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Abstract

We characterize the support G of the Fourier transform of the band-limited scaling function and give an approach to the con-
struction of the scaling function. Based on the relations of translates of three point sets G, %G and G \ %G, we reveal an essential
difference of scaling functions corresponding to MRA, weakly translation invariant MRA and translation invariant MRA. More-
over, we consider the case that support of the Fourier transform of the scaling function is a convex set. Finally, we show that the
support of Fourier transform of any scaling function cannot be a closed ball.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In 1988, Mallat introduced a concept of multiresolution analysis (MRA) which is a fundamental concept in wavelet
analysis.

Definition 1.1. [1,2,6] Let {V,,},ncz be a sequence of closed subspaces of L2(R%) satisfying:

@) Vin C Viur1 (m € Z), U, Vi = L*(R?), N, Vi = {0}.
(b) feV,ifandonlyif f(2-) € V41 (m € Z).
(c) There exists a ¢ € Vj such that {¢(- — n)}, .z« is an orthonormal basis of Vj.

Then {V,,} is called an MRA and ¢ a scaling function.

In 1991, Madych introduced the concept of translation invariant MRAs.

Definition 1.2. [5] Let {V,,} be an MRA. If for any f € Vp and o € R4, we have f(t —a) € Vj, then {V,,} is called a
translation invariant MRA and the corresponding scaling function is called an M-type scaling function.

Replacing f(t —a) € Vp by f(t — ) € V;, Walter extended the above concept in 1994.
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Definition 1.3. [7,8] Let {V,,} be an MRA. If for any f € Vg and o € R¢, we have f(t — a) € V1, then {V,,} is called
a weakly translation invariant MRA and the corresponding scaling function is called a W-type scaling function.

One easily see that if ¢ is an M-type scaling function, then ¢ must be a W-type scaling function and if ¢ is a W-type
scaling function, then ¢ must be a scaling function. Conversely, it is not true. For example, Meyer’s scaling function
is a W-type scaling function, but it is not an M-type scaling function [3,7]. Any scaling function ¢ with supp ¢ = R?
is not a W-type scaling function. Up to now there is not a function available which is a band-limited scaling function
but is not a W-type scaling function, we present such an example (Example 2.10 of this paper).

Madych [5] showed that there exists an M-type scaling function ¢ with supp ¢ = G if and only if

(i) G cC2G, (ii) UZ’”G:Rd, (i) G+27z¢~R4,
m

(iv) GN(G+2mv)~0 (vez\{(0})
hold. In this case, |¢| = X, where X is the characteristic function of G.
Walter [7] showed that if ¢ is a W-type scaling function with supp ¢ = G, then (i)—(iii) and (v) hold, where
1 1 J
v) EGm EG+27w ~¢ (veZzi\{0}).
Remark 1.4. From the proofs of Madych’s and Walter’s theorems [5,7], one see clearly that in order to obtain the

above conclusions (i)—(iii), they only use the condition that ¢ is a scaling function. So if ¢ is a scaling function, then
(i)—(iii) hold.

In this paper, we will present the necessary and sufficient conditions for G to be the support of the Fourier transform
of a scaling function or a W-type scaling function. Our main results are as follows:

(a) Let G be a bounded closed set in R?. Then there exists a scaling function ¢ with supp ¢ = G if and only if (i)—(iii)
and (vi) hold, where

(vi) (G\%G) N <%G + 2711)) ~@ (v € Zd) (see Theorem 2.1).

(b) Let G be a bounded closed set in RY. Then there exists a W-type scaling function ¢ with supp ¢ = G if and only
if (1)—(iii) and (vii) hold, where

(vi) GN (%G + 2m> ~¢ (vez9\{0}) (see Theorem 3.1).

Combining Madych’s result with our results, we see clearly that (vi), (vii) and (iv) reflect the essential difference
of three kinds of scaling functions.

In the proof of Theorem 2.1, we give an approach to the constructions of the general band-limited scaling functions,
and in Example 2.10, we use this method to construct a band-limited scaling function which is not a W-type scaling
function.

