250A Homework 2

Solution by Jaejeong Lee
Question 1Let G be a group and supposé = 1 Vx € G. Prove that7 is abelian.
Solution Leta, b € GG. By assumption, we have
aba 07! = aba" b (ba)? = ab’a = a® = 1,

that is,ab = ba. Thus,( is abelian.

Question 2Let G = {z4,...,x,} be afinite abelian group. Prove

(21 -1,)* = 1.

Solution Note that the map : G — G defined byl (g) = ¢! is a bijection. (Itis
an isomorphism in case G is abelian.) Siki¢es abelian, we have

Question 3Find all groups of order 7 or less.

Solution Groups of prime order are cyclic by Corollary 10 [p90, Dummit &
Foote]. Supposé| = 4. If G has an element of order 4, théhis isomor-

phic to Z,. If there is no element of order 4 i@, then every nontrivial elements

of G have order 2 and- is isomorphic to the Klein 4-group;. Now suppose

|G| = 6. As before,GG is isomorphic toZs or G has an element of order 3. (If
every nontrivial elements af have order 2, consider) for somel # a € G.

By Question 1(7 is abelian and thu&:) is normal inG. Now the quotient group
G/{a) is of order 3 and hence cyclic, but it has no order 3 element; a contradic-
tion!) Consider(r), which is normal being of index 2, and let ¢ (r). Since
G/(r) = {{r),m(r)} = {(r), (rym}, m cannot be of order 3, that ign| = 2,
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and we have (1ynr = rm or (2) mr = r?m: (1) G is abelian and is isomorphic
t0 Zy X Z3 ~ Zs, Q)G = (r,m | r* =m? = 1,mrm™ ' =r~1) ~ S5~ Ds. In
summary, groups of order 7 or less arel}, Zs, Z3, Z4, Vi, Zs5, Zs, Sz, Z7.

Question 4Let R™ andR* be the group of real numbers under addition and non-
zero real numbers under multiplication, respectively. Show that these groups are
not isomorphic.

Solution Every nontrivial element oR* is of infinite order. On the other hand,
R* has a nontrivial element of order namely,—1. Therefore, these two groups
cannot be isomorphic.

Question 5Show that the set afth roots of unityG = {z € C|z" = 1,n € N}
is a group under multiplication but not addition.

SolutionLet z,w € G. Thenz™ = w™ = 1 for somem,n € N. Since
(wal)mn — (Zm)n(wn)fm — 17

we seezw™! € G. By Proposition 1 [p47, Dummit & Foote{(, -) is a subgroup

of the groupC* of non-zero complex numbers. In particulé®, -) is a group in
itself. On the other handG, +) is not a group because it is not closed under
addition;1+ 1 ¢ G.

Question 6Let x € G be a group. Show thdtz| = n < oo implies that
1,z,22,..., 2" ! are distinct.

Solution Suppose on the contrary thét= 27 for some) < i < j < n— 1. Then
27~% = 1; a contradiction sincé < j — i < n.

Question 7SupposeV is a nilpotent operator on a vector spdcée In this case
V' is a direct sum of cyclic subspaces. Show that the number of summands is
dim ker V.

SolutionLetV =V, &V, & - - - & V), be a decomposition df into a direct sum
of cyclic subspaces o¥. If we denoteV; = (e;, Ne;, N?e;,--- ,N™i~e;) for



1 <i <k, thenker(N1y,) = (N™i~1e;), sodim ker(N]y;) = 1. Since

ker N =ker N NV
=keeNN(V1@---® V)
= (kee N NV}) & -+ & (ker N N V},)
=ker(Nl|y,) @ -+ @ ker(Nly,),

we havedim ker N = k.



