250A Homework 6

Solutions by Jaejeong Lee

Question 1Let G act on the sef. Show that ifs, ¢t € S belong to the same orbit,
their stabilizers are conjugate subgroupsg-of

Solution Supposeyys = t for someg, € G. Then, we have

Gi={geCG|gt=t}
= {9 € G | g(gos) = gos}
={9€ G| (90 "990)s = s}
={9€G|g g9 € G}
={geG|ge gpG.g '}
= goGsg0 "

Question 2Let x andy be conjugate elements in a finite groGp Show that the
number of distincy € G with g~ 'xg = y equals the order of the normalizerof

Solution Sincez andy are conjugateg, *zg, = y for someg, € G. We have

{9eGlglag=yt={9€G|g 'zg= g0 "2g0}
={g€G|z(990") = (990 ")z}
={g9€G|gg ' €Csx)}
={9€G|geCar)g}
= Cg(7)g0

and the claim follows fromCe (z)go| = |Ca(x)| andCq(z) = Ng({z}).

Question 3Which finite groups have precisely one or two conjugacy classes?

Solution (i) Suppose’ has only one conjugacy class. Then every elemeidt of
is conjugate to the identity. Thus = {1}. (ii) Suppose|/G| = n andG has
exactly two conjugacy classes. One of the two conjugacy classes m{is} 0
the other isG'\ {1}. Since the order of a conjugacy class dividé$, we have
n — 1|n. Thusn = 2 andG ~ Z,.



Question 4Fix z € G a group. Show thaff > g — xgz~! € G is an automor-
phism of G and in turn demonstrate th&t/Z () is isomorphic to a subgroup of
Aut(G).

Solution This is a special case of Proposition 13 [p133, Dummit & Foote] with
H=G.