In addition, in Section 3, we further discuss the case that the support of the Fourier transform of the scaling function
is convex set (Theorem 3.3). For a band-limited scaling function ¢, when the support of ¢ is convex and completely
symmetric about the origin, we derive a formula:

d
[, 7] C suppp C [—gn, %ni| (Theorem 3.5)
and this result cannot be improved. We also discuss the relation between the support of the Fourier transform of the
scaling function and the origin.
Finally, we find that any closed ball in RY (d > 1), whether its center is the origin or not, cannot be the support of
the Fourier transform of some scaling function (Theorem 4.1).
Throughout this paper, we need the following notations and definitions about the point sets in RY.
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Let E be a point set in R?. By E denote the boundary of E, by E° denote the interior of E and by |E| denote
the measure of E. For the point sets £ and F in R4, E ~ F means |[E\F|=0and |F\E|=0,and E +h =
{w+h, o€ E} (he RY),kE = {ko, w € E} (k> 0), E + 2129 =, 74(E + 27v).

If E 4277 = E, then we say that E is a 27 -periodic point set. If forany a, b € E,a+A(b—a) € E (0< A < 1),
then we say E is a convex set. If for any w = (w1, ..., ®q) € E, the 24 points (f£wy, ..., £wy) all belong to E, then
we say that E is completely symmetric about the origin. For a bounded convex set E, clearly, [0 E| = 0 and any
straight line through an interior point of E only intersects d E at two points.

By D(a, §) denote a ball with center a and radius 8. By 7¢ denote the cube [—7, 7]¢ and by {0, 1}¢ denote all
vert1ces of [0, 1]d X g is the characteristic function of E.

By f denote the Fourier transform of f € L?(R?). If

G:=clos{we R?, f(®)#0} and f(w)#0 forae. weG,

then G is called the support of f and write G = supp f . If supp f is bounded, then f is called a band-limited function.
2. General scaling functions
We give a characterization of supports of Fourier transforms of scaling functions as follows.

Theorem 2.1. Let G be a bounded closed set in R%. Then there is a scaling function ¢ with supp = G if and only if

(i) G cC2G, i) | J2"G~rY, (i) G+27Z¢~R% and

(vi) (G\ ) ( G +2nu> g (vezd)
hold.
In order to prove this theorem, we introduce some notations: form =0, 1, ...,
Gl = G\%G, GH=2""Gl,  Gn=2"G, E,=G%+2mZz%  E,=G,+21Z".

Since G is bounded, we can choose a k € Z+ such that G C [—2"71, an]d.
First we discuss the decomposition of G.

Lemma 2.2. If G satisfies (i) and (vi), then we have

k—1
(a) G= ( U G;) UGk, where Gy, ..., Gy_y, Gk are mutually disjoint.
m=0
1 k
(b) §G+27er= ( U Em) UEw1, ESNE*~@ (m#n, m,n>0),

EXNE,~¢ (0<m<n).

Proof. By (i), we have

k—1
1 | 1
=<G\§G)U§G=G8UGTUZG=~--=(UG,”;>UG1<
m=0

and clearly this is an union of k 4 1 disjoint point sets, we get (a).
By (a), we have %G = (Ufn:1 G})) U Gg41. Furthermore,

k
%G +2r2% = ( (G, +2m27) ) U (Gry1 +2127).
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For any m (m > 0), by (vi), we have
GhN(Guyr +2727"v) =9 (vezf).
Letting v =2"u (u € Z%), we get G N (G i1 + 27 n) =0 (u € Z%). Again by G, C Gyt (m < n),
(Gh +2729) N (Gu+272%) =0 (m <n). (2.1)

From this and E C E,, we get (b). O

Lemma 2.3. Under the conditions of Lemma 2.2, we have
@ (E\G)NGx=@ (m=0), (b) GN(Gr+2mv)~P (#0).

Hereafter v € Z¢ \ {0} is written simply as v # 0.
Proof. Form >0, by Lemma 2.2(b) and G, C E,, G C E;;, we conclude that

(E;\NGi)NGE~P (n,m>0), (Ex\NGi)NG, =0 (0<m<n).
So

-1
(E,’Z\GZ)H((UGZ)UG,):(/) O<m<lD.
n=0

Similar to the argument of Lemma 2.2(a), we have (Uil;lo G})UG; =G. So we get (a).
By G C [—2Fm, 2%71¢, we see that G C [—m, w]%. So we obtain that G N (G + 27 v) ~ @ (v # 0). On the other
hand, by (2.1), we have G}, N (G +27v) =@ (m <k, v e Z%). Hence we have

k—1
(( U G,’;) UGk> N(Gr+2mv) >0 (v#£0).

m=0

Soweget(b). O

Next we discuss the decomposition of each G}, (m > 0).

Definition 2.4. For arbitrarily finitely many distinct points vo, vy, ..., v- (0 € {v/}; C 7%), define a point set F I
as follows
FGZ,...,U, = {a) eG: w+mnveG) (v IS {vl}(r)) and w + v ¢ G, (v ez? \ {vl}(r))}.

