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The concept of frames fak?(R) is a generalization of the concept of orthonormal bases. The
Weyl-Heisenberg frames are a kind of important frames. It is generated by translations and
modulations of a single function and is extensively used in time frequency analysis. Here we
study the convergence of the Weyl-Heisenberg frame series.
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1. INTRODUCTION

The concept of frames fdi?(R) is first introduced by Duffin and Schaeffer in [5]. Weyl-Heisenberg
frames are generated by translations and modulations of a single function. They form an important
class of frames which are used extensively in time-frequency analysis.

Itis well-known that{e"*™" x (g 1) (t — 1) }1n nez is an orthonormal basis fdr*(R), wherex | ;]
is the characteristic function ¢#, 1]. Replacingy|y ;) by a general functiom’, m by mwy, andn
by ntg, this leads to the concept of Weyl-Heisenberg frame with the modulation parametae
translation parametey, and the mother functiod” (simply, W-H frame).

The terminology,W-H frame, comes from the representation of the Weyl-Heisenberg group
[1]. It is also called Gabor frame since it is obtained by discretization of the Gabor transform in
communication [4, 6].
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W-H frames are studied by many authors. Ron and Shen [8] gave a complete characterization of
theW-H frames, Casazza and Christensen [2] gave an estimate of bound$iof thérames. Any
f € L?(R) can be expanded intd’- H frame series. In this paper, we will study the convergence of
the W-H frame series in detail. We will study the pointwise convergence of the Weyl-Heisenberg
frame series and the uniform convergence of the compactly supported Weyl-Heisenberg frame series
as well as their convergence rate.

2. PRELIMINARY
Throughout this papef; , -) expresses the inner produfit, || expresses the norm i (R), and

{gn} = {gn}nGZa {hm,n} = {hm,n}m,n627

Zan = Zan7 me,n = Z Z bm,n'

nezZ meZ neZ

We recall some known definitions and results.

Definition2.1 — [1, 2, 6]. Let{¢, } C L%(R). If there exist two positive constants B such
that

AIFIPSY IFenP<BIFIP Y eL’(R),
then{y,} is called a frame of.?(R) with boundsA and B.

Definition2.2 — [2, 6]. LetW € L?(R) andwy, t, > 0. Denote byW,, ,, the family

Winn(t) : = ™MW (t —ntg)  (m,n € 7). (2.1)

If {W,..n} is aframe forL?(R), then{W,, ,,} is called a Weyl-Heisenberg frame, simgly-
frame.

Definition2.3 —[2, 6]. Let{W,,, ,} and{Wm,n} be twoW-H frames. If, for anyf € L?(R),

F=Y (W)W (L3 and  f = (f, W) Wan (L2,

then{W,., Wy} is called a pair of dualV-H frames.

The seriesy_ (f, Wm,n)Wm,n(t) and > (f, f/[v/m,n)men(t) are both called thé&/-H frame

m,n m,n

series off. By symmetry, we only study the convergence of the sepiesf, Wm,n)Wm,n(t) in

this paper.

For a compactly supportddl- H frame, its canonical dud/’- H frame is constructed as follows.
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Proposition2.4 — [6] Suppose thdl” is continuous ofR and[a, b] is a finite interval. Let

W(t)£0 (t€(a,b), W(t)=0(t € (a,b))and0 < wy < 172_7”& O<to<b—a (2.2)

and let
W(t) = ——W(t), where G(t)= -5 [W(t—nty). (2.3)
wo -

Then{W,, ., Wm,n} is a pair of dualV-H frames.
Proposition2.5 — [3] Let f € L(R). If > f(x + 2kw) converges to a continuous function
k
of bounded variation off), 27, then for eache € R, Y f(z + 2km) = &= > f(n)e™™, where
k n

f(w) = [ f(t)e~"dt is the Fourier transform of.
R

3. POINTWISE CONVERGENCE OF THEW -H FRAME SERIES
Let {Wp, n, V[N/m,n} be a pair of dual W-H frames. By Definition 2.2, for afiy= L?(R), we have

F=> (s W)W (LA). (3.1)

Theorem3.1 — Let {W,, ,,, Wm,n} be a pair of dual W-H frames. Suppose that is a
continuous function of bounded variation &and there exists a constant > 0 such that for
teR,

W@l [ <C (M) for some a > 1. (3.2)

If f € L(R) is a continuous function of bounded variationBnthen for each € R,

f(t) = Z (Z(f’ Wm,n)Wm,n(t)> :

n m

PROOF : First, we prove that for each € Z, the seriesy (f, Wm,n)Wmm(t) converges
m

everywhere orR.

