boxes. Notev ! (o) = az—6, w™{ay) = — (s +
a3) 4+ 20, wHaw) = —ay + 20, wH o) = (a1 + o) — 2.

WO, |N|W|O
w

This concludes Example 8.5.

We could conversely construstfrom the number of removable/addable
boxes of each residue, since this data descrilsés) and hence determines
A. However, in practice executing the bijection of SectioroBe may as
well find w, for instance, as follows. Given ancore )\, determineri(\)
as described in Section 5. Let € &,, be of minimal length such that
u(—7(X)) is dominant. Them = u™'tz,) and

'LU_le = t_ﬁ()\)u.Ao
n—1

C Hy-1(0),1-@e) N ﬂ Hy 1)~ (o)
=1

which describes where ! 4, is located inl/. This process gives a slightly
more constructive version of the bijection in Theorem 6.1.

We also note that one can easily read off the coordinates', ) that
Shi uses in [21] from the data above, describing wheréA, is located in
V' with respect to the (affine) root hyperplanes.

8.2. Arefinement. Proposition 8.2 thus gives us another combinatorial in-
terpretation of then-Narayana numbers, as in [3].
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Definition 8.6. The k" m-Narayana number of typé is

m 1 n—1 mn + 1
N (k) = nm+1(n—k—1)<n—k )

Recall from [3] thatN!" (k) counts how many dominant regions of the
m-Shi arrangement have exacthhyperplaned?,, ,, separating them from
Ay such thati, ,,, contains a wall of the region. The-Narayana numbers
have many other combinatorial interpretations.

In other words, for fixed:, we count how manyr-minimal alcoves4 =

w~ LA, satisfy that for exactly: positive rootsy, there exists ansuch that
w Ay C Hy ot butw=ts; Ay C H, . Itis clear that

> N*(k) = m-Catalan number

k>0

since each dominamt-minimal alcove gets counted once.

By Proposition 8.2 abovéy," (k) equivalently counts how mamy-cores
A that are als@mn + 1)-cores have exactly distinct residues such that\
has preciselyn removable-boxes. See Example 8.8 below.

Corollary 8.7. Let N"(k) denote then-Narayana number of typg,, ;.
Then

N (k) = [{\ | Nis ann-core andmn + 1)-core andBK C Z/nZ
with || = k such that\ has exactlyn removable boxes
of residue iff ¢ € K}|.

Example 8.8.Forn = 3, m = 2, them-Catalan number i$2 = 5+ 6 + 1.

N32(0) =5 = |{®7 (1)7 (2)7 (17 1)7 (37 L, 1)}|
Ng(l) =6=1{(3,1),(2,1,1),(2,2,1,1),(4,2),(5,3,1,1),(4,2,2,1,1) }|
NZ(2) =1=|{(6,4,2,2,1,1)}|
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