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Abstract— The design of root-Nyquist pulses with the maxi-
mum possible energy concentration of the power spectrum is a
fundamental problem is communications engineering. Since the
problem is one of global optimization in nature, earlier attempts
at a solution have been primarily numerical. Consequently, it is
very likely that the proposed design procedures yield solutions
that are only locally optimal. In this paper, a detailed analysis of
the optimization problem is presented and it is shown that under
certain conditions, a globally optimal solution is possible. The
global optimization procedure is arrived at by focusing on dual,
which is an eigenvalue minimization problem. Numerical results
are presented comparing the pulses so obtained with the raised-
cosine pulse and the “better than” raised-cosine pulse recently
proposed in the literature.

I. INTRODUCTION

The equivalent complex baseband signal in a digital com-
munication system employing linear modulation is given by
the equation

rt) =Y dmg(t —mT)+w(t), ()
where d,,, is the m™ (complex) message symbol transmitted at
the rate 1/7, g(¢) is the overall channel impulse response, and
w(t) is the complex additive white Gaussian noise (AWGN)
process with one-sided power spectral density /Ng. Denoting
the transmitter side pulse signal by p(¢) and its Fourier
transform by P(f), the impulse response of the physical
channel by c(t), and the receive filter by p’(¢), the overall
channel impulse response is g(t) = (p * ¢ x p’)(t). Since
matched filtering is optimal for AWGN channels, we have
that p’(t) = (p * ¢)(—t). An estimate d,, of the transmitted
symbol d,, is obtained by sampling r(¢) at ¢t = nT.
In order to eliminate inter-symbol interference (ISI), it
is necessary and sufficient that g(t) satisfies the Nyquist
condition [1] such that

1 t=0,

g(t){o t=mT, m==+1,42,.... @
We call a composite pulse g(t) that satisfies the above con-
ditions a Nyquist pulse. Perhaps the most widely employed
Nyquist pulse is the raised-cosine pulse. Denoting the nor-
malized excess bandwidth parameter (i.e. the roll-off factor)
by «, the bandwidth W of the raised-cosine pulse is W =

(1+a)/(27).
In the event that the physical channel is distortion-less, i.e.
c(t) = 6(¢), if the Fourier transform G of a Nyquist pulse g
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is such that G(f) > 0 for all f, we may extract the transmit
pulse p as P(f) = /G(f). We call such a pulse p a root
Nyquist pulse.

Nyquist showed that a sufficient condition for a pulse
to satisfy (2) is that its spectrum has odd symmetry about
1/(2T). This implies that an infinite number of Nyquist pulses
is possible. Recent research has focused on utilizing this
freedom in the design of pulses that are robust to channel
imperfections. In [2] a family of pulses is reported which
are ISI-free with or without matched filtering. This concept
is extended in [3], where a technique for the construction
of root Nyquist filters through phase compensation has been
proposed. Tan and Beaulieu [4] however showed that the
aforementioned pulses are not better than the raised-cosine
pulse in terms of robustness to timing jitter, and the noise
margin at the sampling instance. These properties are essential
to ensure reliable communication in a realistic setting. In [5],
[6] analytic formulae for new Nyquist pulses are given which
are better than the raised-cosine pulse with respect to the above
properties.

In the above communication system model, the pulse p is
assumed to be band-limited, and consequently has infinite
support in the time-domain. In a practical implementation,
the band-limited pulse p is truncated outside a finite interval
[—T,/2, T, /2] to yield an approximation p. Let T),/2T = K.
The composite pulse g is then time limited in the interval
[-2K,T, 2K,T] and is not necessarily orthogonal.

A small value of K, is desirable for several reasons. For
a given oversampling rate, the number of multiplication and
addition operations that the receiver must perform per detected
symbol is directly proportional to the length of the pulse. In
ISI channels, the number of interfering neighbors is smaller
when K, is small, which simplifies the task of equalization.

