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Tableaux on Periodic Skew Diagrams and
Irr educib le Repr esentations of the Doub le
Affine Hecke Algebr a of Type A
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1 Introduction

As is well known, Young diagrams consisting of n boxes parameterize isomorphism
classes of finite-dimensional irreducible representations of the symmetric group S, of
degree n, and moreover the structure of each irreducible representation is described in
terms of tableaux on the corresponding Young diagram; namely, a basis of the represen-
tation is labeled by standard tableaux, with which the action of S, generators is explic-
itly described. This combinatorial description due to A. Young has played an essential
role in the study of the representation theory of the symmetric group (or the affine Hecke
algebra), and its generalization to the (degenerate) affine Hecke algebra Hy (q) of GL,
has been given in [3, 8, 9], where skew Young diagrams appear on combinatorial side.

The purpose of this paper is to introduce an “affine analogue” of skew Young di-
agrams and tableaux, which give a parameterization and a combinatorial description of
a family of irreducible representations of the double affine Hecke algebra H,, (q) of GL,
over a field F, where g € F is a parameter of the algebra.

The double affine Hecke algebra was introduced by Cherednik [2, 4] and has since
been used by him and by several authors to obtain important results about diagonal
coinvariants, Macdonald polynomials, and certain Macdonald identities.

In this paper, we focus on the case where q is not a root of 1, and we consider rep-

resentations of Hy, () that are X-semisimple; namely, we consider representations which
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have a basis of simultaneous eigenvectors with respect to all elements in the commuta-
tive subalgebra F[X] = F[x!, x5, ..., x¥t, *']of H, (). (In [8, 9], such representations
for affine Hecke algebras are referred to as “calibrated.”)

On combinatorial side, we introduce periodic skew diagr ams as skew Young di-
agrams consisting of infinitely many boxes satisfying certain periodicity conditions. We
define a tableau on a periodic skew diagram as a bijection from the diagram to Z which
satisfies the condition reflecting the periodicity of the diagram.

Periodic skew diagrams are natural generalization of skew Young diagrams and
have appeared in [5] (or implicitly in [1]), but the notion of tableaux on them seems new.

To connect the combinatorics with the representation theory of the double affine
Hecke algebra H, (q), we construct, for each periodic skew diagram, an H, (q)-module
that has a basis of F[X]-weight vectors labeled by standard tableaux on the diagram by
giving the explicit action of the Hn (9) generators.

Such modules are X-semisimple by definition. We show that they are irreducible,
and that our construction gives a one-to-one correspondence between the set of periodic
skew diagrams and the set of isomorphism classes of irreducible representations of the
double affine Hecke algebra that are X-semisimple.

The classification results here recover those of Cherednik’s in [5] (see also [6]),
but, in this paper, we provide a detailed proof based on purely combinatorial arguments
concerning standard tableaux on periodic skew diagrams.

Note that the corresponding results for the degenerate double affine Hecke alge-
bra of GL, easily follow from a parallel argument.

An outline of the paperis as follows. Section 2 is a review of the affine root system
and the extended affine Weyl group of gl .

The contents of Section 3 are purely combinatorial. We introduce periodic skew
diagrams and tableaux on them in Sections 3.1 and 3.2, respectively. These combinato-
rial objects are considered worth studying in themselves, and here we investigate their
relation with the affine Weyl group and content functions. The set of tableaux on a pe-
riodic skew diagram admits an action of the extended affine Weyl group W, and it turns
out that this action is simply transitive and gives a bijective correspondence between the
tableaux and the elements of W. In Section 3.5, we explicitly describe the subset W cor-
responding to the set of the standard tableaux, which is the most interesting class from
the view point of the representation theory.

We study content functions, in particular, those associated with standard tab-
leaux, in Section 3.6. The results obtained here lay the foundation to show our construc-

tion exhausts all X-semisimple irreducible modules.



Double Affine Hecke Algebras 1623

In Section 4, we introduce the double affine Hecke algebra and apply the combi-
natorics studied in Section 3 to its representation theory.

We remind the reader in Section 4.1 of the definition of the algebra Hn (q) and re-
view intertwining operators, which were also introduced by Cherednik and are elemen-
tary tools in the representation theory of H,, ().

We derive some of rigid properties of X-semisimple modules in Section 4.2. Then
we give a combinatorial and explicit construction of the representations of H, (q) in
Section 4.3 using tableaux on periodic skew diagrams. The related combinatorics is sim-
ilar to and inspired by that in [9] for the affine Hecke algebra.

Note that the statements of Section 4.2 also hold in the case that q is a root of
unity. However, when ( is a root of unity, the combinatorial description of the modules is
incredibly complicated.

It is proved in Section 4.4 that we have constructed all the X-semisimple irre-
ducible representations and that they are distinct up to diagonal shift of periodic skew
diagrams. This gives the classification of the X-semisimple irreducible representations
of |.'.in (@).

2 The affine root system and Weyl group

Let Q denote the field of rational numbers, and let Z denote the ring of integral numbers.

We use the notation

Zsxk ={n €Z|n >k} (2.1)
fork € Z, and
[j1={,i+1,....j} (2.2)

fori,j € Zwithi <j.
2.1 The affine root system
Let n € Z>5. Let h be an (n + 2)-dimensional vector space over Q with the basis

(Y, Y,.... ¥,cdk

h= (iE:Bl@ Y)@Qc@@d. (2.3)
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Introduce the nondegenerate symmetric bilinear form (|) on h by

(17)= 9,  (Vlog= (W) =0,
(cld) = 1, (clc) = (d|d) = 0.

Puth=@_;Q Yandh=ha Qc.

Let h* = (@in: 1Q i) ®Qc* ®Q bethe dual space of h, where ;,c* and are the
dual vectors of Y, c, and d, respectively.

We identify the dual space h* of h as a subspace of h* via the identification h* =
h*/Q = h* @ Qc*.

The natural pairing is denoted by (|) : h* xh Q. There exists an isomorphism
h*  hsuchthat ; Y, 1+ cyandc* d.Wedenoteby v € h the image of € h*
under this isomorphism. Introduce the bilinear form (|) on h* through this isomorphism.
Note that

CLY=C1Y)y=(Y1Y) (, eh) (2.5)
Put j = i j(I<iZj<n)and ;= j+1(1<i<n 1).Then
R= i i, je[l,n],i#] , R' = i i, je[l,n],i<]j,

(2.6)
= 1, 2,--5 n 1

give the system of roots, positive roots, and simple roots of type A, 1, respectively.
Put o= in + , and define the set Rof (real) roots, R* of positive roots, and

of simple roots of type Agl) 1 by

R= +k | eRkeZ,
Ri= +k | eR,keZs U +k | eR,keZ> , (2.7)

0y 15+++y n 1 -

2.2 Affine Weyl group

Definition 2.1. For n € Z>,, the extended a ne Weyl group W, of gl, is the group de-
fined by the following generators and relations:

(1) generators:

S0,S1,---:Sn 1, (2.8)
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(2) relations forn > 3:

ss=1 (iefo,n 1)),

SisiSi = §jsis; (i j =+1lmodn),

Sisj=sjsi (i j# *lmodn), (2.9)
si=si+1 (ie[o,n 2), Sn 1= S0,
1 — 1 — 1,

(3) relations forn = 2:
So=S1, $1= S0, (2.10)

The subgroup W, of W, generated by the elements s;,S,,...,S, 1 is called the
Weyl group of gl, . The group W,, is isomorphic to the symmetric group of degree n.

In the following, we fixn € Z>, and denote W = W, and W = W,,.

