
250A Homework 10

Solutions by Jaejeong Lee

Question 1(Internal direct sum/product) Show that if a ringR = J1 + · · · + Jn

and the idealsJi
∼= Ri for ringsRi andJi ∩

∑
j 6=i Jj = {0}, thenR ∼= ⊗n

i=1Ri.

Solution Defineϕ :
∏n

i=1 Ji = J1 × J2 × · · · × Jn −→ R by

{ai} = (a1, a2, . . . , an) 7−→
∑

ai = a1 + a2 + · · ·+ an

and letai, bi ∈ Ji for 1 ≤ i ≤ n.
(i) ϕ preserves additive structure:ϕ({ai}+ {bi}) = ϕ({ai + bi}) =

∑
(ai + bi) =∑

ai +
∑

bi = ϕ({ai}) + ϕ({bi}).
(ii) ϕ preserves multiplicative structure:ϕ({ai}{bi}) = ϕ({aibi}) =

∑
aibi =∑

ai

∑
bi = ϕ({ai})ϕ({bi}), where the third equality follows fromaibj ∈ Ji ∩

Jj = {0} wheneveri 6= j.
(iii) ϕ is injective: Supposeϕ({ai}) =

∑
ai = 0. Then, for eachi, we have

ai = −
∑

j 6=i aj ∈ Ji ∩
∑

j 6=i Jj = {0} and thereforeai = 0.
(iv) ϕ is surjective: This is obvious fromR = J1 + · · ·+ Jn.
From (i)-(iv), we concludeϕ is an isomorphism of rings andR ∼=

∏n
i=1 Ji. (cf.

Theorem 9 [p171, Dummit & Foote])

Question 2Look up Zorn’s lemma on partially ordered sets (e.g. Dummit and
Foote Appendix I). LetR be a ring with 1 and at least one proper ideal (an ideal
other thanR or {0}). Now prove thatR has a maximal proper ideal (i.e. not
contained in any other proper ideal)1.

SolutionThe proof goes exactly the same as that of Proposition 11 [p254, Dummit
& Foote].

Question 3Frobenius homomorphismLet R be a commutative ring with identity
and prime characteristicp. Show that the map

ϕ : R −→ R, , r 7−→ rp ,

1Hint: study “chains” in{A|I ⊆ A ⊆ R} for some proper idealI.
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is a ring homomorphism.

Solution See Proposition 35 [p548, Dummit & Foote], whose proof actually
works for a commutative ring with identity of characteristicp. The field axiom is
used only when to show injectivity.

Question 4Find all ideals inZ.

Solution See Examples (2) [p243, Dummit & Foote] and Examples (2) [p252,
Dummit & Foote]. Recall also Theorem 7 [p58, Dummit & Foote].
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