The pulse length cannot be made arbitrarily small however,
since this would lead to poor confinement of the transmitted
signal spectrum. This follows from the Uncertainty Princi-
ple [7], [8] which states that a signal cannot have arbitrary
concentrations in time and frequency domains simultaneously.
For instance, suppose that the duration of the composite pulse
is limited to one symbol interval, and the normalized excess
bandwidth is . The maximum energy concentration of the
power spectrum in this case is achieved by the zeroth order
prolate spheroidal wave function (PSWF) 1y with the band-
limit parameter 7(1 4+ «)/2. Since there are no side lobes,
ISI is absent under ideal conditions. With o = 1, the in band
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energy concentration achieved by g is 98.1046% which is
not sufficient for most applications. In order to achieve higher
spectral confinement, it becomes necessary to increase K,
beyond 0.5. The Nyquist conditions (2) must now be imposed
explicitly for ISI free reception.

The approach taken in this paper is to express the transmit
pulse as a linear combination of the PSWFs and determine the
optimal coefficients in the sense of maximizing the in-band
energy concentration under the constraint of overall zero ISI.
Similar approaches have been taken in [9], [10] previously.
The resulting optimization problem is however non-convex,
and in general admits multiple local maxima. In the previous
studies, issues regarding the global optimality or uniqueness
of the solution have not been addressed. It is very likely that
the reported solutions are local optima and it is possible to
improve upon them.

The foremost contribution of this paper is to lay down the
conditions under which the problem admits global maxima.
We accomplish this by focusing on the dual of the above
optimization problem. Furthermore, when such conditions are
satisfied, we show that the dual problem is an unconstrained
eigenvalue minimization problem, a subject that has received
considerable attention in the linear algebra literature [11], [12].
Our numerical results show that the dual problem is solved
efficiently, typically within twenty iterations.

We conclude this section with a note on the notation used
in the following sections. Uppercase symbols denote matri-
ces, while lowercase boldface symbols are (column) vectors.
Gradient vectors are written as row vectors. The i column
of X is written as X ; and similarly, X; is the i row. The
vector-space of n x n real, symmetric matrices is denoted by
S™.

II. ENERGY CONCENTRATED NYQUIST PULSES

Given the interval 7 = [-T,/2, T,/2], we denote by D
the linear space of square integrable functions time limited to
7. Let W be the frequency interval [—W, W], and denote
by ¢ = wWT, the time-bandwidth product. The prolate
spheroidal wave functions ,,,, m = 0, 1, ... are parametrized
by ¢, and form a basis of D. Let ¥, denote the Fourier
transform of ,,. The relevant properties of the PSWFs are
summarized below.

J1. {Ym }S°_, comprises an orthonormal basis for D.

J2. The functions W,, are orthogonal in the interval
W, and the energy concentration in this interval is
S5 (N Af = fim.

J3. 1, is even when m is even and odd when m is odd.

J4. The highest energy concentration in W possible for any
function in D is g, which is achieved by .

J5. For each n € Z,, among functions in D which are or-

concentration in the frequency interval V. Furthermore, it is
required that the composite pulse g satisfies (2). Due to (J1)
and (J3), p(t) and its Fourier transform P(f) are written as

pt) = wmtam—2(t), P(f) = 2mVam_a(f). (3)
m=1 m=1

From (J1), we have that the net energy of the pulse is ||p||? =
x"x, and the in-band energy fl/VW |P(f)?df = x" Mx due
to (J2). Here M is a diagonal matrix with elements M;; =
Loi—2. Since p is symmetric, the receive pulse is also p and
the composite pulse is therefore given by the auto-correlation
function

T,/2
g(t) = / p(T)p(T +t)dr. 4)
~T, /2

Substituting (3) in (4), we have for t = jT, j € Z
non Tp/2
g(JT) = Z Zl‘mwl/ Yom—2(T)2—2(T + jT)dr
/2

m=1 [=1 —ir

By defining the objective function ¢ : R — R as

C(x) = 5 M

the vector valued constraint function h : R™ — R as
1
hi(x) = 5T Hyx, ®)
and the norm constraint
x'x = 1, (6)

we have the following optimization problem, which we call
the primal.

max ¢(x)
(P) st h(x) =0
;(x'x—1) =0

We denote by [A" \o]” (A € R¥, Ao € R), the vector of
Lagrange-multipliers associated with (P), and by I(x, X, o)
the Lagrangian function defined as

I(x, A, o) = C(x) + ATh(x) + %AO(XTX _ 1)

k
1, 1., . 1. .
=3 Mx—i—jE:1 5)\k(x Hjx)+§)\0(x x—1)

k
1 1
= §XT M-i—jE:l N Hj X+§)\0(XTx—1).