Put

P=Pz . (2.11)

Put , = Sp 1--Spand = 'Y 1 (i ¢ [2,n]). Then there exists a group
embedding P W such that ; i .- By  we denote the element in W corresponding
to € P.Itis well known that the group W is isomorphic to the semidirect product P x W
with the relationw w = (.

The group W acts on h by

sithy=h (i) V' forie[ln 1], heh,

1 - (2.12)
(hy=h+(h) VY (< ilh) + §< |h>)c fori € [1,n], h € h.
The dual action on h* is given by
ss()=  (il) i forie[l,n 1, €h
(2.13)

)= +(1) ((i|)+%(|)> fori e [1,n], h € h*.
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With respect to these actions, the inner products on h and h* are W-invariant. Note that
the set R of roots is preserved by the dual action of W on h*. Note also that the action of
W preserves the subspace h = h @ Qc, and the dual action of W on h* (called the affine

action) is described as follows:

si()= (il) i forie[l,n 1], eh’,
(2.14)
()= +(])i forie[ln], heh"
For <R thereexistsi €[0,n 1]andw € W suchthatw( ;)= .Wesets = ws;w 1.
Then s isindependent of the choice of i and w, and we have
s(h)y=h ( |hyV (2.15)

for h € h. The element s is called the reflection corresponding to . Note thats , = s;.
Forw € W, set

Rw)= R nw 'R, (2.16)

where R = R\ R". The length |(w) of w € W is defined as the number R(w) of elements
in R(w). Forw € W, an expressionw = Xs; s, -5, is called a reduced expression if
m = |(w). It can be seen that

RW) = S8, ( 10)sSim e Sis( i2)reor im (2.17)

ifw= Kss, s, isareduced expression.
Define the Bruhat order < in W by

X W X is equal to a subexpression of a reduced expression of w. (2.18)

We will review some fundamental facts in the theory of Coxeter groups, which

are often used in this paper. See, for example, [7] for proofs.

Lemma 2.2. (i) Letw € W andi € [0,n 1]. Then

I(wsi) >1(w) w(i)eR",
(2.19)
I(siw)>I(w) w ()eR.

(ii) (Strong exchange condition.) Let € R" and let w € W with a reduced ex-
pression w = 'sj,s;,---Si.. If [(ws ) < | (w), then there exists p € [1,k] such that
ws = 's,si, "'é\ip R (omittingsip).Further = S, Si.., "'Sivﬂ( ip)- O
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Let | be a subset of [0O,n  1]. Put

= iliel <
W= (s |iel)cw, (2.20)
RR= €eR [s eWw,

The subgroup W, is called the parabolic subgroup corresponding to . Define
W'= weW|RW)NR =2 . (2.21)

The following fact is well known.

Proposition 2.3. I))W' = {w e W [I(ws )>I(w)VY ; € |}

(ii) For any w € W, there exist a unique x € W' and a unique y € W, such that
w = xy. Namely, the set W' gives a complete set of minimal length coset representatives
for W/ W, . O

2.3 Notation

For any integer i, we introduce the following notation:

i= 1 k eh, V= keeh, (2.22)
wherei = i + kn withi € [1,n]and k € Z.
Put j = ; jand ﬁ’: v J-Vforanyi,jGZ.Notingthat 0o 1= + n, 1=
o,wereset ;= i+1and V= vV Y, foranyi € Z.

The following is easy.

Lemma 2.4. (i) i+nj+n = ij foralli, j € Z.
{)R={j |i,jeZi # jmodn} as a subset of h*.
{i)R" ={ j |i,j€Z,i#]jmodn andi<] } as a subset of h*. O

Define the action of W on the set Z of integers by

si(j)=j+1 forj=i mod n,
si(j)=] 1 forj= i+ 1modn,

(2.23)
si(j)=j forj#i, i+ 1modn,

H=i+1 V.
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It is easy to see that the action of | (i € [1,n]) is given by

()=j+n forj= i mod n,
(2.24)
() =] forj# i modn,
and that the following formula holds for any w € W:
w(+n)=w()+n V] (2.25)
Lemma 2.5. Letw € W.
1) w( j)= wgyandw( )= V\\{(j)foranyj € Z.
(11) W( ij ) = w(i)w() al’ldW( J/) = \)\I/(i)w(j) foranyi,j cZ. O

Proof. (i) It is enough to check the statement whenw = s; (i € [1,n 1]) and whenw =
(i €[l,n]).Letj =]+ kn withj € [1,n]and k € Z. Fori € [1,n 1], we havesi( j) =

j ( i | j) i = ( i | ]_) i. This leads to Si( j) = si)- Fori € [1,n], we have
i( j): j+( i | j) = j+( i | J_) . This leads to ,l( j): e ()
(ii) The proof follows directly from (i). [ |

3 Periodic skew diagrams and tableaux on them

Throughout this paper, we let F denote a field whose characteristic is not equal to 2.

3.1 Periodic skew diagrams

Form € Z>; and € Zxg, put

P, = MEZ" [M12H2 > >Hm, >H1 Hm . (3.1)

where |; denotes the ith component of p, thatis, p = (M1,H2,...,Um). Fixn € Z>, and

introduce the following subsets of Z™ x Z™:

jnm = (,p)elg;;’ xf’;n' | > wi (ie[l,m]),. (i w)=n,
. (3.2)
Bwo= GweR, xPn |i>wiemm) (i w)=n
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1,2(1,3|14L4|15

21122123

Figure 3.1

For(, W) € jnm, , define the subsets /u and /u (, ,of Z? by

lw = (ab)eZ|lac[l,m], belpa+1, a],

— (3.3)
M @ = (a+kmb k)eZ’|(ab)e/p, keZ .

Let /u [kK]= /u + k(m, ). Obviously we have
MW = L mk= L] (M +km, ). (3.4)

kez kezZ

The set /u is the so-called skew diagram (or skew Young diagram) associated
with (, p).
We call the set //u\(m’ ) the periodic skew diagram associated with (, p).

We will denote /u m, )just by 7}1\ when m and are fixed.
Example3.1. (i) Letn = 7,m = 2,and = 3.Put = (5,3), 4 = (1,0). Then (, p) € I
and we have

o= (1,2),(1,3),(1,4),(1,5),(2,1),(22),(2,3) . (3.5)

The set /i is expressed by Figure 3.1 (usually, the coordinates in the boxes are omitted).

The periodic skew diagram

W o= M= ] (M +ke2 3) (36)

keZ kez
is expressed by Figure 3.2.
Generally, periodic skew diagrams are defined as follows (see [5]).

Definition 3.2. For € 72, a subset C Z? is called a -periodic skew diagr am (or a
periodic skew diagr am of period ) if it satisfies the following conditions.
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1,5
b 11
1,2
a M o[0]= M
3 1
T

Figure 3.2

(D1) The set is invariant under the parallel translation by

+ =, (3.7)

and hence the group Z acts on

(D2) A fundamental domain of the action of Z on consists of finitely many
elements. This number is called the degree of

(D3)If(a,b) € and(a+i, b+j) € fori,j € Z>o,thentherectangle{(a+i’,b+j’) |
i’ €[0,il,j’ €[0,j]}is included in

Let D" denote the set of all -periodic skew diagram of degree n, and put

D" = €D" |Va€Z,db € Zsuchthat(a,b) € . (3.8)

Namely, D*" is the subset of D" consisting of all diagrams without empty rows.
Note that an element in Dy, 5, is regarded as a (classical) skew Young diagram of
degreen.

Lemma 3.3. Let € Z2.
(i) IfD" # @,then € Z<o X Z>g0r € Z>o X Z<o.
(11) If D*N 7 &,then € ZZ_‘]_ X Z§0 or ¢ ZS 1 X Zzo. O
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Proof. (i) SinceD" = D" |itis enough to provethatD" = @for € Z>1 x Z>1.

