250A Homework 8

Solutions by Jaejeong Lee

Question 1Comment on the (historical) significance of the solvabilitySef
Solution (cf. Section 14.7 [Dummit & Foote]

Question 2Compute the derived series for dihedral groups and their quo-
tients. Are these groups solvable? Of what length?

Solution Let Dy, = (r,s | 7 = s?> = 1,srs = r~1) and observérts risi] =
r2k=D_ We have
P _ (ry ~Zy if n is odd
) () ~ Z,)y if nis even

andDéi) = 1, henceD,, is solvable of lengtf2. Finally, note that

Zs if nisodd
V, ifniseven

Question 3As in question 2 but upper triangular invertiblex n matrices.
Solution Let T}, be the group of upper triangular invertiblex n matrices and let

Using induction om, one can verify thaT,E'“) = T, -1 for eachk > 1. Since
T\" = T,,_1 = {I}, T, is solvable of lengtt. Note thatT}, /7" ~ (R*)" and
T )T ~ Rk for k > 1.2

Question 4Find an example of both a finite and infinite group with a quotient
group not isomorphic to any subgroup.

LYou may want to take MAT261 this winter.



Solution (cf. Section 5.5 [p181, Dummit & Foote)i) Consider the quaternion
groupQs = {£1, +i,+j, +k}. Note thatQs/(—1) ~ V, but every order 4 sub-
group of Qg is cyclic. (ii) Z/2Z ~ 7Z, and every nontrivial subgroup & is
infinite.

Question 5Let p be prime andF), the field with p elements

(i) Let N < GI(3, F,) be the group o8 x 3 F,-valued upper triangular matrices
with 1's on the diagonal. Show thaf is non-abelian of ordes®.

(i) Compute the order of7i(3, F3). Identify the Sylowp-subgroups and decide
if any of them are normal.

Solution (i) It is clear that| N| = p3. Since
1 10 1 00 11 1 1 10 1 00 1 10
010 01 1}]=(01T1]#({011]=1011 010},
0 01 0 0 1 0 0 1 0 0 1 0 0 1 0 01

N is non-abelian.

(i) In general, we have

Gl(n, F,)| = (p" — 1)(p" —p)(p" —p*) -+ (p" —p" 7).

(cf. [pp412-413, Dummit & Foote] Thus,|Gi(3, F3)| = (23 — 1)(2% — 2)(2% —
2?) =168 = 23 - 3 - 7. For the rest, see [pp207-212, Dummit & Foote].

2Take integers mog with multiplication and addition defined in the usual way.
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