Let w € G%,. Since G is bounded and G, C G, there only exist finitely many v € Z¢ such that w + v € G, so @
lies in some F’ ,fg by Finally, we have

.....

o0
G.= U Fr_., 22)

r=OOE{Vj}6CZ‘1

and the right-hand side in (2.2) is a disjoint union.
Below we indicate that the union in (2.2) consists of finitely many nonempty point sets. Let

.......... ,, # 0} 2.3)

Note that G C [—2]‘71, an]d. If some v; in vy, ..., v (0 € {v1}6 C Zd) satisfies |v;| > 2k+1\/(7, then for any w € G,
wehave w+mv; ¢ G. Againby G}, C G, forany w € G},, we have w +mv; ¢ G,. So, by Definition 2.4, F]f:)’ b = ?.
Finally, we see that P™ consists of finitely many point sets.

.....

..... v

Lemma 2.5. Let F); |, € P".Then F |, +mvs€ P" (s=0,...,r) and they are mutually disjoint.

.....
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. Let

Proof. For each s, we see that w € F)' + vy is equivalent to w — wvg € F
0505 Vr VO .ees Vr

Qs =V — Vg (=0,...,r).

Then o5 =0.So 0 € {al,s}g cz4. By Definition 2.4,  — v, € F]?g . is equivalent to

..... )

weGh, w+mveGl (veluyl_y) and o+mve¢Gl (veZ9\{u,l_). (2.4)
and (2.4) is equivalenttow € Fr . So
Flf:)’ !!!!! y TV = F(Z’)X’_”a” e P™. (2.5)

Let sy # 52. Then vy, # v, and oy 5 oy 5, (( =0,...,r). So, by (2.5), we have
(Fro o +mvg)N(Fn  +7v,)=0. O

..........

Lemma 2.6. There exist finitely many point sets A;fl = F:gj) .... 0 (j=1,...,A) in P™ such that the decomposition
Gi = U);:l U;LO(A;." + rrvl(J)) holds and this is a disjoint union.

