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The concept of frames forL2(R) is a generalization of the concept of orthonormal bases. The

Weyl-Heisenberg frames are a kind of important frames. It is generated by translations and

modulations of a single function and is extensively used in time frequency analysis. Here we

study the convergence of the Weyl-Heisenberg frame series.
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1. INTRODUCTION

The concept of frames forL2(R) is first introduced by Duffin and Schaeffer in [5]. Weyl-Heisenberg

frames are generated by translations and modulations of a single function. They form an important

class of frames which are used extensively in time-frequency analysis.

It is well-known that{ei2πmtχ[0,1](t−n)}m,n∈Z is an orthonormal basis forL2(R), whereχ[0,1]

is the characteristic function of[0, 1]. Replacingχ[0,1] by a general functionW , m by mω0, andn

by nt0, this leads to the concept of Weyl-Heisenberg frame with the modulation parameterω0, the

translation parametert0, and the mother functionW (simply,W -H frame).

The terminology,W -H frame, comes from the representation of the Weyl-Heisenberg group

[1]. It is also called Gabor frame since it is obtained by discretization of the Gabor transform in

communication [4, 6].
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W -H frames are studied by many authors. Ron and Shen [8] gave a complete characterization of

theW -H frames, Casazza and Christensen [2] gave an estimate of bounds of theW -H frames. Any

f ∈ L2(R) can be expanded intoW -H frame series. In this paper, we will study the convergence of

theW -H frame series in detail. We will study the pointwise convergence of the Weyl-Heisenberg

frame series and the uniform convergence of the compactly supported Weyl-Heisenberg frame series

as well as their convergence rate.

2. PRELIMINARY

Throughout this paper,(· , ·) expresses the inner product,‖ · ‖ expresses the norm inL2(R), and

{gn} = {gn}n∈Z, {hm,n} = {hm,n}m,n∈Z,

∑
n

an =
∑

n∈Z
an,

∑
m,n

bm,n =
∑

m∈Z

∑

n∈Z
bm,n.

We recall some known definitions and results.

Definition2.1 — [1, 2, 6]. Let{ϕn} ⊂ L2(R). If there exist two positive constantsA, B such

that

A ‖ f ‖2≤
∑

n

|(f, ϕn)|2 ≤ B ‖ f ‖2 ∀f ∈ L2(R),

then{ϕn} is called a frame ofL2(R) with boundsA andB.

Definition2.2 — [2, 6]. LetW ∈ L2(R) andω0, t0 > 0. Denote byWm,n the family

Wm,n(t) : = eimω0tW (t− nt0) (m,n ∈ Z). (2.1)

If {Wm,n} is a frame forL2(R), then{Wm,n} is called a Weyl-Heisenberg frame, simply,W -H

frame.

Definition2.3 — [2, 6]. Let{Wm,n} and{W̃m,n} be twoW -H frames. If, for anyf ∈ L2(R),

f =
∑
m,n

(f, Wm,n)W̃m,n (L2) and f =
∑
m,n

(f, W̃m,n)Wm,n (L2),

then{Wm,n W̃m,n} is called a pair of dualW -H frames.

The series
∑
m,n

(f, Wm,n)W̃m,n(t) and
∑
m,n

(f, W̃m,n)Wm,n(t) are both called theW -H frame

series off . By symmetry, we only study the convergence of the series
∑
m,n

(f, Wm,n)W̃m,n(t) in

this paper.

For a compactly supportedW -H frame, its canonical dualW -H frame is constructed as follows.
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Proposition2.4 — [6] Suppose thatW is continuous onR and[a, b] is a finite interval. Let

W (t) 6= 0 (t ∈ (a, b)), W (t) = 0 (t 6∈ (a, b))and 0 < ω0 ≤ 2π

b− a
, 0 < t0 < b− a (2.2)

and let

W̃ (t) =
1

G(t)
W (t), where G(t) =

2π

ω0

∑
n

|W (t− nt0)|2. (2.3)

Then{Wm,n, W̃m,n} is a pair of dualW -H frames.

Proposition2.5 — [3] Let f ∈ L(R). If
∑
k

f(x + 2kπ) converges to a continuous function

of bounded variation on[0, 2π], then for eachx ∈ R,
∑
k

f(x + 2kπ) = 1
2π

∑
n

f̂(n)einx, where

f̂(ω) =
∫
R

f(t)e−itωdt is the Fourier transform off .