By (2.1) and the definition of the Fourier transform, we have

(f, Winn) = / FO Wt = / B ()e= ™G = T (m),
R

R

(1) = cjof <afo> W (:0 _ nt0>. (3.3)

where
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From this and (2.1), it follows that

~

(f, Win) Wi () = i (m) ™0 W (t — nty). (3.4)

Now, we discuss the pointwise convergence of the s@@@(m)eimwot.

m

21
By the assumption and (3.3), we havg € L(R). Furthermore,[ ( >~ |hy,(t + 2km)| )dt =

0 kez
f |h,(t)|dt < co. So, for eacn € Z, the serlei |h, (t + 2k7)| converges almost everywhere on
[0 27]. Take a pointy € [0, 27| suchthad |h, (t0+2k7r)\ converges. Arbitrarily take € [0, 27].

k

We have
D N hn(t+2km)| < > (i (to+2km) |+ > B (t42km) — i (to+2km)| = In(to)+Tn (2),

[k|=N k|=N |k|>N

whereIy(tg) — 0. By the assumption and (3.3), we know tlgt is a continuous function of

bounded variation ofR. For anyt € [0, 2], Jx(t) is not large than the total variation &f, on

[2N7,00). So we obtain tha]t\}im Jn(t) = 0 uniformly on [0, 27]. Therefore,) h,(t + 2kn)
— 00 k

uniformly converges of0, 27].

DenoteH,,(t) = > h,(t + 2k7). We see thati,, is a2r—periodic continuous function and is
k
of bounded variation ofv, 27]. By Proposition 2.5, we obtain that for eack R,

1

Hn(wot) = % Z/ﬁn(m)eimwot.

Again, by (3.4), for eaclv € Z, we know that the series_(f, Wmm)ﬂwfm,n(zﬁ) is convergent

onR and
Po(t) := > (f, Winin) Winn(t) = W (t—nto) Zh et — 2n H (wot)W (t—nto) (t € R).
(3.5)
Next, we prove tha} | P, (t) converges oiR.
By (3.3), we have
1 2k 2k
H, (wpt) = hy(wot + 2km) = — <t—|—>Wt—nt + —).
(wot) ; (wo ) wo;f " ( 0 wo)
From this and (3.5), we have
Z|P |—ZZ7‘(‘|H (wot) (t—nt0|<—2ﬁkz t) (3.6)
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wheref(k, t) = 3 [W(t — nto + Z2) W (t — nty)|.

n

By (3.2), we obtain that for some > 1,

2 1
Bk, t) < C ( >+ X )(1+tnto+2jgr)a(1+tnm)a

[k|m ks
\t—ntdZW \t—nt0|<w

c? 1 1 _ 1
< (1+%)a (Z (1+]t—nto+237 ) + ; (1+[t—ntol)> ) =0 ((1+|k’|)“> '

n

Again, sincef(¢) is bounded orR, by (3.6),> | P, (t) converges everywhere d Denote its
sum byg(t), i.e., "

n m

g(t) =Y (Z(f, Wm,n)Wm,n(t)> (t € R). (3.7)

Finally, we will proveg(t) = f(t) (t € R).

Sincef € L(R) is bounded o, we see thaf € L?(R). Again, by (3.1), we have
F=> (Z(f, Wm,nﬁm,n) (L%). (3.8)

The Riesz theorem [9] shows that if a sequence of functions both converge<) and
converges almost everywherel®) then their limiting functions are identical. Hence, by (3.7) and
(3.8), f(t) = g(t) (t € R). Theorem 3.1 is proved. O

4. UNIFORM CONVERGENCE OF THECOMPACTLY SUPPORTEDW-H FRAME SERIES

Theorem4.1— Let{W,, ,, Wm,n} be a pair of compactly supported dual W-H frames satisfying
(2.2) and (2.3), and lekV be continuous oRk. If f € L?(R) is bounded continuous dk, then for
anyl € Z*,whenN > (I + |a| + [b]) andM € Z7, the partial sums

Sun®) =3 3" (f, W) Winn(t). (4.1)
[n|<N |m|<M
of the W-H frame series (3.1) satisfies

Suar(rs 0= 10 =0 (L) (o w2 1 £ et 1 ) togar

m*towo

(It} < 1), (4.2)
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wherew(g; 0) = sup |[g(t1) — g(t2)| is the modulus of continuity and
[t1—t2|<d
* — mi W(t 2 _ Al
" \tf“T“l’?g%o‘ ), g lloo I?ezgqg( )|

In this section, the bounds in terh® " are absolute constants

PROOF: SinceWW(t) = 0 (w ¢ (a,b))andW (t) is a continuous function, we see that there
are only finitely many nonzero terms in the series of (2.3) @iit) is a¢y—periodic continuous
function. From this and (2.3), it follows that