Proof. Take a point set A" = F'{;,
Yo

,,,,,

a € P™. By Lemma 2.5, the point sets A’l" + nvl(l) e P" (1=0,...,r1) and
Vr,

they are mutually disjoint. Denote

st={A" + v 1 =0,...,r))}. 2.6)
Let P{" := P™ \ S}". Take a point set A}’ = va(()z) @€ P{". We can prove that
~~~~~ )
A +avP ¢St (1=0,...,r). 2.7)
If it is not true, then there exist / and n (0 <[ < rp, 0 <n < ry) such that
AY + nvl(z) = Al + m),gl). (2.8)

By A} C Gy, we see that

A (P —v?) c G (2.9)

Since A’l" = F:’Zl) SO by Definition 2.4, we know that there is s (0 < s < r1) such that v,gl) — vl(z)
(VJRERE v

(2.8) and (2.6), we get
A = AT + oD e s

= vs(l). Again by

This is contrary to A%’ € P{" = P™ \ S{". So (2.7) holds. Denote S}' = {A}' + rrvl(z) (1=0,...,m)}.
Since P™ consists of finitely many point sets, repeating the above process, we finally can choose finitely many
point sets {A;'-’})]‘ C P™ (A is some natural number) such that

A
)
Pm=| s, where ST ={A" +7v” 1=0,....r)}. (2.10)
j=1
Namely, P™ = {A;’.1 + rrvl(j), [=0,...,rj; j=1,...,1}. By (2.2) and (2.3), we get the desired result. O

We need also the following lemma.

Lemma 2.7. Let ¢ € L>(R?) and a closed set G satisfy the following:

supp¢ = G, (2.11)
¢(2w) = H@)¢(w) ae we R (HeL™(TY)), (2.12)
Y lpw+2mnP =1 ae weR? (2.13)

and | J,, 2" G ~ RY. Then ¢ is a scaling function.
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Proof. Let
Vi :=span{e (2"t —n), ne 2%} (me 2).
By (2.12), V,y C V41 Again by (2.11) and | J,,, 2" G ~ R4, we get

U U supp f = Usuppw (27" —DZmGsz.

m feVpy m

Applying a known result [4, p. 67], we obtain that Gm Vu = L>(R?). Again by (2.13), we conclude that ¢ is a scaling
function. O

Proof of Theorem 2.1. Sufficiency. Suppose that (i)—(iii) and (vi) hold.

Since G is bounded, we can choose a k € Z1 such that G c [—2%7, 2k 719, By Lemma 2.7, it is enough that we
directly construct ¢ € Lz(Rd) and H € L®°(T?) satisfying (2.11)—(2.13). This process of construction is split into the
following five steps:

Step 1. Define ¢(w) =0 (w ¢ G).

Step 2. Define ¢(w) = 1 (w € Gy). For w € G, by Lemma 2.3(b), we see that w + 27v ¢ G (v #0). So

0, weGr+2nv (v#£0),

@w»={L e Gy (2.14)

Hence ¢(w) has been defined on Ey and ), [¢(w + 27'[1))|2 |go(a))|2 =1 (w € Gy), i.e., (2.13) holds for w € G.
Define H(w) =1 (w € Ex+1). If € Gy 1, then 2w € Gi. By Gr41 C Gy and (2.14), ¢ 2w) = ¢(w) = 1. Hence
(2.12) holds for w € Gg41. If w € Gry1+2mwv (v £ 0), then 2w € G +4mv (v £ 0), 50, by (2.14), 9 Rw) = ¢(w) =0,
clearly, (2.12) holds for w € G4 + 2w v(v # 0). Therefore, (2.12) holds for w € Ey4.
Step 3. Let P(n) be the following proposition:

Proposition. For each n (0 < n < k), we can define a function ¢(w) on G} and a function H (w) with period 2 on

27 -periodic point set E*+1 such that (2.13) holds on G}, and (2.12) holds on En+1’ and

0<Cp<P(w) <D, <00 forwe Gy, 0<C,<H(w) <D, <00 foroeE;_,,

where C,,, D,, C',, and ﬁn are constants.

By Lemma 2.3(a) and ¢(w) =0 (w ¢ G), we know that for w € E¥ \ G}, ¢(w) = 0. Hence if we define ¢(w) on
G}, then we have defined ¢(w) on E;'.
Since G C Gy and E} | C Ej+1, by Step 2, we see that Proposition P (k) is true and

Ck=Dk=ék=Dk=l.

Now suppose that 0 < m < k and that P (m) is true, we will prove that P (m — 1) is true.

First we define H (w) on G};,. By Lemma 2.6, we only need to define H (w) on each A’” + nvl(/ ).

Since P (m) is true, ¢(w) has been defined on G}, and C;,, < $(w) < Dy,. Again by Lemma 2.6, we know that for
w€E A’;’, 1=0,...,rj, the values of ¢(w + nvl])) have been defined and C,,, < ¢(w + nvl(])) < Dy, Write

”:m@+@% where u{” € Z% and o’ € {0, 1)¢. (2.15)