3. POINTWISE CONVERGENCE OF THEW -H FRAME SERIES

Let {Wm,n, W̃m,n} be a pair of dual W-H frames. By Definition 2.2, for anyf ∈ L2(R), we have

f =
∑
m,n

(f, Wm,n)W̃m,n (L2). (3.1)

Theorem3.1 — Let {Wm,n, W̃m,n} be a pair of dual W-H frames. Suppose thatW is a

continuous function of bounded variation onR and there exists a constantC > 0 such that for

t ∈ R,

|W (t)|, |W̃ (t)| ≤ C

(
1

(1 + |t|)α

)
for some α > 1. (3.2)

If f ∈ L(R) is a continuous function of bounded variation onR, then for eacht ∈ R,

f(t) =
∑

n

(∑
m

(f, Wm,n)W̃m,n(t)

)
.

PROOF : First, we prove that for eachn ∈ Z, the series
∑
m

(f, Wm,n)W̃m,n(t) converges

everywhere onR.

By (2.1) and the definition of the Fourier transform, we have

(f, Wm,n) =
∫

R

f(t)Wm,n(t)dt =
∫

R

hn(t)e−imtdt = ĥn(m),

where

hn(t) =
1
ω0

f

(
t

ω0

)
W

(
t

ω0
− nt0

)
. (3.3)
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From this and (2.1), it follows that

(f, Wm,n)W̃m,n(t) = ĥn(m)eimω0tW̃ (t− nt0). (3.4)

Now, we discuss the pointwise convergence of the series
∑
m

ĥn(m)eimω0t.

By the assumption and (3.3), we havehn ∈ L(R). Furthermore,
2π∫
0

(
∑
k∈Z

|hn(t + 2kπ)| )dt =
∫
R
|hn(t)|dt < ∞. So, for eachn ∈ Z, the series

∑
k

|hn(t + 2kπ)| converges almost everywhere on

[0, 2π]. Take a pointt0 ∈ [0, 2π] such that
∑
k

|hn(t0 +2kπ)| converges. Arbitrarily taket ∈ [0, 2π].

We have

∑

|k|≥N

|hn(t+2kπ)| ≤
∑

|k|≥N

|hn(t0+2kπ)|+
∑

|k|≥N

|hn(t+2kπ)−hn(t0+2kπ)| = : IN (t0)+JN (t),

whereIN (t0) → 0. By the assumption and (3.3), we know thathn is a continuous function of

bounded variation onR. For anyt ∈ [0, 2π], JN (t) is not large than the total variation ofhn on

[2Nπ,∞). So we obtain thatlim
N→∞

JN (t) = 0 uniformly on [0, 2π]. Therefore,
∑
k

hn(t + 2kπ)

uniformly converges on[0, 2π].

DenoteHn(t) =
∑
k

hn(t + 2kπ). We see thatHn is a2π−periodic continuous function and is

of bounded variation on[0, 2π]. By Proposition 2.5, we obtain that for eacht ∈ R,

Hn(ω0t) =
1
2π

∑
m

ĥn(m)eimω0t.

Again, by (3.4), for eachn ∈ Z, we know that the series
∑
m

(f, Wm,n)W̃m,n(t) is convergent

onR and

Pn(t) : =
∑
m

(f,Wm,n)W̃m,n(t) = W̃ (t−nt0)
∑
m

ĥn(m)eimω0t = 2πHn(ω0t)W̃ (t−nt0) (t ∈ R).

(3.5)

Next, we prove that
∑
n

Pn(t) converges onR.

By (3.3), we have

Hn(ω0t) =
∑

k

hn(ω0t + 2kπ) =
1
ω0

∑

k

f

(
t +

2kπ

ω0

)
W (t− nt0 +

2kπ

ω0
).

From this and (3.5), we have

∑
n

|Pn(t)| =
∑

n

2π|Hn(ω0t)W̃ (t− nt0)| ≤ 2π

ω0

∑

k

β(k, t)
∣∣∣∣f(t +

2kπ

ω0
)
∣∣∣∣ , (3.6)
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whereβ(k, t) =
∑
n
|W (t− nt0 + 2kπ

ω0
)W̃ (t− nt0)|.

By (3.2), we obtain that for someα > 1,

β(k, t) ≤ C2


 ∑
|t−nt0|≥ |k|πω0

+
∑

|t−nt0|< |k|π
ω0


 1

( 1+|t−nt0+ 2kπ
ω0
|)α(1+|t−nt0|)α

≤ C2

(1+
|k|π
ω0

)α

(∑
n

1
( 1+|t−nt0+ 2kπ

ω0
|)α

+
∑
n

1
(1+|t−nt0|)α

)
= O

(
1

(1+|k|)α

)
.

