MAT 250A University of California Fall 2001

1) (a)
(b)

Homework 2
Solutions

Let ¢ be the m-cycle (a1as...a,) in S,. Show that |o| =
m.

Show that the order of an element in .S,, is the least common
multiple of the lengths of the cycles in its cycle decompo-
sition.

Proof:

(a)

(b)

It is easy to see that o(a;) = ax,; where the indices are
taken modulo m. Hence 6™ = 1 and since all a;, are distinct
m is the smallest such integer. This implies |o| = m.

Let 0 € S, and let ¢; - - - ¢ be the cycle decomposition of
o where c; is a cycle of length m; and all ¢; are disjoint.
Then the ¢; commute and 0™ = ¢*---cf'. By part (a)
™ =1 and hence ¢™ = 1 if and only if m; divides m for

1
all 7. Since o is the least such m the conclusion follows.

(2) Let ¢ : G — H be a homomorphism of groups, A a subgroup
of G, and B a subgroup of H. Show that

(a)
(b)

kerg and ¢ *(B) = {a € G | #(a) € B} are subgroups of
G.

®(A) is a subgroup of H.

Proof:

(a)

Recall that ker¢p = {a € G | ¢(a) = 1}. Let a,b € ker¢.
Then ¢(ab) = ¢(a)p(b) = 1 so that ab € ker¢. Certainly
1 € ker¢. Finally, if a € kerg then ¢(a™') = ¢(a)™' =1 so
that a=! € kerg. This proves that ker¢ is a subgroup of G.
Since B is a subgroup of H, 15 € B. And since ¢(1lg) =
1y € B it follows that 1 € ¢7'(B). Let a,b € ¢~'(B).
Then ¢(ab ') = ¢(a)p(b) ! € B since ¢(a), p(b) € B and
B is a subgroup of H. This shows that ¢ !(B) is a sub-
group of G.

Recall that ¢(A) = {b € H | b= ¢(a) for some a € A}.
Since A is a subgroup of G it follows that 15 € A and hence
1y € ¢(A). Suppose g,h € ¢(A). Then by definition there
exist a,b € A such that ¢ = ¢(a) and h = ¢(b). Hence
gh™ = ¢(a)p(b)™ = @(ab™!) since ¢ is a homomorphism.
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(3)

(5)

Now ab~! € A since A is a subgroup of G and therefore
gh™! € ¢(A) which proves that ¢(A) is a subgroup of H.
Dummit, Foote 1.1.7 Exercise 18 (page 45)
Proof:
(1) Symmetry: We have a ~ a since a =1 - a.
(2) Reflexivity: We need to show that a ~ b implies b ~ a. If
a ~ b then there exists some h € H such that a = h - b. Then
h~=t-a=h"Yh-b)=(h"'h)-b=1-b=b.
(3) Transitivity: We need to show that a ~ b, b ~ ¢ implies
a~c Byan~bwehave a =~h-bfor some h and by b ~ ¢ we
have b = g - ¢ for some g. Hence a=h-b=h(g-c) = (hg) - c.
Dummit, Foote 1.1.7 Exercise 19 (page 45)
Proof: For z € G the orbit of z under H is O = {hx | h € H}.
The claim is that the map H — O which maps h — hz is a
bijection. For injectivity let h,g € H such that hr = gx. The
cancellation law implies h = g. For surjectivity let p € O. Then
by definition, there exists a h € H such that p = hx.

Now we want to prove Lagrange’s theorem which says that
if G is finite and H < G, then |H| divides |G|. Let Oy,..., O
be the orbits of the action of H on G which partition G. That
is, let z; be a representative of O; so that O; = {hz; | h € H}.
Then G = U;O; is the disjoint union of the orbits. By the
above arguments H is in bijection with each O; which implies in
particular that |H| = |O;|. Hence |G| = |O1|+- - -+|Ok| = k|H].
Let G and H be groups. Define the direct product of G and H
to be the set G x H with binary operation

(a,b)(d',b") = (ad',bb’)  where a,a’ € G and b,V € H.

(a) Show that G x H is a group.

(b) Let {(a) and (b) be finite cyclic groups of orders m and n,
respectively, which are relatively prime. Prove that (a) x
(b) is cyclic.

(c) What about the converse?

Proof:

(a) (1,1) is the identity in G x H, and (a ',b7') is the in-
verse of the element (a,b). Associativity follows from the
associativity of G and H.

(b) We claim that {(a) x (b) = ((a,b)). Let u denote the least
common multiple of m and n. Note that (a,b)* = (1,1)
so that |(a,b)| < p. However, if (a,b)* = (1,1), then m|k
and n|k and hence ulk so that k& > p. It follows that
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(c)

|(a,b)| = p = mnsince (m,n) = 1. Clearly |(a)x(b)| = mn
so that (a,b) is a generator.

The converse is true. Suppose that |a| = m and |b| = n and
(m,n) =d > 1. Then (a) x (b) has the non-cyclic subgroup
G = (a™?) x (b"?) = (Z/dZ) x (Z/dZ), so {a) x (b) is not
cyclic.

(6) Dummit, Foote 1.2.2 Exercise 10 (page 54)
Proof: If H < G and |H| = 2 then H = {1,a} where 1 # a.
Recall that

Certainly, glg~! = 1. Hence gHg ™

Ne(H)={ge G |gHg ' = H}
Co(H)={g€G|ghg ' =h}

! = H implies that gag ! =

a. This proves that Ng(H) = Cq(H). If Ng(H) = G then by
the previous arguments also Cq(H) = G so that 1,a commute
with all elements in (G. Hence they are in the center of G.

(7) Dummit, Foote 1.2.3 Exercise 26 (page 62)
Proof:
(a) First of all, it is clear that o, is a homomorphism since

04 (2928) = 0,(2°FF) = g0HPF) = goaghb — 5 (2%)o,(27).
If (a,n) = 1 then we can write aa + fn = 1 for some
integers «, 8 so that aa = —fn + 1. Hence o0,(2%) = =
since " = 1. Since 0, is a homomorphism and x generates
Z,, this implies that o, is surjective, and since the order of
Zy, is finite this also implies that o, is an automorphism.
Conversely assume that (a,n) # 1 and let d = (a,n) > 1.
Then a = kd and n = /d for some k and ¢. Then o,(z%) =
% = 2% = 1. Since 1 < £ < n it follows that z° # 1 and
hence kero, # {1}. Hence by a theorem proved in class o,
is not a monomorphism, and hence no automorphism.
Since o, is a homomorphism and z generates Z,, o, = 0
if and only if o,(z) = op(z). Since 1,z,2%, ...,z" ! are
distinct elements of Z,, this in turn is equivalent to a =
b mod n.
Since x generates Z, each automorphism of Z,, is specified
by saying which element x is mapped to. All elements in
Z, are of the form x® Hence every automorphism of 7,
must be o, for some a.
Again, since x generates Z, and o, is a homomorphism,
it suffices to show o, o 0, = o4 applied to z. We have
04 0 04(7) = 04(2") = (04(2))" = (2)" = 2% = 0u(2).
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By problem (2a) on homework 1, the elements in (Z/nZ)*
are those @ € Z/nZ such that (a,n) = 1. By parts (a)-
(c) we have Z, = {0, | (a,n) = 1}. Hence o, 0 05, = 04
implies that (Z/nZ)* — Aut(Z,) given by a — o, is an
isomorphism.