Introducing the matrix function A : R¥ — S™ defined as

thogonal to the linear space spanned by {o, ..., %n—1}, k
the highest energy concentration in }V is achieved by v,,. AX) =M + Z AjHj, (7
j=1
A. A primal formulation we have
We are concerned with the design of the transmit pulse p 1 1
T T
which is time limited to 7 and achieves the maximum energy I(x, A, A0) = 9% AX)x + §>‘0(X x—1). ®)
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The gradient of [ with respect to x is
Vil (%, 2, 00)T = AN)x + \ox, 9)

while that with respect to \; is

1
VAjl(x,)\,)\o)zixTHjx, j=1,....,k. (10

V)\OZ(X,A,)\Q)Z%(XTX—l). (11)

B. Local optimality conditions

In order to obtain the first-order necessary conditions for a
local extremum, we equate (9)—(11) with zero. Equation (9)

yields the eigenvalue equation
A()\)X = —)\()X7 (12)

while equations (10) and (11) restate the conditions for x to
be a feasible point of (P):

1
5xTHjx=0 j=1,...,k (13)
1 1
Since A(A) € S, all its eigenvalues are real and the eigenvec-
tors comprise an orthonormal basis in R". Let0;,i = 1,...,n

denote the distinct eigenvalues of A(A), indexed so that oy >

. > oy, Let the integers ?; denote the multiplicity of o;
(1 =1,...,n). Denoting by &;(\) the eigenspace of ¢; and x;
any unit eigenvector in this space (i.e., x; € (), ||x;]] = 1),
we have that the pair (x;,0;) is a solution of (12)

A(A)XZ = 0;X;

with the substitution Ay = —o;. Introducing the notation that
L(xi,A,04) = Vxxl(Xi,A,0;) which is the Hessian matrix
of the Lagrangian function /, and differentiating (9) on both
sides with respect to x, we obtain

L(Xi, )\,Ui) = A()\)

- UiIn;

where [,, is the identity matrix in R"™*".

The gradient vectors to the constraint surface defined by
the equations (13) at the point x; are the vectors Vyh;(x;) =
XZ—H]', j=1,... k. Let H(x;) denote the sub-spaces

H(x;) =span({H;x;, j =1,...,k}),

the orthogonal complement of H(x;) is the sub-space of first
order feasible variations [13] to the constraint (13). Defining
the matrix of gradient vectors Vih(x;)" as

[Vsch(x:)'].j = Hjxi, (15)
we obtain the following expression for this sub-space:
H(xi)" = {y € R*| [Vxh(x))ly = 0}.

The gradient vector of the constraint (14) is x;. If we denote
by A& the one dimensional sub-space spanned by x;, then
following the above discussion, the space of first-order feasible
variations to the constraint (14) is Xl-l.

The second order sufficiency conditions for x; to be a local
maximum for (P) then require that L(x;, A,0;) is negative
definite on V(x;), where

V(x;) = H(xi)T N AL (16)

Suppose that for some A, the largest eigenvalue o is simple,
and the unique eigenvector x; (up to a sign) is feasible. Then
it is easily verified that A(X)—o11 is negative definite on Xj-.
Consequently, L(x1, A, 01) is negative definite on V(x;) due
to (16), and x; is a strict locally maximizing vector for (P).
Even when o has multiplicity greater than one, given that the
following condition is satisfied for ¢ = 1

H(xi)" NE(A) = {0},

X1 18 a strict local maximum.

A similar analysis for the smallest eigenvalue (i = 7)
reveals that a corresponding eigenvector never satisfies the
second order sufficiency conditions for a local maximum point.
When 1 < ¢ < 7, however, not much can be said a priori.
The quantity A(A) — 0,1 on &,,(\) is positive definite for
1 < m < 14, negative definite for ¢ < m < 7 and identically
zero on &;(A). The definiteness of the restriction of the Hessian
matrix on V(x;) in these cases depends on the particular
alignment and containment of H(x;)" with respect to the
subspaces &, ().

