
115 Homework 7 Solutions

Due Friday November 19

Question 1 (Midterm déja vu.) Prove that the system of congruences

������� mod � �	��
�


���������� mod � ���

has a unique solution modulo � ��
�
�
 � � when � ����
�
�
�� � � are pairwise relatively
prime.

Solution Let
� � � � ����������� � and

� ��� �"! � � 
 Now we see that � ���� � �$#%�'&(
�
�
)�*� � �+#,� where
� � # � � - (mod � � ) is indeed a solution since

to the system of congruences since every summand of � has a factor of � � ex-
cept � ���/. # � so that �0�1� ��� � # � �2� ��3 -�45�2� � (mod � � ). Now we prove
uniqueness: Assume there are 2 solutions, � and # to the above system of con-
gruences. Then �(� #6� � � (mod � � ) for 7 � -*��
�
�
��)8 . This impies that
� �:9;3 ��<=#>4 for 7 � -*��
�
�
���8 and since all the � � ’s are relatively prime we have
that � � ����������� � ���?9@3 �A<B#>4DC1�5��# (mod

�
). This shows that the solution� of the system of congruences is unique modulo
� 


Question 2 (Rosen 6.1.10) What is the remainder when E �GFGFGF is divided by 11?

Solution From Fermat’s little theorem, we know that E
� F � - (mod11). Then

E �GFGFGF � 3 E
� F 4 �GFGF �H- �GFGF �I- (mod 11). Therefore the remainder is 11.

Question 3 (Rosen 6.1.34) Show that if J is prime and KML"7�L J , then

3 J < 7 4ON 3 7 <P-�4�N%� 3 <Q-R4
�

mod J 


Solution We have
3 J < 7 4�N 3 7 <P-R4�NS� 3 < 7 4 3 < 3 7 &T-�4�4 ����� 3 < 3 J <P-R4�4 3 7 <P-R4�NS�3 <U-R4WV�X � 3 J <=-�4 3 J <ZY[4 ����� 3 7 &"-R4 3 7 4 3 7 <\-R4�N:� 3 <U-R4WV�]

� X � � 3 <Q-R4 � (mod J ), by
Wilson’s theorem, and where we have used the fact that J &^- is even.
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Question 4 (Rosen 6.1.40,41) Utilize the fact that if J is prime and K/L(7=L�J
then J 9�� V ��� to show that integers � and � obey

3 � & � 4 V � ��V�& � V mod J . Now give

an inductive proof of Fermat’s little theorem.

Solution (40) We have
3 � & � 4 V ��� V ��� F � V �	� �RV�X � � � ����V � F & K & K & ����� & � F � V �

��V & � V (mod J ) since
� V � � � K (mod J ) for -�
 7 
 J <P-*


(41) We first note that -)V �I- (mod J ). Now suppose �RV �0� (mod J ). Then from
above we see that

3 � &0-R4 V�� ��V &0- (mod J ). But by the inductive hypothesis��VU�H� (mod J ) we see �RV & -Q�H� & - (mod J ) . Hence
3 � & -R4 VU�H� & - (mod

J ). This completes the inductive step of the proof.

Question 5 (Rosen 6.2.2) Show ��
 is pseudoprime base -�� and -�� .
Solution Note that -���� � -�� � � - (mod 45). Then, -���� 
 � -������ �G� -�� � - �G� -�� �-�� (mod 45), and -������ � -�� � � �G� -�� � - �G� -��5� -�� (mod 45). So 45 is a pseudo-
prime to the bases 17 and 19.

Question 6 (Rosen 6.2.20) Show all Carmichael numbers are squarefree.

Solution Let � be a Carmichael number and suppose there is a prime J such that� � J��W� � with
3 J � � 4 � - and � � YS
 Let � � � be a solution to the system of

congruences � � J � X � & - (mod J � ), � � - (mod � ). Then since
3 � � J 4 � - and3 � � � 4 � -[� we have that

3 � � � 4 � -*
 If it were the case that � � - (mod � ), then
we would have � �H- (mod J � ), a contradiction. Therefore �"!� - (mod � ). On the
other hand, note that �$# � 3 J%� X � & -R4 # � 3 J�� X � 4 # & � 3 J�� X � 4 # X � & ����� & �SJ�� X � & - �H-
(mod J�� ), by the binomial theorem and the fact that J 9 � � so J&� divides every term
but the last. Also � # �I- (mod � ), so that by the Chinese remainder theorem, we
must have ��# �?- (mod � ). Since

3 � � � 4 � - and �'!� -U� ��# (mod � ), � is not a
Carmichael number. Therefore � must be squarefree.
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