We can define the functions H (o + ¢ ")) (w e A’/”) such that for w € A",

o .
> b @) H (o wa)F =1, where b (@) = [p(o -+ 7v)|’ @.16)
=0

and

0< C(J) H(a) —I—nam) < D(/) | <00 (!=0,...,rj), where é:rfil Dr(njll are constants. .17
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In Remark 2.8, we will state the construction of the functions H (w + noel] )) in detail.
Again define

(w—i—nvl(’)) (a)—i—nalm) (weA’;’), 1=0,...,r;. (2.18)
By Lemma 2.6, H(w) has been defined on G}, and

C < H(w weG*), where Cp_; = min ¢V , Dyy_1 = max pY
m—1 < H(@) < Dp—1 ( m) m—1 lgjé)»{ m—l} m—1 lgjgk{ m—1

}

where A is stated in Lemma 2.6.
Below we will prove that if w € G}, and w + 27V € G}, for some ¥ € 74 then H(w + 277) = H(w).
By w € G}, and Lemma 2.6, we know that there exist j and n such that

w:wo—i—nv,(,j), wherewoeAm. (2.19)

Since w + 27V = wo + 712V + v, ])) and w +27v € G}, we have wo + 7w (20 + v ])) € G} . Again since wy € Am , by
Definition 2.4, we know that there is some s (0 < s < r;) such that

25 + v =), (2.20)
Again by (2.18)—(2.20), we get

H(w) = (a)o + nvm) H(a) + na(/)),
H(w+27v) = (a)o + 71(21) + v(]))) H(a)o + nvs(j)) H(a)() + noz(]))
But by (2.15) and (2.20),
w =200 +u?) +ay” (G+u ez, o €0, 1)),
D=2 +af ez o 0. 1)9).
By uniqueness of decomposition in (2.15), we have a(J) = aA]) From this, we have H (w) = H(w + 27 D).
Define H(w + 2nv) = H(w), w € G}, (v € Z%). So H(w) is well defined on EY and H(w) is a function with

27 -period on 27 -periodic point set E}, and Cn1 <H(@) < Dy (@€ Ex).
Now we define ¢(w) on G}, _,. Since P(m) is true, Cp, < ¢(w) < Dy, on Gy, Let

PQw) = H(@)p(w) (w € Gy). 2.21)
Then the function ¢(w) is defined on G}, _, (G;,_; =2Gy,) and
Cn-1<@@)<Dp_1 on G;;fls where Cp, 1 = Cmém—h Dpy—1= Dmbm—l-

By Step 1 and Lemma 2.3(a), we get () =0 (w € E;;,_; \ G _,). So the function ¢(w) has defined on E _,.
We prove that (2.12) holds on E};,. Let w € E;,. If w € G}, then by (2.21), we know that (2.12) holds. If w ¢ G},
then w € E;; \ G, by Lemma 2.3(a), w ¢ G. By G C 2G, we have 2w ¢ G, s0 ¢(2w) = ¢(w) = 0, (2.12) also holds.
Finally we prove that (2.13) holds on G*

m—1*
Letwe Am F”Z/) N By Definition 2.4, we have
vy

weGl, wot+mnveG, (we)),  wo+mveGh (ve{v ). (2.22)
Again by 2G;, = G _,, we obtain that 2w € G}, _,, so

2w+2nveEE, (v € Zd).
On the other hand, by the third formula in (2.22), we get

20+2mv ¢ Gr_y (v [y ]5).
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So2w+2nveE;, \G;_, (vé {vl}gj). By Lemma 2.3(a), we see that 2w + 27v ¢ G (v ¢ {ul}gj), s0 ¢Qw +
2rv)=0(v ¢ {v[(j)}gj). Furthermore

rj

Y lp@w+27m)[P =3

=0

¢ 2w+ 27v))|%. (2.23)

Noticing that the second formula in (2.22), we conclude by (2.21) and (2.18) that

~ A

920+ 2007) = H(w+ 1) (0 + 1vf?) = H(w + 70 )p (o0 + 7).
From this and (2.23), (2.16), we obtain that for w € A’;‘,

3 |¢6Cw +27v) [ =1. (2.24)

Again by the periodicity of the sum ) |¢§(Rw + 27 V)|?, (2.24) also holds for w € A’;‘ + nvl(]). So, by Lemma 2.6,
(2.24) holds for w € G},. Noticing that 2G;, = G, _,, we know that (2.13) holds on G}, _,. So P(m — 1) is true.

We have shown that P (m) implies P (m — 1). Hence Proposition P (n) is true for 0 < n < k.

Step 4. By Proposition P(n) (0 <n < k) and Steps 1 and 2, using Lemma 2.2, we see that ¢(w) has been defined
on R? and the function H (@) with period 27 has been defined on 2 -periodic point set %G +27Z% and (2.13) holds
on G and (2.12) holds on G + 27 Z.

By Proposition P(n) and Step 2, we have C,, < ¢(w) < D, on G} (n =0, ...,k — 1) and ¢(w) = 1 on Gy. By
