
115 Homework 6 Solutions

Due Friday November 12

Question 1 (Rosen 4.2.10) Find all integers
�����������

which have an inverse
modulo 14 and compute it when it exists.

Solution The integers
�

with inverses modulo 14 are exactly those that are rel-
atively prime to 14. Therefore, 1,3,5,9,11, and 13 all have inverses modulo 14.
For each of these integers

�
	
relatively prime to 14, we must solve the congruence����
��

(mod 14) to find each
�
’s inverse modulo 14. We have that 1 and

����
����
(mod 14) are both their own inverses. The solution to

����
��
(mod 14) is

������	
so that

���
�����! 
Note then that

���
�"�#�$ 
Likewise,

����
%���
and

�&�'
)(
(mod

14) are inverses of each other modulo 14.

Question 2 (Rosen 4.3.4d) Solve the system of congruences
��
+*

mod 11,
�,
-�

mod 12,
��
-�

mod 13,
�,
+�

mod 17 and
��
-.

mod 19.

Solution Using the Chinese remainder theorem, we have / �0����1!��*�1$����1��32�1
��(4�5�6�7�8*6.�9!	 / � � /;: �6���5�7<���9�9$	 />= � /;: �3*4�?�@.!��9�($	 /4A � /;: ���>��8*7.���.$	 /CB � /;: �32,�#�@*6.6<6�D	 />E � /;: ��(,��*6($�32�*� To determine F � we must
solve / � F � ���6<6��9�9 F � 
G� (mod 11), or equivalently H �7<���9�9��I�8�696<�1$�6�3J F � 
9 F � 
)� (mod 11), which yields F � �K2! To determine F6= we must solve />=LF6= ��@.!��9�( F7= 
M� (mod 12), or equivalently H ��.$��9�(N�O�696�@(N1
�3*�J F�= 
 F6= 
P� (mod
12), which yields F�= �%�6 To determine F6A we must solve />ALF6A �Q�8*6.6��. F6A 
G�
(mod 13), or equivalently H �8*6.���.R�S�@*�26(R1T���@J F�A 
U( F6A 
 �

(mod 13), which
yields F6A � �$ 

To determine F7B we must solve /4BLF7B � �@*7.�<6� F�B 
 �
(mod

17), or equivalently H �@*6.�<7�N�;�@*626(V1D�326J F6B 
W�3� F�B 
?� (mod 17), which yields
F�B �#9$ Finally, to determine F6E we must solve /�ELF7E �#*6($��2�* F6E 
G� (mod 19),
or equivalently H *7($�32�*X�4�3�6���X1Y��(�J F�E 
+2 F6E 
�� (mod 19), which yields F�E ������ 
Thus we have that

�,�Z*[1 / � 1\2^]_�`1 />= 1a�b]_�`1 />A 1c�^]��[1 /CB 1c9^]�.`1 />E 1a�����S�8�697�D�3�6�d
��3�7<�(�(�(
modulo M.
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Question 3 (Rosen 4.3.12) Ancient Indian eggs are removed from a basket, 2,3,4,5
and 6 at a time and there remains, respectively 1,2,3,4 and 5 eggs. But if the eggs
are removed 7 at a time, none remain at the end. What is the smallest number of
eggs that could have been in the basket?

Solution Let’s rewrite the problem in a more mathematical way. Letting
�

be the
total number of eggs we want to solve the following system of equations:

�C
%�
(mod 2),

�>
�*
(mod 3),

�4
#�
(mod 4),

�4
Q�
(mod 5),

�4
)�
(mod 6),

�>
�<
(mod 7), but the moduli are not pairwise relatively prime. Note that if

�,
+�
(mod

6) then it satisfies the congruences
�C
0�

(mod 2) and
�C
#*

(mod 3) so that we
can eliminate the congruence

� 
%�
(mod 6) from our system. Now we are left

with 5 congruences, but two of the moduli, namely 2 and 4, are still not relatively
prime. Let us examine the system of congruences without the congruence modulo
2. So our system looks like:

� 
P*
(mod 3),

�O
5�
(mod 4),

� 
W�
(mod 5),�Z
 <

(mod 7), and now we can use the Chinese remainder theorem since we
have a system where all the moduli are pairwise relatively prime. So we have
/ ���V16�V1@��1�2 ���@*6<$	 / � � /;: �,���Y�@<$	 />= � /I: ��� ��<@�!	 /4A � /I: �,�96�$	 /4B � /;: 2 �#.�<! To determine F � we must solve / � F � � ���@< F � 
�� (mod
3), or equivalently

* F � 
M� (mod 3), which yields F � �?*� To determine F�= we
must solve /�=LF7= �%��<@� F6= 
?� (mod 4), or equivalently F�= 
�� (mod 4), which
yields F6= � �6 

To determine F6A we must solve /�A F7A �P96� F7A 
 �
(mod 5), or

equivalently
� F6A 
 �

(mod 5), which yields F�A �W�$ To determine F7B we must
solve /4BaF�B �K.�< F7B 
0� (mod 7), or equivalently

� F6B 
0� (mod 7), which yields
F�B �Z*! Thus we have that

���-*"1 / � 1�* ] � 1 />= 1��X] �d1 />A 1���] < 1 /4B 1�*��Z*�*!��(�
��6��(
modulo M. Note now that

���K�6��(
also solves the first congruence since

����(�
��
(mod 2), which concludes the problem.

Question 4 (Rosen 6.1.2) Show
�3* � ] �

is divisible by 13 by grouping pairwise
inverses modulo 13 appearing in 12!.

Solution Note that
�3* � ]K�_� H �3J H * 1!2�J H � 18(@J H � 1
��<@J H �N1!9�J H . 1
����J H ��*�J[]K��


H �3J H �3J H �3J H �3J H �3J H �3J H ���3JT] ��
+< (mod 13). Therefore
����� H �3* � ] ��J  
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