Suppose D?m, ) 7 o for somem € Z>; and € Z>1, and take € D?m' ) Then

={(a,b) € |a €[1,m]}is afundamental domain of the action of Z(m, ) on

Let(a,b) € . Then condition (D1) implies{(a+km, b+ k )}xez € ,and condition
(D3) implies {(a, b+ Kk )}xez C ,and hence{(a, b+ K )}xcz C . This implies that the fun-
damental domain contains infinitely many elements. This contradicts condition (D2),
and hence we have Dj, ) = @form € Z>; and € Z>;.

(ii) By (i), it is enough to show that Dig' \ = @ forall € Z, and this is easy. [ |

Letm € Z>q and € Z>p.For(, ) € jnm’ , it is easy to see that the set le\(m’ )
satisfies conditions (D1), (D2), and (D3) in Definition 3.2, and hence we have //U\(m, ) €

n
D(m, )

Proposition 3.4. Letn € Z>p, M € Z>1,and € Zxo. The correspondence 3”m Dim, )

given by (, 1)+ /U is asurjection. Moreover, its restriction to 3;1” gives a bijection

~

Jno = pgn . (3.9)
O

Proof. Takeany €Dg, .
Fixig € Z<o such that theigoth row of is not empty. Fori > ig, define ; and ;

recursively by the following relations:

_ max beZ|(ib) e if the ith row is not empty,
;=
i1 if the ith row is empty,
(3.10)
minfb € Z|(i,b) € } 1 iftheithrow isnotempty,
Mi =
i1 if the ith row is empty.
Put =(1, 2,..., m)andp = (M1,H2,-..,HUm). Then it follows from condition (D3) (with
i = 0) that
(ab)e la=i}=[w+1, ] (ie[lm]) (3.11)
and hence

lu = (a,b)e Jaell,m]. (3.12)
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It follows from condition (D1) that /u is a fundamental domain of Z(m, )on and

= | (e +k(m )= g (3.13)

k€Z

In particular, we have /u = n.
Notethat o= m + andpp = PUm + by condition (D1).
Now, condition (D3) implies that ; > .+, and p; > Yj+q foralli > ig, in particu-

lar,foralli € [1,m 1]. Thisyields € E’; and € f’;q . Therefore, the correspondence
D"

(m, ) is surjective.

Now, it is clear from the discussion above that the correspondence (, H) //u\

gives a bijection J; Dim - [ |

3.2 Tableaux on periodic skew diagram

Fixn € Z>». Recall that a bijection from a skew Young diagram, say /4 , of degree n to

the set [1,n]is called a tableau on /j .

Definition 3.5. For € Z? and € D", abijectionT : Z is said to be a -tableau on
if T satisfies

T(u+ )=T(u)+n VYue. (3.14)

Let Tab ( ) denote the set of all -tableaux on
In this paper, we mostly treat periodic skew diagrams associated with (, p) €
j”m forsomem € Z>1 and € Zsq.For(, W) € j“m , we always choose (m, ) asaperiod

of //u\ We use the abbreviated notation
Tab(/y ) = (Tab)(//u\) (3.15)
m,

for(, p) € 3”m , and we let a tableau on 7}1\ mean an (M, )-tableau on //u\

Remark 3.6. A tableau on //u\ is determined uniquely from the values on a fundamental
domain of Tu\ with respect to the action of Z . It also holds that any bijection from a

fundamental domain of Z to the set [1,n] uniquely extends to a tableau on //u\
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2 1] 0
1 2 3 4
h
5 6 7 H
8 9 10 | 11
12 | 13 | 14
Figure 3.3
There exists a unique tableau T0/“ = To on //u\ such that
i1

To(i, i +j) = (« Mm)+j forie[dl,m]jell, i ml. (3.16)

We call Tp the row reading tableau on TM\

Example 3.7. Letn = 7 m=2 = 3and = (5,3),H = (1,0). The tableau Tp on TM\ given

above is pictured in Figure 3.3.

~

Proposition 3.8. Let (, p) € J§, . The group W acts on the set Tab(//p\) by

(WT)(u) = w(T(u)) (3.17)
forweW,TeTab(//p\),andu e//p\. O

Proof. It is obvious that wT is a bijection. It is enough to verify that wT satisfies condi-
tion (3.14) in Definition 3.5. Putting = (m, ), we have

WT)(u+ )=w(T(u+ ))=w(T(u)+n)=wT(u)+n. (3.18)

Therefore, wT satisfies (3.14). [ |
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ForeachT € Tab(Tu\), define the map
T:W — Tab(/p) (3.19)

by t(w)=wT (weW).

Proposition 3.9. Let (, W) € j”m’ .Forany T € Tab(//u\), the correspondence +t is a
bijection. O

Proof. Itis enough to show the statement for T = Ty given by (3.16). We prove the surjec-
tivity first. Take any S € Tab(//u\) and putr; = (T, 1(i)) fori € [1,n]. Supposer; rj = kn
for somei, j € [1,n] and some k € Z. Then S(T, *(j) + k(m, )) = r; + kn = r; = YT, 1(i)),
and hence T, *(j) + k(m, ) = T, *(i). This means k = Oandi = j.

Letri = r; + kin withr; € [1,n] and k; € Z. Then we have shown thatr; ¥ I; for
i,j € [1,n] such thati ¥ j. This ensures that there exists x € W such that x(i) = r; for
alli € [1,n]. Puttingw := x - K1 kz2... K

2
1 2

WTp = Son the fundamental domain /J . This implies wTp = S.

», we have w(i) = r;i foranyi € [1,n] and hence
It is easy to see that the choice of w for each Sis unique, and hence the injectivity
follows. |

The following formula follows directly from the definition (3.17) of the action
of W.

Lemma3.10. T *(w 1(i)) = (WT) (i) forany T € Tab(/u ),w € W, andi € Z. O

3.3 Content and weight

Let C denote the map from Z? to Z given by C(a, b) = b afor (a, b) € Z°.
For a tableau T € Tab(/p ), define the map cM :z Zby

cl ()= c(T X)) (i), (3.20)

and call CT/“ the content of T. We simply denote CT/“ by Ct when (, W) is fixed.

Lemma 3.11. LetT € Tab(//p\). Then
(i)Cr(i+n)=Cr(i) ( +m)foralli €7;
(ii) Cyr (i) = Cr(w 1(i)) forallw € W andi € Z. O
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Proof. (i)Put(a,b)=T (i) € /u .ThenT(a+ m,b )= T(a,b)+n =i+ n.Wehave

Cr(i+n)=C(T Y(i+n))=Ca+mb )

_ (3.21)
=(b a) (+m)=Ce(i) (+m).
(ii) The proof follows directly from Lemma 3.10. [ |
ForT e Tab(//p\), we define 1 € h* by
n
T= Cr(i) i + ( + m)c. (3.22)
i=1
Then 1 belongs to the lattice
n
P¥pgzcr= (@Z i)@Zc*. (3.23)
i=1

Note that the action (2.14) of W on h* preserves P. Lemma 3.11 immediately implies the

following.