Lemma 2.2(a), we see that ¢(w) is bounded on G and ¢(w) > 0 on G. Again since G is a bounded closed set and
P(w) =0 (v ¢ G), we know that ¢(w) € L*>(R?) and supp ¢(w) = G, i.e., (2.11) holds. Similarly, we know that H (w)
is bounded on %G + 2774,

Step 5. Define H(w) =0 (w € Gjj+ 27 Z4). By (iii) and (vi), we have

1 1
(Gy+2mz%) U <§G +2nZd) =G+21z'~R!,  (Gi+2nz)n <§G +271Zd> ~ 9. (2.25)

From this, we know that H has been well defined on R and H € L°°(Td).

Below we prove that both (2.12) and (2.13) hold on R4,

From Step 4, we have known that (2.12) holds on %G +2774 Forw e 63 + 2774, we have 2w € 2G3 +4x 74,
By the second formula in (2.25), we have (2Gj + 47 79 N G ~ . Hence ¢(2w) = 0. Again by H(w) =0 (w €
G; + 27 79), we know that (2.12) holds also on G; + 2774, Therefore by the first formula in (2.25), we conclude
that (2.12) holds for w € R?.

From Step 4, we have known that (2.13) holds on G. Since the sum ), |¢(w + 27 V)% is a 27 -periodic function,
we easily conclude by (iii) that (2.13) holds on R4,

Up to now, we have constructed ¢ € L*(R%) and H € L>®(T%) satisfying (2.11)—(2.13). Sufficiency is proved.

Necessity. Suppose that ¢ is a scaling function with supp@ = G. We have known that (i)-(iii) hold (see Re-
mark 1.4). For ae. w € G\ %G, we see that 2w € 2G \ G, so0 §(2w) =0, ¢(w) # 0. Again by the refined equation
$Qw) = H()$(w) (H € L*(T?)), we get

1
H(w)=0 forae weG)\ EG. (2.26)

For a.e. w € %G, by 2w € G and (i), we have ¢(2w) # 0, ¢(w) # 0. Again by ¢ 2w) = H ()@ (w), we know that
H(w)#0ae we %G. Since H (w) is a periodic function with period 27,

1
H(w)#0 forae we EG+27w (vez?). (2.27)

Combining (2.26) with (2.27), we have (G \ %G) N (%G +2nv) >0 (ve Z9 ie., (vi) holds. Necessity is proved. O

Remark 2.8. Here we construct the functions H (w + nal(j )) (w e A;f’) such that (2.16) and (2.17) hold.
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Let
NiB) ={lef0,....rj}; ot =B} (Bel0,1)9).

Denote the set of 8 satisfying N;(8) # @ by {,3,}?. It is clear that

hj .
0.t =NiBo. eV =B (LeN;(Bo).

=1

Let Qj ¢ (w) = ZleNj(ﬁr) b,(j)(a)), where bl(j)(a)) =|¢p(w+ nvl(j))|2. In view of

Cu<@(0+m) <Dy (0€A”),  Ni(B)ClO.....r;},
we obtain that

Co < Q@) <y +1)D;, (0 AT).
For w € AT, define

1
Hw+7np)=————— (r=1,...,h)).

VhjQj(®)

By O‘l(j) =B (I € Nj(B:)), we have

; 1
) m
H(w+nma =Hw+7nh;)=— (weA”), leN;(B).
(04 7a”) 0= g @ AT NG
In view of {0,...,r./}:Uﬁ;le(,Br),fora)eA;’?,we have

1 ; 1
—gH(w+no¢l(”)<—
1/(l’j~|—1)thm Cn

and

h h;
Zb[(j)|H(a)+mxl(j))|2 = Z( > b[(j)(cu)) |H(w+7Bo)|* = > Qi (@|H+7rp)] =1.

j
1=0 =1 \leN;(B:) =1

Namely, (2.16) and (2.17) are valid.

Remark 2.9. In the proof of sufficiency in Theorem 2.1, we present a general “approach” to the construction of the
scaling function ¢ with supp¢ = G.

There is no function available which is a band-limited scaling function but is not a W-type scaling function, below
we present such an example.

Example 2.10. Let G C R? and
~ ~ ~ - ’ = 3 7 1 1 ~ -
G=E{UEyUE3, where E1=[—-m, 7], Er = En, Zn X —gn, gn , E3=2F)>.

It is easy to check directly that G satisfies the following formulas:
1 1
Gc2G., | J2"G=R* G+21Z°=R* and (G\§G> N <§G + 27‘[Z2> ~¢.
m

By Theorem 2.1, there is a scaling function ¢ € L?(R?) with supp$ = G. However, since %G N (%G + 2mer) =
E, %0 (e; = (1,0)), by Walter’s theorem, ¢ is not a W-type scaling function.
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Now using the method presented by us in the proof of Theorem 2.1, we directly construct such scaling function ¢.
By G C [—4m, 4], we can choose k = 2. We decompose G into three disjoint point sets:

G=GjUGTUG,,
