Matrix Worksheet

You have now seen linear transformations. Also many of you have seen matrices. For finite
dimensional vector spaces these two notions are very closely related. In fact we saw on the
previous worksheet that a column vector was a way of specifying a vector given a basis.
Matrices are a way of specifying a linear transformation given bases. Lets consider a linear
transformation

L:V—W,
where dimV = n and dim W = m. Moreover suppose (v1,...,v,) and (wy,...,w,,) are

bases for V and W.

Given L(vy) = uy, L(vg) = ug, ..., L(v,) = uy,, compute L(cqvy + aovg+ - - -+ a,vy,). Explain
why knowing what L does to basis vectors v; completely determines L.

To specify the vectors L(vy), ..., L(v,) € W we can express them in the basis (wy, ..., wp,)
L(vi) = anwi+anwy + - + GpiWm
L(Ug) = A12W1 + GooW9y +  + + + QoW
L(va) = aipwr + azqwz + -+ + G,

The coefficients a;; constitute the matrix of L. To make this easier to handle, remember
that we wrote the column vector of a vector via

aq
&%)
QLW+ QoW -+ Qg Wiy = (W1, V2, W) |
am
We can do the same for each of the L(v;):
ary a2y Qn1
Q21 22 a2
L(n) = (wl,wQ,...,wm) ,L(vg) = (w17w27...,wm) : ooy Livg) = (wl,wz,‘..,wm) "
am1 Am2 Qmn,

Its better to arrange this information with L(v;) as a list so that the column vectors appear
as columns of an m x n array, i.e.

11 A2 ... Qip

921 o2 ... QA9
(L(v1), L(v2), ..., L(vy)) = (w1, wa, ..., wy) !

Am1 Am2  --- Gmp

The array on the right is exactly the matrix of L in the bases given. As an example suppose
V' was dimension 3 and W was dimension 2 and you knew

L(v1) = 2wy + 3wy, L(ve) =bwy, L(vs) = —wy + wy
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then we would write

(L(U1), L(Ug), L(Ug)) = (211)1 + 3WQ, 5'LU2, —wy + wg)

= ((wy, w) (3) ; (Wi, wy) (g) , (Wi, ws) (_11) )
w29 )

So the matrix of I IN THESE BASES is @ g _11>

Compute the matriz of L as above but in new bases (v + vo, vy + v3,v3 + v1) and (wy +
W2, Wy — w1)-

Here’s another example to try. Let L : Cs[z] — C3 via
L(ag + a1z + ax2® + a3z”) = (ag + ias, ay — iag, a; + as + as) .
Compute the matriz of L in bases (1,2, 2%, 2%) and (1,1,0),(0,1,1),(1,0,1).

If L.V — W has a5 x 3 matriz (5 rows, 8 columns) in some choice of bases for V. and W,
what are the dimensions of W and V' ?

Finally, suppose L : V — W and T : W — U and bases are (vy,...,v,), (wy,...,w,) and
(uq,...,u;). Moreover let

Jj=1

m l
L(v) =) azw; & T(w) =) bju;.
j=1

Compute the matrices of L, T and T o L. Does the matriz of L o T make sense?



