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Problem Let V be a vector space over F and suppose that {vq, va,..,v,} is linearly independent. Prove or
disprove: {v] — v, U3 — V3, ..., Up_1 — Uy, Up } is also linearly independent.

Solution The set {v; — vy, V2 — V3, ..., Up—1 — Up, Uyt is linearly independent if the only solution to
a1(vy —v2) + ag(ve —v3) + .. + a1 (Vn—1 — vn) + apv, =0
isa; = ay = ... = a, = 0. I re-group the coefficients to write a linear combination of the original v;
a1v1 + (ag — aq)ve + ... + (an — ap—1)v, = 0.

Since {vy,va, .., } is linearly independent, the only solution to the above equation is a; = ag —a; =
... =ap — anp_1 = 0. Since a; = 0 and ay — a; = 0 we have that ao = 0 and so on for all a;; thus, the
only solution to

a1(vy —v2) + ag(ve —v3) + .. + a1 (Vn—1 — Vn) + apv, =0

is the trivial solution and the set {v; — vo,v9 — 3, ..., Up—1 — Up, v, } is linearly independent.