where G§ =G \ $G = ((E1 \ $E1) \ 3E2) U2E; and G} = 1G} and G, = 1G.
Let G5 = %Gé. We again decompose G} and G7. By Definition 2.4, it is easy to check that

Fy_ye, =Es,  Fy,, =Ey—2me;,  Fy=G}\B,
2 1~ 2 1~ 2 wy 1

Fy —ey =—-FE;, FOe| =—FE), —mey, Fy =G5\ =B, (2.28)
’ 2 ’ 2 2

where B = E"z U (E"z —2mey) and B C G’l‘. From this, we get
Gt =Fy 0, U (Fy o, —2me1) U Fy, Gs=F;_, U(F5_, —me1) UF;. (2.29)
Let
P@)=0 (0¢G), =1 (weGy). (2.30)

Now we define ¢(w) on G7. According to the method given in Theorem 2.1, based on the decomposition of G in
(2.29), we first define H (w) on G; as follows.

Let w € F()2—e1' By (2.29) and G; C G, we see that w € Gy and w — we; € G,. From this and (2.30), we have

¢(w) =@(w—mey) = 1. We choose H(w) = H(w —mey) = % (we Fg ), SO

e
6@)*|H) [ + ¢ —nen|*|Hw—men]’ =1 (0eF3_,).

Let w € F7. Since F§ C G} C G2, by (2.30), ¢(w) = 1. We choose H(w) =1 (w € F}), s0
P@] [H[ =1 (0ecFD).

By (2.28), we see that F&_ U (F&_ —Tmey) = %B and Fg =G\ %B. Hence we have

e el

I, weG3\ 1B,
H()=1 , |
E, w e EB
Let ¢(2w) = H(w)¢(w) (w € G3).
By (2.30) and G5 C G2, we have ¢(w) =1 (w € G3). So ¢(2w) = H(w) (w € G3). Againby (2.31) and G| = 2G3,
we get

(2.31)

I, ®eGI\B,
) =1 1
\/i ’
Similar to the above process, based on the decomposition of G7 in (2.29) and G = 2G7, we can define ¢(w) on
Gy as follows

weB. (2.32)

I,  weGE\2B,

é)(w)z{ L ,eaB (2.33)

ﬁ )
Since (G \2B) U (G} \ B)U G, =G \ (B U2B), combining (2.30), (2.32) with (2.33), we have constructed the
scaling function ¢ with supp @ = G as follows
1, we G\ (BU2B),
P(w) = ﬁ w e BU2B,
0, w¢ G,
where B = E> U (E; — 27ey), e1 = (1,0).
Below we discuss further the necessary conditions for G to be the support of the Fourier transform of the scaling
function. These necessary conditions will be used in Sections 3 and 4.
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Theorem 2.11. Let ¢ be a band-limited scaling function with supp = G. Then
(@ 0€gG, b)) G+27z%=R?, (©) (GU\2 ) ( G’ +2nzd) g if|aG| =
where G° is the interior of G and 0G is the boundary of G.
Proof. Since ¢ be a scaling function with supp ¢ = G, by Theorem 2.1, (i)—(iii) and (vi) hold.
If (a) is not true, then 0 ¢ G. Since G is a closed set, there must be a point wg € G such that p(0, wg) = p(0, G)
and wg # 0, where p is the distance. Hence % ¢ G. On the other hand, by (i) and wy € G we see that % € %G caG.
This is a contradiction. So we get (a).

If a point p ¢ G + 27 74, then by (iii), we see that p is a limit point of G + 27r_Zd. Since G is bounded, for
any ball D(p, §) with center p, there exists an integer k > 0 such that (G + 27 v) N D(p,8) =@ (||v|| > k), where

vl = ”12 4+ ug (v =(v1,...,v2)). So p is a limit point of Hy := U||u||<k(G + 27 v). Since Hj is an union of
finitely many closed sets, Hy is a closed set, further p € Hy. So there exists vy (]|vo|| < k) such that p € G + 2mvy.

This is contrary to p ¢ G + 27 Z¢. So we get (b).
By (vi) and |0G| =0, we have

(G”\2 ) ( G°+ 27tv> g (vez9),
also, (G? \ EG) N (EGO +27v) =0 (v e Z%) since (G° \ %G) N (%G” + 2mv) is an open set. So we get (c). O
3. W-type scaling functions and convex supports
3.1. W-type scaling functions
We give a characterization of the supports of Fourier transforms of W-type scaling functions as follows.

Theorem 3.1. Let G be a bounded closed set in RY. Then there exists a W-type scaling function ¢ with supp ¢ = G if
and only if

(i) G cC2G, (ii) UZ’"G ~ R4, (i) G+27Z%~R? and
1
(vi) GnN <§G + 2nv> ~¢ (vezi\{0})
hold.
In order to prove Theorem 3.1, we need the following lemma.

Lemma 3.2. Let G be a bounded closed set and ¢ be a scaling function with supp @ = G. If (vii) holds, then ¢ is a