Suppose that the eigenvectors x;,X,, satisfy the second
order sufficiency conditions and that o; > o, are the cor-
responding eigenvalues. From the definition of A(X) (see (7))
and the feasibility conditions (13), we have that

o; = X;I»—A()\)Xi = Z—Mxi = 2¢(x;)- a7

Thus among candidate vectors in the solution set of (P), we

choose the one corresponding to the largest eigenvalue. In

other words, the following two conditions are sufficient for

a solution x* to have strict local optimality:

Cl. There is a A" € R¥ such that x* is an eigenvector with
unity norm corresponding to the largest eigenvalue o; of
A(X"), and oy is simple.

C2. x* is feasible for (P): h(x*) = 0.

C. Existence of a globally optimal solution

The largest eigenvalue function on the space of real sym-
metric (complex hermitian) matrices o; : 8™ — R has an
important extremal characteristic: it is real-valued and convex.
As in the present case where A itself depends on a parameter
A in an affine manner, the convexity still holds when o is seen
as a function of X, o1(A) = g1(A(A)). In the next section we
will see that the convexity of o; naturally leads to defining it
as the dual function, and the optimization problem dual to (P)
is the unconstrained minimization of o1. Furthermore, when
the conditions (C1) and (C2) hold, we will see that not only is
x* a strict local maxima, but it is a global maximizing point
for (P). For the dual problem in this case, A" is the unique
global minimizer of o7;.

In a converse manner, if at the minimizing A*, o1 (") is
simple, then (C2) automatically holds and x1(A*) maximizes
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¢ globally. In Section III-A we will see that the first and
second derivatives of o1 (i.e. the gradient vector Vo and
the Hessian matrix V xo1) exist at the point A if and only
if o1(A) is simple. The derivative information enables us
to use quadratically convergent Newton’s method for the
minimization of ;. Due to space constraints, we confine our
analysis to this particular case.

Extension to the case where in a neighborhood of the
minimizing A*, o1(A\*) has multiplicity greater than one is
presented in [14]. Here V0 is replaced by the subdifferential
do1(A) and the optimality condition Vxo1(A*) = 0 by the
inclusion 0 € doq(A*) [12]. It is shown in [14] that if
x* € £1(A") is such that h(x*) is an extreme point of the
convex set do1(A*), then x* is a global maximizer of (P).

A third possibility exists, ie., for certain matrices A and
Hj’s, it might be that for the X* which minimizes o;, there
is no vector in the eigenspace of o1(A") that is feasible for
(P). When this is the case, in the terminology of mathematical
programming [13] we say that there is a duality gap between
the primal and dual problems. It can be shown that the
maximum value of (P) equals (half) the magnitude of the
second-largest, or subsequent eigenvalues. In the case that
a duality gap does exist in the problem, it will be revealed
during the course of minimizing oy [14]. A possible approach
then is to iteratively solve the non-linear system of equations
h(x;(\)) in the unknown A. At each step of the iteration,
x;(A) is an eigenvector corresponding to the i™ eigenvalue
for 1 <i<m.

III. A DUAL FORMULATION

We first establish the convexity of the largest eigenvalue
function. The following result is well-known [12] and included
here for completeness.

Lemma 1: The largest eigenvalue function o7 : S — R
on the domain of real symmetric matrices S™ is convex.

Proof: From the Rayleigh principle [15] for real sym-
metric (complex hermitian) matrices

01(A) = max x' Ax.

lIxll=1
Suppose that A1, A5 € 8™ and 0 < 6 < 1. By virtue of
S™ being a vector space, the convex combination A, + (1 —
0)Ay € S™.

0'1(6141 + (1 — Q)Ag) = Imax

gax x"(0A; + (1 —0)Az)x

= max 0x’ A;x+ (1 — 0)x" Ayx

lIx[l=1

< O(max, < A41x)

+(1- 9)(Hm”3@<1 xTAgx)
200'1(Al) + (1 — 9)0’1(142).
Recall the definition of A(X) (7). Since M, H; are fixed,
A(X) is an affine function of its argument A € R¥ into S™.
Therefore o1(A(X)) is the composition of an affine function
on R* with a convex function on S™. It follows from the

theory of convex functions [16] that the composite function
o1 : RF — R is convex.