Lemma 3.12. Let T € Tab(/u ). Then
1) ({ v V)= Cy(i) foralli € Z;
(ii)w( 1) = wr forallw e W. O

3.4 The affine Weyl group and row increasing tableaux
Let(, p) € J0, .

Definition 3.13. A tableau T € Tab(//p\) is said to be row increasing (resp., column in-
creasing) if

(a,b),(a,b+1 e /u = T(ab)<T(ab+1),
_— 3.24
(resp., (a,b),(a+ 1,b) € /p = T(a,b) <T(a+ 1,b)). e

AtableauT € Tab(//u\) which is row increasing and column increasing is called a stan-
dar d tableau (or a row-column increasing tableau ).
Denote by TabR(//u\) (resp., TabRC(//u\)) the set of all row increasing (resp., stan-

dard) tableaux on //u\

For(, M) € jnm , put

Ile = [11n 1]/{n11n2a----nm 1 (325)
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where n; = }:1( i W) fori €[lm 1. WewriteR" , =R W , =W, and
W H = W' NotethatR™ | CR,andW |, =W | y, xW , i, x---xW  C
W. Recall that the correspondence 1 : W Tab(/u ) given by w +  wT is bijective

(Proposition 3.9) forany T € Tab(//u\).

Proposition 3.14. Let (, p) € J§ . Then

R —
. (Tab(/u )) =W K, (3.26)
or, equivalently, TabR(//u\) =W HTo={wTp |[weW H} d
Proof. First we will prove W HTy C TabR(//u\).
Take (a,b),(a,b+ 1) € /u and put To(a,b) = i. Then To(a,b + 1) = i + 1 and
i €R u-Ifw eW M then we havel(wsi) > | (w). ThismeanswW( i) = w() w(+1) €

R*. Hence, w(i) < w (i + 1), or, equivalently, wTy(a, b) < w To(a, b + 1). Therefore, wTy €
Tab®(/u ) forallw e W H.

Next, we will prove W HTy D TabR(//u\).

ForT € TabR(//u\), take w € W such that wTy = T. We have to show that w €
W H.Let j €R" ,.Put(ab)=To '(i). ThenTo *(j) = (a,b+| i).Since wTo is row
increasing, we have wWTp(a,b) <w To(a,b +j i) and hencew(i) <w (j). This means that
w( j) € R". Therefore, j ¢ Rw)=R" Nnw !R .This proves Rw) NR* y = @ and hence
wew K, [ |

3.5 The set of standard tableaux
The next lemma follows easily.

Lemma 3.15. Let(, p) € J%, and T € Tab"®(/u ).If(a,b) € /4 and(a+ 1,b+ 1) € /u ,
thenT(a+ 1,b+ 1) T(a,b)>1. O

As a direct consequence of Lemma 3.15, we obtain the following result, which

will be used in the next section.
Proposition 3.16. Let (, W) € jnm and T,S€ TabRC(7|.—J.\). IfCr = Cs,thenT= S, O

Our next purpose is to describe the subset of W which corresponds to TabRC(//p\)

under the correspondence 1 (T € TabRc(//u\)).

Lemma 3.17. Let (, W) € jnm .Letw € W andi € [0,n 1] such that wTy € TabRc(//p\)
and |(w) > | (5w). Then s;wTo € Tab*(7n ). O
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Proof. Wehavew € W " by Proposition 3.14. Put x = s;w. Since R(w) = R(X) U{x *( i)},
we havex € W ", Hence, XTp € TabR(//p\).
Suppose xTg & TabRC(//u\). Then there exist (a, b) and (a + 1,b) in //u\ such that

XTo(a, b) >xTo(a + 1,b),
(3.27)
WTo(a, b) <WwW T()(a + 1,b)
This implies XTp(a, b) = i + 1+ kn and xTp(a + 1,b) = i + kn for somek € Z.
On the other hand, we have x 1( ;) € R* as I(w) > | (x). Therefore, it follows
that x (i) < x (i + 1) and hence x (i + kn) < x (i + 1+ kn). Therefore, we have
To(a+ 1,b) <Ty(a, b), and this is a contradiction. |

ForT e TabRC(//u\), put
zZF o= wew (1] V)g{ L1}V eRw) . (3.28)

Lemma 3.18. Let (, W) € Jy, . Then

zH cw w (3.29)

O

Proof. Takew € W such thatw £ W M. Then, it follows that there exists j € [O,n 1]
such thats; € W |, and I(ws;) < | (w). Then Lemma 2.2(ii) implies that ; € R(w). By

J-V> = 1. Hence, we have w ¢ Z#; , and thus we proved that

zr cw m
0

s € W ,,wehave ( 1, |

Theorem 3.19. Let(, p) € Jy andT € Tab®¢(/p ). Then

1 RC _— _ //ll\
1 (Tab(/n ) ) = Z (3.30)
or, equivalently, TabRC(//u\) = ZT/Ll T. O

Proof

Step 1. First we will prove the statement for the row reading tableau To, namely, we will
prove TabRC(Tu\) = ZT/‘; To.

Let us see ZT/? To C TabRC(//u\), that is, wTy € TabRc(//p\) forallw € Z#;A . We
proceed by induction on | (w).

Ifw e ZT/L; with I(w) = 0,thenw = K for some k € Z and it is obvious that wTg
is row-column increasing. Suppose that wTy is row-column increasing for allw € ZT/‘;A
with I(w) <k.
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Takew € ZT@ with I(w) = k. Note thatw € W " by Lemma 3.18. Take x € W and
i €[0,n 1]suchthatw = sjxandI(w) = I(x) + 1. -

Note that R(w) = R(X) LU{Xx ( ;)}, and hence x € ZT/‘; . By the induction hypoth-
esis, we have xTp € TabRc(Tu\). Suppose that wTp ¢ TabRC(//p\). Then wTyp is not col-
umn increasing because wTy is row increasing by Proposition 3.14. Therefore, there exist
(a,b),(a+ 1,b) € /u such that

XTo(a, b) <xTp(a+ 1,b),
(3.31)
wTp(a, b) >w To(a + 1,b).

This implies that xTo(a, b) = i + kn and xTo(a + 1,b) = i + 1+ kn for some k € Z. We have

(ra X 200)) = Cro X (i)

Cro(x Y(i+kn)) Cr,(x (i +1+kn)) (3.32)
1.

b a (b (a+1)=

This contradicts that w € ZT/I;\ and hence we have wTj € TabRC(//u\).

Next, let us prove ZT/E\ To 2 TabRC(//u\). We will show thatw € ZTTE for allw such
that wTy € TabRC(//u\) by induction on I(w). If [(w) = O, then R(w) = @ andw € ZT@ .Let
k € Z>, and suppose that the statement is true for all w with [(w) <k.

Takew € W such that wT, € TabR%(/u ) and I(w) = k. Takex € W andi € [0,n 1]
such that w = sjx and I(w) = |(x) + 1. By Lemma 3.17, we have xTy € TabRC(//u\). By the
induction hypothesis, we have x € ZT/‘:A . Since R(w) = R(x) U{x ( )}, it is enough to

prove

= (1, Ix Y Y))=Cro(x Mi)) Cro(x (i+1)F =+l (3.33)

We put T = XTp in the rest of the proof.

Suppose = 1.Put(a,b)=T (i).ThenT %(i+1) = (a+j+ 1,b+j)forsomej € Z.
Ifj<0,thenwehave(a,b 1) /u andi+1= T(a+j+1,b+j)<T(ab 1)<T(ab)=i.
This is a contradiction. If j > 0, then (a + 1,b) € //u\ andi+ 1>T(a+ 1,b) >i. Thisis

a contradiction too. Therefore, we must have j = Oand hence T (i + 1) = (a + 1,b). But
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then we have
wTo(a,b) = 5T(a,b) =i+ 1>i = 5T(a+ 1,b) = wTp(a+ 1,b) (3.34)

and this contradicts the assumption wTy € TabRC(Tu\). Therefore, # 1.
Suppose = 1. Put(a,b)=T (i). Then similar argument as above implies that
T 1(i+1) = (ab+ 1). This yields a contradiction too. -
Therefore, we have w € ZT/L; and thus we proved that TabRC(//u\) = Z#; To.

bRC

Step 2. By Step 1,foreach T € Ta (Tu\), there exists Wt € ZT“; such that T = wrTp.