Again, sincef(t) is bounded onR, by (3.6),
∑
n

Pn(t) converges everywhere onR. Denote its

sum byg(t), i.e.,

g(t) =
∑

n

(∑
m

(f,Wm,n)W̃m,n(t)

)
(t ∈ R). (3.7)

Finally, we will proveg(t) = f(t) (t ∈ R).

Sincef ∈ L(R) is bounded onR, we see thatf ∈ L2(R). Again, by (3.1), we have

f =
∑

n

(∑
m

(f, Wm,n)W̃m,n

)
(L2). (3.8)

The Riesz theorem [9] shows that if a sequence of functions both converges inL2(R) and

converges almost everywhere inR, then their limiting functions are identical. Hence, by (3.7) and

(3.8),f(t) = g(t) (t ∈ R). Theorem 3.1 is proved. ¤

4. UNIFORM CONVERGENCE OF THECOMPACTLY SUPPORTEDW-H FRAME SERIES

Theorem4.1— Let {Wm,n, W̃m,n} be a pair of compactly supported dual W-H frames satisfying

(2.2) and (2.3), and letW be continuous onR. If f ∈ L2(R) is bounded continuous onR, then for

anyl ∈ Z+, whenN > 1
t0

(l + |a|+ |b|) andM ∈ Z+, the partial sums

SM,N (t) : =
∑

|n|≤N

∑

|m|≤M

(f, Wm,n)W̃m,n(t). (4.1)

of the W-H frame series (3.1) satisfies

SM,N (f ; t)− f(t) = O

(‖ W ‖∞
m∗t0ω0

)(
‖ W ‖∞ ω(f ;

1
ω0M

)+ ‖ f ‖∞ ω(W ;
1

ω0M
)
)

logM

(|t| ≤ l), (4.2)
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whereω(g; δ) = sup
|t1−t2|≤δ

|g(t1)− g(t2)| is the modulus of continuity and

m∗ = min
|t−a+b

2
|≤ t0

2

|W (t)|2, ‖ g ‖∞= max
t∈R

|g(t)|.

In this section, the bounds in terms“O ” are absolute constants.

PROOF : SinceW (t) = 0 (ω 6∈ (a, b))andW (t) is a continuous function, we see that there

are only finitely many nonzero terms in the series of (2.3) andG(t) is a t0−periodic continuous

function. From this and (2.3), it follows that

min
t∈R

G(t) = min
|t−a+b

2
|≤ t0

2

G(t) ≥ 2π

ω0
min

|t−a+b
2
|≤ t0

2

|W (t)|2 =
2π

ω0
m∗ > 0. (4.3)

By (2.1) and (2.3), we havẽWm,n(t) = 1
G(t)Wm,n(t). Again, by (4.1) and (2.1), we obtain that

for anyf ∈ L2(R),

G(t)SM,N (f ; t) =
∑

|n|≤N

∑

|m|≤M

(f, Wm,n)Wm,n(t) =
∑

|n|≤N

JM,n(t)W (t− nt0), (4.4)

whereJM,n(t) =
∫
R

f(s)W (s− nt0)DM (ω0(t− s))ds andDM (u) =
∑

|m|≤M

eimu.

By (2.2), we have

JM,n(t) =
1
ω0

(a+nt0)ω0+2π∫

(a+nt0)ω0

Fn(s)DM (ω0t− s) ds and Fn(s) = f

(
s

ω0

)
W

(
s

ω0
− nt0

)
.

(4.5)

SinceFn(s) = 0 (s 6∈ ((a + nt0)ω0, (a + nt0)ω0 + 2π)), we can extendFn(s) to a periodic

continuous functionF ∗
n(s) with period2π, i.e.,

F ∗
n(s+2kπ) = F ∗

n(s) (k ∈ Z) and F ∗
n(s) = Fn(s) ( (a+nt0)ω0 ≤ s ≤ (a+nt0)ω0 +2π ).

(4.6)

Again noticing thatDM (u) is an even periodic function with period2π, we have

JM,n(t) =
1
ω0

2π∫

0

F ∗
n(s)DM (s− ω0t)) ds. (4.7)

On the other hand, sinceF ∗
n is a continuous function with period2π, by a known result [7, 10],

we know that the partial sums of the Fourier series ofF ∗
n ,

sM (F ∗
n , ω0t) =

1
2π

2π∫

0

F ∗
n(s)DM (s− ω0t) dt and sM (F ∗

n , ω0t)− F ∗
n(ω0t)
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= O

(
ω(F ∗

n ,
1
M

)
)

logM.

