
115 Homework 4 Solutions

Due Friday October 29

Question 1 Definition: if � is prime and ����� � while �����
	��
� we say that ��� divides� exactly and write ����� � . (Rosen 3.4.12) Show that ������� ������������� ��� .
Solution If ������� � then � ������� where �����! Then �"����� and we have ���#�� �$� � � and we see that � ��� ��� � �
Question 2 (Rosen 3.4.17,18) Find all �&%&' such that �!( ends with 74 zeros (in
base ten). Show �!( never ends with 153, 154 or 155 zeros.

Solution i) Suppose that �!( ends with exactly 74 zeroes. Then )�*,+.-0/1*32 �5476 *32 � �!(8 
Since there are more multiples of 2 than 5 in 4:9 / 9; < < �9�� we need only concern
ourselves with the fact that ) *32 ��� �.(� Thus(by exercise 3.4.12) we need to find an �
such that =?> �A@B�DC )?EGF @B�DC )1H�E�F @I�JC )?K$EGFL-7-7-  By direct calculation,

@BM:6:6�C )?E�F @NM:616�C ) H E�F @BM:6:6�C ) K E �PO:6 F M /QFR/ � =S>
It follows that M:6:6T(89UM:6T41(�9UM16 / (89 and M:6 > ( all end with exactly 74 zeroes.

ii) The number of zeroes at the end of �!( equals the number of 5’s in the prime fac-
torization of �.(� This is clearly an increasing function of �! There are V KW$X 	 @NO /S> C ) W E �4 /?>YFZ/?>YF[> �54 ):/ zeroes at the end of the expansion of O /S> (8 However, since ):2
divides 625, we see that there are 4 ):/�F\> �54 ) O zeroes at the end of the expansion
of O /:) (8 It follows that there cannot be 153,154, or 155 zeroes at the end of the
expansion of �!(8 
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Question 3 (Rosen 3.5.4 a,c,e) Use Fermat’s method to factor 8051, 46009 and
3,200,399.

Solution a) The smallest square greater than 8051 is � 6 H ���G476:6T We see that� 6 H�� �16 ) 4 � >�� � = H 9 so that �:6 ) 4 � � 6 H�� = H ��� � 6 F =
	 � � 6 � =
	 � �:= - �:MT 
c) The smallest square greater than 10897 is 476 ) H  But the smallest integer � such
that ��H � 476
� ��= is a square is � � M /��  So we get that M /��:H � 476�� ��= � ��= M >1> �MT4 /SH  Then 476�� ��= ��� M /�� � MT4 /�	 � M /��QF MT4 /
	 �54 =�- O > 4: 
e) The smallest square greater than 3200399 is 4 = � ��H  But the smallest integer �
such that ��H � M / 6:6:M �
� is a square is � � 4
�:6:6G So we get that 4
�:6:6 H � M / 6:61M �
� �M � O:6T4 �A4 ���1H  Then M / 6:6:M �
� ��� 4
�:616 � 4 �
��	 � 4
�:616 F 4 ����	 �A47O:6G4 - 4 �
�
�  
Question 4 (Rosen 3.5.20) Find all primes /:H��QFR) where � F 4 %"' .

Solution We have / H�� FA) � =  This is the only prime of the form / H � since
/SH�� F )�� � / � M 	 H�� F5)�� � � 4 	 H�� F )�� 4 F )�� 6 (mod3) when ��� 4: 
Alternatively, notice that / H ���
� � / H � ��� / H �
	 H � / H � � / H ���?/ H � � 4
� . But it is

easy to show M
� /SH � � 4 by induction because /1H � � 4 ��� /SH ����� � 4 	 � /SH � �!� F 4 	 .
Question 5 (Rosen 3.6.14) A piggy bank contains ":/ made from 24 coins which
are nickels, dimes and quarters. What combinations of coins are possible?

Solution Suppose that there are # nickels $ dimes and % quarters. Since there are
24 coins in the piggy bank, we know that ##F&$ F'% � /S>  Since there are two
dollars in the bank we know that )(# F 476 $ F /:)�% � / 6:6T Multiplying the first
equation by 5 and subtracting it from the second yields )!$ F / 6 % �)�16T Dividing
both sides by 5 give $YF�>�% �A47OT The solutions to the linear diophantine equation
are $ � 47O � >�* 9 % � * where * is a positive integer. There are 5 nonnegative
solutions for 6,+ * + >  We have $ � 47O and % � 6 which gives # �-�T9 $ � 4 /
and % � 4 which gives # � 4:4 , $ ��� and % � / which gives # � 4 > , $ � >
and % ��M which gives # � 4 = 9 $ � 6 and % � > which gives # � / 6T Hence
the solutions are 8 nickels, 16 dimes, and 0 quarters; 11 nickels, 12 dimes, and 1
quarter; 14 nickels, 8 dimes, and 2 quarters; 17 nickels, 4 dimes, and 3 quarters;
and 20 nickels, 0 dimes, and 4 quarters.
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