First we will show that zw;* € ZT/? forallz e ZT//E .

Assume that zw, ' & ZT/T for some z € ZT@ . Then there exists € R(zw;') such
that ( 1] V)= +1

If € wrR', then putting = w;!( ), we have € R(2) and (1,| V) =
{ wsTo |lwWr( V)) = £1. This contradicts the choice z € ZT@ :

If /€ wrR', then putting = w;( ),wehave € R(wr)and{( 1,| V)= +1.
This contradicts the choice wt € Z /A

Therefore, zw, ! € Z{ e for all zeZ; /“ . Similarly, one can show that zwt € Z
forallze Z; - . Hence, the correspondence z ZWT gives a bijection from Z; /“ toZ; /“ ,

whose inverse is given by z+  zwy. Therefore, we have

RC _— T
zT = zwr Ty € Tab(/u ) ZWT € ZT/‘; zez . (3.35)

3.6 Content of standard tableaux

Letn € Zsp,m € Z>1,and € Zso.Let(, p) €J, andTe Tab®C(/u ).Put = +m and
F= Ct. Then itis easy to check that themap F:Z  Z satisfies the following.

(C1)Ki+ n) = Ki) foralli € Z.

(C2)Forany p € Zand i, j € F }(p) such thati<j and[i, j]nF 1(p) = {i, j}, there
exist a uniquek € F (p 1) and a uniquek, € F }(p+ 1) suchthati <k <j,and
i<k . <j,respectively.

Notice that condition (C1) implies that F *(p) is finite forall p € Z.

Conversely, suppose that amap F: Z  Z satisfying conditions (C1) and (C2) is
given. Then it can be seen that Fis a content associated with some standard tableau on

some periodic skew diagram, as in the following proposition.
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Proposition 3.20. Letn € Z>, and € Zx>;. Suppose that the map F: Z 7 satisfies
conditions (C1) and (C2) above. Then there existm € [1, ], (, 1) € 3;1” m,and T €

Tab®¢(7u ) such that F= Cr. 0
Proof
Step 1. Forp € KZ) ¥ {K(i) € Z |i € Z}, putd, = F %(p), which (C1) implies is finite. Let
iél),isz), . .,ifjd") be the integers such thatif)l) <i f)z) << é,d") and
. . .(d
Fip) = i0,i®,. i . (3.36)

It follows from condition (C1) thatd, = d, and
i =i+, i? =i@+n,. i =i en (3.37)

for all p € HZ).
The following statement follows easily from condition (C2) and an induction ar-

gument (on j).

Claim 1. Letp € HZ).

(i) Ifp+1e KZ)andif’ <i ),

thend, dp+1 = Oorl, anditholds that

i <igly (e [Ldpea]),

_ . (3.38)
i0>i0, D (je2d)]).

(ii) Ifp+ 1€ KZ) andil” >i Y

b+l Oor 1, anditholds that

thend, dps+1

i9>i0 (e 1dp)),

| | (3.39)
i§ V<idly (€ [2dpea]).

(iii) Ifp+ 1 ¢ HZ), thend, = 1.

Step 2. Fixpg € HZ) andr € Z. We will define a subset = ,,, of Z? as follows.
For p € HZ), define p as the minimum number in KZ) N Z5, .
There exists a unique sequence {(ag)l), bél) )} er(z) in Z? satisfying the initial con-

dition

(ahy.bgy) = (r.po+r) (3.40)
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i(l) i(~l)
i(l) i(l+)1 p+1l p
i () ()
p p
(i) (ii) (iif)
Figure3.4 (i)if” <i {1, Gi)if” >i {7, and (i) p> p + L.
and the recursion relation
(aél), b + 1) ifp=p+1,il"” <i E)lfl, Figure 3.4(i),
@P. ") = (@ 1,6 ifp=p+ 1, i >il),, Figure3.4(ii),
@ 1,b?+p p 1) ifp>p + 1, Figure 3.4(iii).
(3.41)
Put
@®,b0) = (@ +j 1,bP+j 1) (peR2), je[2,d]), (3.42)
and put
= (al,bP) ez? |peHZ), j € [1.dp] . (3.43)

Note that (aé,l), bél)) will be the most northwest box in Tu\ on the diagonal with content p.

Step 3. Now, we will check that the set satisfies conditions (D1), (D2), and (D3) in
Definition 3.2.

Check (D1). Forp € HZ), put

p= selpp+r  UNKZ)[3=s+1,iP<ill (3.44)
and put mp = p- Then ,,mp, € [0, Jand m, = af)l) aélf by (3.41). Moreover, it

follows from (3.37) that the number , is independent of p, and sois m = mp.
Since bf;l) aél) = p, we have (aél) ,bf)l) ) = (aE,l) + m, bél) + m), and hence

forallj € [1,dp]. Therefore, satisfies condition (D1) with :=(m, + m).
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Check (D2). PutE = {(a¥’,bY’) | p € [1, 1N HZ), j € [1,d,]}. Then E gives a fundamental
domain of the action of Z on , and the set E is in one to one correspondence with the
setF 1([1, 1), by the definition of d,. Hence, wehave E= F ([1, ]) = n by (C1) and thus
condition (D2) is checked.

Check (D3). Note that Claim 1 above implies that
(a,b),(a+1,b+1) e = (a+1lb),(a,b+1) €. (3.46)

Suppose that condition (D3) does not hold. Then there exist (a,b) € and (i, ) € Z>o x
Z>0\{(0,0),(1,0),(0,1)}for which it holds that

(a+i’,b+j)e (i’,j") = (0,0) or (i, j). (3.47)

Fix such (a, b) and (i, j).

First, suppose thatj i = 0. Then by (3.42),i(= j) must be 1. This implies that
(a+ 1,b),(a,b+ 1) € .Thisisacontradiction and hencei | # 0.

Next, suppose thatj i>0.Let(a,b) = (al’,b{)) and (a+i, b+ j) = (a%’,b%).
Notethatp s=j i>0.

If k = 1, then we have aél) al” = i > 0. On the other hand, it follows from the
definitions (3.41), (3.42) of {(ag), bg))}pe,:(z),j c[Ld ,] that ag) > aél) > ag)l) and the equali-
ties hold only ifr = 1ands,s+ 1,...,p 1leHZ) andiél) <i g1+)1 < o< ,(31). This implies
thati = Oand (al},,,b{Y;)) = (a.b+]j’) € forallj’€ [0,]. Thisis a contradiction.

Ifk # 1, then (af Y, b )= (a+i 1,b+j 1)c andhence(a+i, b+j 1)¢
by (3.46). This is a contradiction since (i, ] 1) # (0,0), (i, j).

By similar argument, a contradiction is derived whenj i< 0. This means that

(D3) holds for ,and hence = D}

(m.  +m)- We show that contains no empty rows. It

CIPC

is clear that contains empty rows only if m = 0O, that implies {Z) = Z and i b+ 1

for all p € Z by (3.41). But then it follows that i$” < i{"” and this contradicts (3.37).

Therefore, we have €D ), or equivalently, = //p\ for some (, M) € 3;;” .
Step 4. Define the map T : Z by T(ag), bg)) = ig). Obviously, wehave F= CoT 1.1t

follows from (3.37) and (3.45) that Tis atableauon .Moreover, Claim 1 in Step 1 implies

that T is row-column increasing, namely, T € TabRC(//u\). This completes the proof. N

Form € Z>1, define an automorphism , of Z™ by

m :(m+ +1,1+1,2+1,---;m1+1), (348)
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for =(1, 2,-.., m) € Z™.Let ( 1) denote the free group generated by r, and let
( myactonZ™ xZ" by m-(,W=( m-, m-Wlor(, p) €Z™ xZ™.Notethat( mn)
preserves the subsets jnm’ and 3*m’f of Z™ x Z™.