We will now relate the optimal value (* of the primal
optimization problem (P) and the largest eigenvalue o1 (A) of
A(M). For any X € RF

=

= max X
lIx[I=1, h(z)=0 ¢)

max x) + A h(z
HXHZLh(w):OC( ) (@)

1
max *XT
x| =1, h(z)=0 2

A(A)x

1, 1
< —x' A(AN)x = —o1(N).
< max ox (A)x 201( )

Therefore

¢* < inf 101()\).

18
< nf 3 (18)

Suppose that there is a A* such that x* which maximizes ¢

x* € argmax ((x).

lIx[|=1, h(z)=0

is also an eigenvector corresponding to o1 (A™). Then

* * 1 * * * 1 *
¢ = ¢ = X TAN )X = Soi(N). (19)
Combining (18) and (19) we conclude that A* minimizes o
and the minimum value is ¢*. Equivalently, A™ solves the
following optimization problem

(D)

min oq ().
AERFE

We call (D) the dual problem of (P). - -
Conversely, suppose that the pair (X, ), X € & () is such
that X is feasible for (P), meaning h(X) = 0. Then

() = 5x A

= max 1XTA(X)X

xll=1 2 (20)

1
> max —X
Ixll=1, h(z)=0 2

But since ((X) < (*, equality holds in the above equations
throughout. Thus ¢((X) = ¢* which means that

¢(x),

TAN)x

X € argmax and
lIx|[=1, h(z)=0
A € arg min oy (A).
AERF
A. Unconstrained minimization of o1

The eigenvalues o;(A) of a symmetric matrix A are
Lipschitz-continuous functions of the matrix entries, and the
Lipschitz-constant is one [17]. When A is a smooth func-
tion of a parameter A, the smoothness and differentiability
properties extend to o;(\) as a function of A. In case the il
eigenvalue o;(\) is simple (i.e. its multiplicity is one), it is
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Fréchet differentiable and the gradient vector Vo; () exists.
Furthermore, the corresponding eigenvector x;(\) is uniquely
defined and continuously differentiable in some neighborhood
of A [15]. As is true in the present case, that A(\) is a twice
continuously differentiable function of A, then o;(A) inherits
the C? smoothness of A and we can compute the Hessian
matrix Vaxo;(A).
By differentiating the equation
1 1

501‘()\) = §Xi(>\)TA()‘)Xi()\)

= ((xi(A)) + ATh(xi(N))

on both sides with respect to A and using the relation
x;(A)Tx;(A) = 1, it is easily verified that the gradient of
o; 18

VAO'Z'(A)T =

2h(x; (). 1)

In other words, the gradient vector of o; has a simple ex-
pression: it is twice the constraint function evaluated at the
eigenvector x;(\).

It follows from the convexity of o; that the first order
necessary condition for A* to belong to the solution set of
(D), Vac1(X*) = 0, is also sufficient. Equation (21) implies
that when A™ minimizes o1 (), x1(\") is feasible for (P). It
follows from (20) that x;(\*) is a global maximizer for (P).

The uniqueness of A* as the minimization vector is deter-
mined by the definiteness of the Hessian matrix Vxo1(A").
We give the following expression for the Hessian matrix
without derivation

Varo1(A) = [Vih(xi(A)] XETXT [V ch(x (A)T],

where the diagonal matrix X1 is defined as

0
»i =
b {(0101)1

We impose a regularity assumption on x1(A"), ie. the
matrix Vyih(x;(A*))" (15) has full column-rank. The fea-
sibility condition (13) implies that x;(A*) € H(x(A*))*.
Thus x1(A*) is not in the range space of V,h(x;(A*))". On
the other hand, the quadratic form y” (XXTX")y = 0 only
if y = Bx1(X\*) for some real 3, and positive otherwise. It
follows that the Hessian matrix above is positive definite.

We employ Newton’s method for the unconstrained mini-
mization of oy. The algorithm proceeds according to the outer
iteration

=1,
otherwise.