By (4.7), we have

JM,n(t) =
2π

ω0
sM (F ∗

n ; ω0t) and JM,n(t) =
2π

ω0
F ∗

n(ω0t) + O

(
1
ω0

)
ω

(
F ∗

n ;
1
M

)
logM.

(4.8)

By (4.5), (4.6), and the properties of the modulus of continuity, we get

ω(F ∗
n ; δ) ≤ 2ω

(
f ;

δ

ω0

)
‖ W ‖∞ +2ω

(
W ;

δ

ω0

)
‖ f ‖∞= : pf (δ), and (4.9)

F ∗
n(ω0t) = Fn(ω0t) = f(t)W (t− nt0), t ∈ (a + nt0, a + nt0 +

2π

ω0
).

Again, by (4.8) and (4.9), we obtain that fort ∈ (a + nt0, a + nt0 + 2π
ω0

),

JM,n(t)W (t− nt0) =
2π

ω0
f(t)|W (t− nt0)|2 + O

(
1
ω0

)
‖ W ‖∞ pf

(
1
M

)
logM. (4.10)

For t 6∈
(

a + nt0, a + nt0 +
2π

ω0

)
, by (2.2), we haveW (t− nt0) = 0. So (4.10) still holds.

By (2.2), the sum
∑
n

JM,n(t)W (t− nt0) has only

[
b− a

t0

]
+ 1 nonzero terms and

[
b− a

t0

]
+

1 ≤ 2(b− a)
t0

≤ 4π

t0ω0
. Therefore, by (4.4) and (4.10), we get

G(t)SM,N (f ; t) =
2π

ω0
f(t)

∑

|n|≤N

|W (t− nt0)|2 + O

(‖ W ‖∞
t0ω2

0

)
pf

(
1
M

)
logM (t ∈ R).

(4.11)

Arbitrarily takel ∈ Z+. DenoteN∗ =
[
l + |a|+ |b|

t0

]
. When|n| > N∗, we haveW (t−nt0) =

0 (|t| ≤ l). From this and (2.3), we conclude that forN > N∗ and |t| < l, the first term of the

right-hand side of (4.11) is equal toG(t)f(t). Again, by (4.3) and (4.9), we obtain finally (4.2).

Theorem 4.1 is proved. ¤

Based on Theorem 4.1, we conclude from a known result of the Fourier series [10] that

Theorem4.2— Under the conditions of Theorem 4.1, if any one of the following conditions is

satisfied:

(i) lim
δ→0

(
log

1
δ

)
ω(f ; δ) = 0 and lim

δ→0

(
log

1
δ

)
ω(W ; δ) = 0,

(ii ) f andW are both continuous functions of bounded variation onR,

then the W-H frame series
∑
m,n

(f, Wm,n)W̃m,n(t) converges uniformly tof(t) on every compact

set ofR.
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PROOF : If (i) holds, using Theorem 4.1, we obtain the desired result.

Suppose that (ii) holds. LetF ∗
n be stated as in (4.5) and (4.6). By the assumption, we see that

F ∗
n is a2π−periodic continuous function and is of bounded variation on[0, 2π]. By a known result

[10], we see that the partial sums of the Fourier series ofF ∗
n satisfy

lim
M→∞

sM (F ∗
n ; t) = F ∗

n(t) (4.13)

uniformly onR. Using the argument of Theorem 4.1, we know that for anyl > 0, there is aN∗ > 0,

which only depends onl, such that for anyN > N∗,

G(t)SM,N (f ; t) =
2π

ω0

∑

|n|≤N

sM (F ∗
n ; ω0t)W (t− nt0) =: I

(1)
M (t) + I

(2)
M (t) (|t| ≤ l),

whereG is stated in (2.3) and

I
(1)
M (t) =

2π

ω0

∑

|n|≤N

(sM (F ∗
n ; ω0t)− F ∗

n(ω0t))W (t− nt0),

I
(2)
M (t) =

2π

ω0

∑

|n|≤N

F ∗
n(ω0t)W (t− nt0) = f(t)G(t).

From this and (4.13) andmin
t∈R

G(t) ≥ 2π
ω0

m∗ > 0, we obtain the desired result. Theorem 4.2 is

proved.¤
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