~

Proposition 3.21. Letm, m’ € [1,n]and , ' € Z>o. Let (, W) € 3;{? and (, )€ Jy ..
The following are equivalent:

(a) CM =cCl forsomeTe Tab*(/u ) and Se Tab™¢(7 ),

(b)y m=m’, = ’and//u\: 1+ (r,r) forsomer € Z,

(c)m=m', = "and(, )= 7, (, W) forsomer €Z. O

Proof. First we will prove (a) (b).

It is easy to see that (b) implies (a). To see that (a) implies (b), recall the proof
of Proposition 3.20, where the relations (3.41), (3.42) together with the initial condition
(3.40) determine the periodic skew diagram ,,, = {(aJ’,by) | p € KZ), j € [1,d,]} and
its period uniquely for each pg € HZ) and r € Z.

Note that
por’ = por t(r' rr’ o) (3.49)
forr, r’ € Z.
Put F= Cr. As in the proof of Proposition 3.20, we putd, = F !(p) for p € KZ),
andletiy’ <ip’ < ---<ip " betheintegers such that p)={ip’ ip ,...,ip "'}
dleti? <P < - <i 9°) be the integers such that F 1(p) = 6,1, ..., it
Put (ag),bg)) = T l(ig)). Then it is easy to see that the sequence {(ag),

bg))}pep(z),j e[Ld ,] satisfies the relations (3.41), (3.42). Therefore, we have

= TYHiD)IpeR2Z), je[Ldy] = por (3.50)

for some pg € HZ) and r € Z. Similarly, we have 7 = pos for somer’ € Z (with the
same pPo € HZ)). Now, it follows from (3.49) that (a) implies (b).

The equivalence (b) (c) follows from Proposition 3.4 and the formula

ol e =T (nn) (reD), (3.51)
which is verified by a simple calculation. [ |

4 Representations of the double affine Hecke algebra

Let F denote a field whose characteristic is not equal to 2.
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4.1 Double affine Hecke algebra of type A

Letq eF.
The double affine Hecke algebra was introduced by Cherednik [2, 4].

Definition 4.1. Letn € Zx>.

(i) The double affine Hecke algebra H, (q) of GL, is the unital associative algebra
over F defined by the following generators and relations:
(1) generators:

+1 41 +1 +1  +1.
tOItll---ytn 1, iX]_ |X2 l---!Xn 1 ’ (4.1)

(2) relations forn > 3:
(ti aq)(ti+1)=0 (ie0o,n 1),
titjty = 14 ¢ (jzijzlmodn),

tit) = tjt; (j;éijzlmodn),

xixpt=x 1% =1 (i €[Ln]), (4.2)
xixp = xx (i,j €[1,n]),
tixiti = oxj+1 (i€[l,n 1)), toxnto =  lgxi,
tixp = xjt; (j #Zi,i+ 1modn),
Xi '=x.1 (ie[ln 1)), Xn L= Ixq,
=1t =1, h=h * (heH(q);

(3) relations forn = 2:

t @)tir)=0 (i)

=t =1 te tst, ot T=to,
xix; t=x x =1 (ie[1,2), X1X2 = XoX1,
(4.3)
tiXat: = gXz, toxato = gxq,
X1 =X, x2 t= I,

1o 1z1 Hphzh H o (hefiy().
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(ii) Define the affine Hecke algebra H,, (q) of GL, as the subalgebra of H,, (q) generated by

{tOItly---atn 1, il}‘

Remark 4.2. It is known that the subalgebra of H, (q) generated by
ti,ta, .o th 1, X X5, xET (4.4)

is also isomorphic to Hy, (q).

n

For = ., i i+ cC*EF’,put

X = X' X% X c. (4.5)

Let X denote the commutative group {x | € P} C H,(q). The group algebra
F[X] = Fixit, x5, ..., x#t, *1]is a commutative subalgebra of H, (q).

Forw € W with a reduced expressionw = 's;,si, ---Si,, put
tw = rthtiz-”tik. (4.6)

Then ty, does not depend on the choice of the reduced expression, and {tw },, o,y forms a
basis of the affine Hecke algebra H, (q) C Hy ().

cp and {X ty}

It is easy to see that {ty x } wew, ep» respectively, form basis

wEW,
of H, (q). In particular, we have following.

Proposition 4.3. H, (q) = H, (qQ)F[X] = F[X]H, (q). O

Define an element ; of H, (q) by
i=t(1 x 9)+1 q (iefo,n 1). (4.7)
By direct calculations, we have the following.
Lemma 4.4. The following hold in H, (q):

i 7= i (,je[o,n 1], j#i+1lmodn),
i ji= i (,ieon 1], j=i+lmodn), (4.8)
2=(1 gx )1 ax ) (ielon 1. O

Forw € W with a reduced expressionw = 'sj, s, -S,,put
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Then , does not depend on the choice of the reduced expression by Lemma 4.4. For an
Hy (q)-module M, the element , € Hy, (q) is regarded as a linear operator on M, and
is called an intertwining  operator .

The following formula follows easily.
Lemma45. ,x =x%() , foranyw e Wand €P. O

Lemma 4.6. Forw € VV,

w = tw (1 x )+ tyfy (4.10)

ER(w) yeW, y <w
for some fy € F[X]. O
Proof. The proof follows from the expression (2.17) of R(w) and induction on | (w). [ |

Let X* denote the set of characters of X:
X* = Homgroup (X, GL1 (F)). (4.11)

Consider the correspondence P X* which maps € P to the characterq € X* defined
by

a(x)=a'l 7 (emn), a()=q'", (4.12)

or, equivalently, defined by q (x ) = ¢! ) (€ P). Through this correspondence, P is
identified with the subset

exX*| (x)eqg®(v eP) (4.13)

of X*, where q” = {q" |r € Z}.
For an H, (q)-module M and & P, define the weight space M and the general-
ized weight space M 8" of weight with respect to the action of F[X] by

M = veM |(x q<\v>)\/:0forany epP

. 4.14
M 8 = U veM | (x q<‘v>)kv:0forany epP . (.14)

k>1

For an H, (q)-module M, an element ¢ P is called a weight of M if M 7 0, and an
elementv € M (resp., M ") is called a weight vector (resp., generalized weight vector)

of weight .
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The following statement can be verified by direct calculations.

Proposition 4.7. Let M be an H, (q)-module. Let < Pandv € M . Then the following
hold, for allw € W:

() wM CMy( and M5 CMER

(i) w1 wv= erw) (1 gttt v>)(1 gt (1 . O
For eF’,put
Z = weW|(|V)E{ LYV eRw) . (4.15)

Note thatZ | = Z'T/u for(, p) € j”m and T € TabRC(Tu\).

As a direct consequence of Proposition 4.7, we have the following.

Proposition 4.8. Suppose that q is not a root of 1. Let M be an H, (q)-module and € P.
Forw € Z , the map

w .M — MW( ) (4.16)

is a linear isomorphism. O

4.2 X-semisimple modules

Remark 4.9. Throughout Section 4.2, the lemmas and propositions are still true and re-
quire almost no modification of their statements or proofs, even if is not an integer or
if g is a root of unity. However, we impose these restrictions so that the combinatorics
developed in Section 3 describes the structure of the X-semisimple modules. When we
relax the condition € Z but still require q generic, one can extend the combinatorial

description with appropriate reformulation.