AV_H —\Y = ﬁy[V)\)‘O'l()\y)]_:[V)‘O'l()\D)T,

where v € Z, is the iteration index, and 0 < § < 1
is a step-size. Near the solution, § = 1 gives quadratic
convergence, while a smaller step-size in the initial phase
of the algorithm ensures global convergence. A line search
procedure that minimizes the objective function in the Newton
direction —[Vaxo1(A")]71Vao1(AY)" constitutes the inner
iteration [13].

IV. NUMERICAL RESULTS

We select the number of basis functions as n = [2(1 +
«) K, |. This selection follows from [8] where it is shown that
the dimension of the space of functions that are time limited
in [-T,/2, T,/2] and essentially band limited in the interval
[-W, W] is 2WT,. As is pointed out in Section I, when K,
is large, the composite truncated pulses g proposed in [6], [3]
are very close to the original bandlimited pulse g. It is in the
region of small K, that the difference between the bandlimited
pulse and its truncated version is substantial. In view of these
observations, the results in this section are for K, = 1.25
throughout. This means that the number of constraints in (5)
is three, and provided that the (normalized) timing offset at
the receiver is bounded as |A| < 0.5, a symbol experiences
interference from at most two neighbors on either side.

Fig. 1 compares the in-band energy concentration of the
raised cosine, “better than” raised cosine (btrc) [5], and pswf
pulses. This is upper bound by g, achieved by the zeroth
PSWF 1y with ¢ = w(1 + a)K,. The raised-cosine pulse is
more concentrated than the btrc and pswf pulses in that order.
However, as is shown in Fig. 2, this advantage is achieved
at the cost of loss of orthogonality and robustness to ISI.
Fig. 2 shows the matched pulses and their tails when the
excess bandwidth parameter is o = 0.4. While the optimized
pulse satisfies the Nyquist property, the btrc, and raised-cosine
pulses have amplitudes at the location of the first neighboring
symbols that are as large as 5% and 10% of the amplitude at
the sampling instance.

Suppose that imperfect timing recovery at the receiver
results in a (normalized) time offset & of the receivers clock.
From (1) the n™ estimated symbol is

IT
dp = dng(0,8) + Y diniiyg(—iT, 8) + wy,

=1
where g(iT, 5) fT;/ p()p(r + [i + 9T dr, I =
[-2K, — §], and I, LZK —1— (5]. It is assumed that the

sampled noise w,, has variance Ny/2 in each of the real
and imaginary components, and that the message symbols
have mean energy FE;, are mutually independent, and are
independent of the additive noise. The resulting signal to noise
and interference ratio (SINR) is thus given by

E.9(0,6)?
By Y0, g(—iT,8)2 + Ny

p(0) =

In a practical setting, ¢ varies with time as the receiver acquires
the timing signal and tracks it. We therefore assume that § is
uniformly distributed in the interval [—-A, A] and the mean
SINR p = iffA p(0)dd. The received mean SINR for
various values of A, and SNR = E;/Nj is illustrated in Fig. 3.
While Fig. 2 verifies that the pswf pulse completely eliminates
ISI under ideal conditions, Fig. 3 reveals that it is the most
robust to interference under non-ideal conditions.
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V. CONCLUSIONS

A method for the construction of root Nyquist pulses which
are optimal in the sense of energy concentration in the power
spectrum is presented. In its original formulation, the problem
is non-convex and admits multiple locally optimal solutions. It
is shown in this paper that under certain conditions, solving the
dual optimization problem yields a globally optimal solution
to the primal. It is advantageous to solve the dual problem,
since the dual objective function is easily evaluated, and is
convex. While the dual objective function is non-smooth in
general, when certain smoothness criteria are satisfied, the
quadratically convergent Newton’s method can be employed.
Numerical results show that convergence is typically attained
within twenty iterations. Design examples using the proposed
method are presented, and the performance of the pulses so
obtained is studied when channel conditions are non-ideal.
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Fig. 3. Received SINR with SNR=10 dB (solid) and 15 dB (dashed).

Our experiments show that besides being optimal in terms of
spectral energy concentration, the optimized pulses are more
resilient to channel imperfections when compared to other
well-known pulses.
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