2 27

minG(t) = min  G(t)>— min |[W(@E)]?="—m*>0. (4.3)
IeR jt— gt < Wo [t—af|<P wo

By (2.1) and (2.3), we hav@fm,n(t) = %Wm,n(t}. Again, by (4.1) and (2.1), we obtain that
forany f € L*(R),

GOSun(F )= Y S (fs W) Wann) = > Jun(®)W(t —nto),  (4.4)

In[<N  |m|<M In|<N

whereJys ., (t) = [ f(s)W (s — nto)Dar(wo(t — s))ds and Dy (u) = | ‘ZM etm,
R m|<

By (2.2), we have

(a+nto)wo+2m
1
Tan(t) = & / Fo(s)Dag(wol — s) ds and Fy(s) = £ (=) w (= —nto).
’ wo wo wo
(a+nto)wo

SinceF,(s) =0 (s & ((a + nto)wo, (a+ nty)wo + 27)), We can extend-,(s) to a periodic
continuous functiorF(s) with period2m, i.e.,

F (s+2km)=F;(s) (k€ Z) and F,(s)=F,(s) ((a+nto)wo <s < (a+nty)wo+2m ).

(4.6)
Again noticing thatD,,(u) is an even periodic function with peridd, we have
1 2m
Inn(t) = o /F;(S)DM(S — wot)) ds. (4.7)
0

0

On the other hand, sindé’ is a continuous function with peridir, by a known result [7, 10],
we know that the partial sums of the Fourier serie#pf
2m
sar(F7 wot) = % / F(s)Das(s — wot) dt - and  sur(FY, wot) — F (wot)
0
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=0 (w(F:;, L)) log M.

By (4.7), we have

2

2 1 1
JM,n(t) = UTOSM(F;; th) and J]\/Ln(t) = QTZF;(WOt) + O <w0> w <F;;, > |OgM

(4.8)
By (4.5), (4.6), and the properties of the modulus of continuity, we get

b 5
w(Fy; ) < 2w (f; wo) [ W oo +2w (W; w()) | fllo=:ps(), and  (4.9)

F (wot) = Fo(wot) = f(EW(E — nifo), 2

77
€ (a +nty, a+nty + —).
wo

Again, by (4.8) and (4.9), we obtain that foe (a + nty, a + ntg + )
2 1
Tatn(OW (¢ = nto) = = fOIW (2 = nto) 2+ O ( ) W oo 27 <M> logh.  (4.10)

2 .
For t ¢ <a + ntg, a+ nty + J) by (2.2), we havéV (t — nty) = 0. So (4.10) still holds.
0

By (2.2), the sund_ Jarn (t)W (t — nto) has only[b — a} + 1 nonzero terms an%b — a] +

0 to
1< 2(b— a) < ir Therefore, by (4.4) and (4.10), we get
to towo
\n|<N towo M

(4.11)
oo l b
Arbitrarily takel € Z*. DenoteN* = L Ja + 1ol . When|n| > N*, we havelV (t —nty) =

(|t| < 1). From this and (2.3), we conclude that fdf > N* and|t| < [, the first term of the

right-hand side of (4.11) is equal ®(¢) f(t). Again, by (4.3) and (4.9), we obtain finally (4.2)
Theorem 4.1 is proved.

]
Based on Theorem 4.1, we conclude from a known result of the Fourier series [10] that

Theorem4.2— Under the conditions of Theorem 4.1, if any one of the following conditions is
satisfied

0] hm <Iog5> w(f;6)=0 and hm <Iog5> w(W;6) =0,

(i) fandW are both continuous functions of bounded variatiorign
then the W-H frame serie¥_ (f,

Winn)Wimn(t) converges uniformly tg(£) on every compact
set of R.
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PROOF: If (i) holds, using Theorem 4.1, we obtain the desired result.

Suppose that (ii) holds. L€t be stated as in (4.5) and (4.6). By the assumption, we see that
F is a2r—periodic continuous function and is of bounded variation®r2=]. By a known result
[10], we see that the partial sums of the Fourier seriels o$atisfy

lim sy (FF; t) = FX(t) (4.13)

M—o0

uniformly onR. Using the argument of Theorem 4.1, we know that forlamy0, thereis av* > 0,
which only depends oh such that for anyv > N*,

GOSun(f; t) = fj; S sm(ES wot)W(t—nto) = Iy () + I (t) (It <),
In|<N

whered is stated in (2.3) and

2
1) = wi; 3" (sm(Fy; wot) — F(wot)) Wt — nto),
[n|<N

10 =2 5 FiwtW (e —nto) = FOG(0).
[n|<N

From this and (4.13) an?hiFrel G(t) > i—gm* > 0, we obtain the desired result. Theorem 4.2 is
S
proved.[]
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