Fixn € Z>,.Letq € F and suppose that g is not a root of 1.
Fix €ZandputP =P+ c*={ €P|( |c)= }

Definition 4.10. Define O%(H, (q)) as the set consisting of those H, (q)-modules M which

is finitely generated and admits a decomposition

M=Mm (4.17)

with dimM < forall eP.
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We say that a module M € O°%(H, (q)) is X-semisimple .
In the following, we will see some general properties of Hn(q)-modules in

0% (Hn (q)). The results and argument used in the proofs are essentially the same as those

for the affine Hecke algebra (see, e.g., [9]).

Lemma4.11. LetM € O*(H, (q)).Leti € [0,n 1]andlet €P besuchthat( | )= 0.
Then M = {0}.

Proof. Suppose that there existsve M \{0}. Then we have

(x © tiv=2(1 q)v¥0,
.18
(x 1)2tiv: 0. (4.18)

This implies tjv € M®"\ M , which contradicts the assumptionM = @ , M . [ |

Lemma 4.12. Let L be an irreducible H,, (q)-module which belongs to O**(H, (q)). Let v be

anonzero weight vector of L. Then L = F wv. O

wewW

F wv CL.Sincel = ; Fty v by Proposition 4.3, it is enough

Proof. PutN = W ew wew

to prove that t,, v € N for allw € W. We proceed by induction on | (w).

It is clear thatty v € N for w of length zero.

Let k € Z>; and suppose thatt, v € N forallw € W with [ (w) < k. Takew € W
with a reduced expressionw = 'sj,s;,---s;, (and hence I(w) = k). By Lemma 4.6, we
have ,v= xeW, x<w Gwx txV with some coefficients gux € F.
Ifgw 7 O, thentyv=g9, ( wV «<w Gux txV) € N.

Suppose gww = 0. By Lemma 4.6, this means

1 o'l M=o, (4.19)

ER(wW)

where € P isthe weight of v. Hence, there exists p € [1,k] such that

1 q'! M) +o, 1 q‘! M=o (4.20)
€R(y) €ER(si,Y)

wherey = s; ,,Si,., S, Thisimplies ( |y *( V))= (y( )| )= 0.By Lemma4.11,

I'p

we have Ly )= Oand hence yv=0.
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Let yv = Oyx txV with gyx € F. Multiplying the equality v = 0by

er,xjy
"ti, ti, -~-tip,wehave

Oy twV = Oyx titi, -t txv. (4.21)

X<y
Note that g,y = cry)(X gt ")) # 0by (4.20), and it is easy to verify that the right-
hand side of (4.21) is in N using the induction hypothesis. Therefore, t, v € N. [ |

For <P ,let W[ | denote the stabilizer of :
W[]= weW]|w()= . (4.22)

Lemma 4.13. Let L be an irreducible H, (q)-module which belongs to O**(H, (q)). Let be
aweight of Landletve L . Then ,v= OforallweW][ |]\{1}. O

Proof. Letw € W[ ]\{1} with a reduced expressionw = 's; s;,---Si,.

PutR ]={ eR|( | V)=0}

Then, R] | is a subroot system of Rand W[ ] is the corresponding Coxeter group.
Moreover, it follows that a system of positive (resp., negative) roots is given by R | N R*
(resp., Rl ]NR ).

Therefore, forw € W[ ]\ {1}, there exists a reflections ( € R[ ]NR")such that
w( )eR ]JNR CR.

Now, Lemma 2.2(ii) implies that there exists p € [0,n 1] such that ws

I’Si]Siz“-Sip 1Sipe 1 " Siy- Putting Y = Si,.:Si,., Si,, We have < |y 1( \/)> =

Ip

(y( )| )= 0.Lemma4.11 implies thatL,( ) = Oand hence , V= TSi, S, 8t

I'p

yVv=0.
u

P

Proposition 4.14. Let L be an irreducible H, (q)-module which belongs to O%(H, (q)).
Then dimL < 1forall e€P . O

Proof. The proof follows directly from Lemma 4.12 and Lemma 4.13. |

Lemma 4.15. Let L be an irreducible H, (q)-module which belongs to O**(H, (q)). Let be
aweightof Landleti € [0,n 1]suchthat( | Y)e€{ 1,1}. Then ;v=O0forvelL . O

Proof. Suppose ( | )= +landletv € L \{O}. Suppose ivF 0.PutW’' = {w ¢ W |
ws; € W[ J}. Then it follows from Lemma 4.12 that

aw w V=V (4.23)
wEW /

for some {aw € F}, ¢y /-
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For w € W' such that I(ws;) < | (w), we have , = s, i. Proposition 4.7(ii)
implies that

w iV osw iZVZ SiW(l q1+<‘iv>)(1 ql tl Y>)V (4.24)

anditisOas( | V)= L
Forw € W' such that | (ws;) > 1 (w), wehave , V= s,v= 0byLemma4.13.
Therefore, the left-hand side of (4.23) is 0 and this is a contradiction. [

4.3 Representations associated with periodic skew diagrams

In the rest of this paper, we always assume that g is not a root of 1.
Letn € Zzz, m € Zzl’ and € Zzo.
For (, ) € 3”m , set

Vi,w= P Fvr (4.25)

TETabRe(/p )
Define linear operators %; (i € [1,n]), ,andf; (i €[0,n 1])onV(, u)by

sivr = q°T0vr,

Vi=vr,
1+ —
L a9 i TeTabo(n), (4.26)
~ 1 g+ ™ 1 gt
tivr
1 q . RG, 7
-V ifsT¢ Tab ™ (/n ),
1 qt¢
where
i=Cr(i) Cr(i+1)={(1] i\/> (ie[O,n l]). (4.27)
The following lemma is easy and ensures that the operator t; is well defined.
Lemma4.16. Cr(i) Cr(i+ 1) # Oforanyi € [0,n 1 andT € TabRC(//u\). O

Theorem 4.17. Let (, W) € jﬂ] . There exists an algebra homomorphism , :H,(q)
Endr(V(, W)) such that

(4.28)
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Proof. The defining relations of H,, (q) can be verified by direct calculations (see [9], for a

sample of calculation for the affine Hecke algebra). [ |

Note that the Hy, (q)-module V(, p) for (, p) € 321’ belongs to 0°%(H, (q)) with
= +m.

Theorem 4.18. Let (, Y1) € 3{}1' .
(i) V(, W) = B cpapre i V(. W) ,,andV(, p) = Fr forall T € Tab"*( /),
(ii) The H, (q)-module V(, W) is irreducible. O

Proof. (i) The proof follows directly from Proposition 3.16.

(ii) Let N be a nonzero submodule of V(, p). Since N contains at least one weight
vector, we can assume that vy € N forsome T € TabRC(Tu\). -

Let S e TabRC(//u\). By Theorem 3.19, there exists wg € Z{“ such that S= wsT.

PutVs = vt € N. Since the intertwining operator

we VO, = VG Wy = VR (4.29)

is a linear isomorphism by Proposition 4.8, we have Vs € V(, |) s ({0}

Now, it follows from (i) that @SETabRC(E ) FVs = V(, ). Therefore, we have N D

V(, n)and hence N = V(, p). Therefore, V(, p) is irreducible. [ |

4.4 C(Classification of X-semisimple modules

Fixn € Z>, and € Z>,.Letq € F and suppose that g is not a root of 1.
Our next and final purpose is to show that the modules \7( , M) we constructed in

Section 4.3 exhausts all irreducible modules in O**(H, (q)).

Lemma 4.19. Let L be an irreducible H, (q)-module which belongs to O**(H, (q)). For any
weight € P oflLandi,j € Zsuchthati<j and

(1 iy=0o, (4.30)
thereexistk, €[i+ 1,j 1Jandk e€[i+1,j 1]suchthat

(lwo)=1 (1&)=1 (4.31)

respectively. O
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Proof. We proceed by inductiononj .

For any weight of Landi € Z, we have ( | ) # 0 by Lemma 4.11. Therefore,
we have nothing to prove whenj i = 1. Letr > 1 and assume that the statement holds
whenj i<r.

In order to complete the induction step, it is enough to prove the existence of k1
for aweight ofLandi, j € Zsuchthatj i=rand

keli+1j 1I{( | ¥)=0 =a. (4.32)

Fix a nonzero weight vectorv e L .

Case 1. Suppose( | ') = +land ( | ;) = +1. Then the statement holds with k. =
j landky=i+1

Case2. Suppose ( | /)= land( | ;)= L Thenwehave( | \y ,)=0TIfi+17
j 1, thenthereexistk’ € [i+1,j 1 suchthat( | Y ,.)= 1 andhence( | \,) =
(1 )+ (| Y )= 0.Inthis contradicts the choice (4.32) of i, j. Therefore we have
j i=2 Thiscase,wehave( | Y)= land( | %)= 1 Hence, Lemma 4.15 implies
that jv=0and ;.iv= 0, whichgivestjv= gvandtj.;v= Vv, respectively. Butthen we
have

a2V = titie 1tV = tisatitie v = qV, (4.33)

and this is a contradiction as q is not a root of 1. Therefore, this case is not possible.

Case 3. Suppose ( | /)= 1land( | ;)= 1 Asimilarargument asin Case 2 implies

that this case is not possible.

Case 4. Suppose {( | ) # 41 Then ;v 7 O by Proposition4.7 and hence s;( ) is a
weight of L. By (si( )| i\ﬁlj> = 0, the induction hypothesis implies that there exists
keeli+2j 1suchthat( | i )=(si( )| %.)= F1 Hence the statement holds.

Case 5. Suppose ( | JV ;) 7 £1. Then ; 1v ¥ O and a similar argument as in Case 4
implies that there exists k+ € i + 1,j 2] suchthat ( | i )= FL

This completes the proof. [ |

Theorem 4.20. Letn € Z>; and € Z>;. Let L be an irreducible H, (q)-module which be-
longs to O**(H, (q)). Then there exist m € [1, Jand (, M) € j,*;]” m such thatL = V(, p).
d
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Proof

Step 1. Let €P beaweightofL.DefineF :Z ZbyF (i)=( | V)(i € Z).

It is easy to see that F satisfies condition (C1) in Proposition 3.20, and the ex-
istence of ky in condition (C2) follows from Lemma 4.19. Note that the uniqueness of
ks in (C2) follows automatically from the condition that [i, j] N F *(p) = {i, j}, setting
p = F (i) here. Suppose, without loss of generality, that there were another choice of k', ,
with ky < k. It follows ( | Q/ik’ﬁ = 0, and applying Lemma 4.19 here gives the ex-
istence of an i’ between ki and k/, and hencei < i’ < j with ( | ,) = 0. This gives
i’ € F (p), acontradiction.

Therefore, Proposition 3.20 implies that there existm € [1,n], T € Tab(//p\), and
(,we jﬁ{‘ m such that F = Cr, or, equivalently, = 7.

Step 2. Recall thatZ = ZT/“ .Takeu € L \{0O}. Foreachw € iT/” , put

w (1 ql+< | \/>),
ER(W) (4.34)

— 1
Uy = o wU.

Here, note that , # Oandu,, # Oforallw € ZT/” by Proposition 4.8.
Put N = wese F wu = wez'f/“ Fuy C L. Sinceuy € L . and each weight

space is linearly independent by Proposition 3.16, we have N = P Fuy .

wezl/*
By Theorem 3.19, one can definews € Z'T/? by S= wsTforallSe TabRC(//p\), and
define a linearmap :V(, 4) Lby (Vs)= uw, (S€ TabRc(//u\)). It is obvious that is
injective and its image is N.
Let us see that isan H, (q)-homomorphism. -

Letw € ZT/“ .Leti € [0,n 1] besuchthatl(siw) <I| (w). Then we have sw € ZT/“
and o = (1 gl {(lsw) ")) s.w - Therefore,

iUy = Wl i wU= Wl |2 s;w U
(1 ql+<SiW< )l Y>)(1 ql (siw ()l :/>) wl swu (4.35)

‘ Vv

(1 ql+<W( ) i>)uSiW-

Leti € [0,n 1] be such that I(ssw) > | (w). If sw ¢ Z* | then ( |w I( ¥)) = +1and
1 !

hence juy = ObyLemma4.15.Ifsjw € ZT/“ ,thenwe have s, = (1 ¢ w7 ( Y>>)
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and
iUy = Wl i wu= wl s;wUu
(4.36)
=@ g™l D ug .
Therefore, in both cases, we have
(1 qi+o0) ¥>)Usiw (Siwez'#‘ )
iUy = - (4.37)
0 (swezd ).
This implies
_ RC _—
(tivs) = ti (vs) (I €[0,n 1], Se Tab(/u )). (4.38)
Moreover, it is easy to see that
(xivs) = xi (vs) (i €[1,n]), (vs)= (vs), (vs)= (vs)  (4.39)

forall S € TabRC(//u\). Therefore, is an H, (q)-homomorphism and it gives an isomor-
phism V(, u) = N of H, (q)-modules. Since L is irreducible, we haveL= N = V(, p). H

Corollary 4.21. Let L be an irreducible H, (q)-module which belongs to O**(H, (q)). Let

v € L be a nonzero weight vector of weight € P . Then

L= P F v, (4.40)
weZ,
and ,v¥ OforallweZ . O

Theorem 4.22. Letm,m’ € Z>1 and , ' € Z>g.Let (, M) € 3,’;]” and (, )€ j;”,v .. Then
the following are equivalent:

@V w=V( ),

(b)y m=m’, = “and /p =/ + (r,r)forsomer € Z,

(c)m=m', = "and(, )= |, -(, n)forsomer € Z. O

Proof. The proof follows from Step 1 in the proof of Theorem 4.20 and Proposition 3.21.
[ |

Let IrrO*(H, (q)) denote the set of isomorphism classes of all simple modules
in O%(H, (q)). Combining Theorems 4.20 and 4.22, we obtain the following classification

theorem, which is announced in [5] in more general situation.
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Corollary 4.23 (cf.[5]). Letn € Z>, and € Z>;. The correspondences (, [) //u\ and
(, W) V(, ) induce the following bijections, respectively:

L] D@ of/Z1) = || @@ ol ow) S IOt (Ha(q).  (4.41)

melL, ] mefL, ] (]

Remark 4.24. We gave a direct and combinatorial proof for Theorems 4.20 and 4.22 and
Corollary 4.23 based on the tableaux theory on periodic skew diagrams.

An alternative approach to prove these results is to use the result in [10, 11],
where the classification of irreducible modules over H, (q) of a more general class is ob-
tained. Actually, it is easy to see that the H,, (q)-module V(, ) coincides with the unique
simple quotient L(, u) of the induced module M (, p) with the notation in [10].

Remark 4.25. It is easy to derive the corresponding results for the degenerate affine

Hecke algebra by a parallel argument.

Remark 4.26. There exists an algebra involution :H,(q) Hp(q) such that
(4.42)

The composition , o :Ha(q) V(, W) gives an H, (q)-module structure on V(, W) on
which actsasascalarq ™.WeletV (, ) denote this H, (q)-module. The correspon-

dence (, p)+ V (, p)induces a bijection

|| G w/{ m)— IrO™ (Fa(q)) (4.43)

me(l, |

forall €Zy;.
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