W-type scaling function.

Proof. Forae. w € G, by (vii), we get 5 +27v ¢ G (v # 0). From this and supp ¢ = G, it follows that
@(% —1—2711)) —0, ac.weG (V£0).
Again since g is a scaling function, we have
2
NEY ~f W
¢<5> —%2: ( +2nv> ¢<§~+2nv>
This implies that

v#£0 -
¢<9> —1 aeweG. 3.1)

2
=1 (ae.we Rd).

v
2
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Denote

g(@) = Arg (o). (3.2)
For any « € Rd, let

Mg (%) = Z(ﬁ(a} + 47 v)efi“'(wH””)e*"g(%H’”) (a) IS Rd).
v

Since ¢ is band-limited, the above sum has only finitely many nonzero terms and so m, € L>(T?). From the above
formula, we get

5S¢ il B N 5L pia (@) —ig(§+27v) d
¢<§)ma<§> _ijw(w+4nv)(p<5>e ol tdmy) o ~ig(3H2T0) (4 € RY). (3.3)
By (vii), we get 2G N (G 4+ 4mwv) >~ @ (v # 0) which is equivalent to (2G +47v) N G >~ @ (v # 0). So for a.e.

w € 2G, we see that w + 4mv ¢ G (v #£0). By supp ¢ = G, we have ¢(w + 4mwv) =0 (a.e. w € 2G). For a.e. w ¢ 2G,
we have ¢(%) = 0. Therefore,

P+ 4;11))@(%) —0 ae weR!W£0).
From this and (3.2) and (3.3), it follows that

@(9 ma( 2 ) =@ 2 e @0 8D = g(w)|p g)
2 )7\ 2 2 2

Combining this with (3.1),
gﬁ(g)ma <8> = @(w)e @ forae.weG.

e ae.weRY. (3.4)

2 2
Noticing that ¢(w) =0 for a.e. w ¢ G, we obtain by (3.4) that ¢(%)mq (%) =0 = @(w)e " fora.e. » ¢ G. So

1) @ My 2= P(w)e™ ¥ forae. we RY.
2 2

Namely, g@(%)ma(%) = (¢(- — @)X (w), s0 p(t — ) € Vi. Since « is arbitrary, from this we can conclude that for
any f € Vo and @ € R?, we have f(r — ) € V). By Definition 1.3, ¢ is a W-type scaling function. 0

Proof of Theorem 3.1. If ¢ is a W-type scaling function, then by Walter’s theorem, (i)—(iii) and (v) hold. Again
since a W-type scaling function must be a scaling function, by Theorem 2.1, we get (vi). Combining (v) with (vi), we
get (vii).

Conversely, suppose that G is a bounded closed set and (i)—(iii) and (vii) hold. Since (vii) implies (vi), by Theo-
rem 2.1, we know that there exists a scaling function ¢ with supp ¢ = G. Again by (vii) and Lemma 3.2, ¢ is a W-type
scaling function. O

3.2. Convex supports
Here we discuss the case that the supports of Fourier transforms of scaling functions are convex sets.
Theorem 3.3. Let ¢ be a scaling function with supp @ = G. If G is a convex set, then

(a) 0 € G? (0 is an interior point of G),
(b) ¢ is a W-type scaling function.

Proof. Since ¢ is a band-limited scaling function with supp ¢ = G, by Theorem 2.1, (i)—(iii) and (vi) hold.
By (ii), we can take a point w; lying in the first quadrant: {® = (w1,...,wg): w; >0 (i =1,...,d)} of R? such
that w1 € Um 2" G, further there exists m| € Z such that w; € 2”1 G. Denote b)) :=2""™1¢,. So the point b eG
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and lies in the first quadrant of RY. Similarly, there are the points b) € G (I =1, ...,2%) lying in every quadrant of
R?, respectively. Let Q be the polyhedron with the 27 vertexes {b(l)}lzil. Then 0 € Q°. Since G is a convex set and

{b(’)}lzi1 € G, we see that 0 C G. So 0 € G°. We get (a).
By |0G| = 0 and Theorem 2.11(c), we have

0 1 1 4 d
G\EG n(56°+2mv)=0. vez’, (3.5)
For any w* € %G” and any v* € Z4 \ {0}, take the straight line through w*
Lio=owo}) =" +2nv*L (—00 <A < ). (3.6)

By %G C G, we have w* € G°. Again since G is a bounded convex set, we see that the straight line L intersects
dG at two points w1 := w(X1) and wg := w(r4) (A1 < r4) and the straight line L intersects 8(%G) at two points
w2 = w(X) and w3 := w(A3) (A2 < A3). Since G is convex and 0 € G, we have G N 8(%G) =0,0¢ %G”. So
A1 < Az and A3 < A4. Again by 0* = w(0), we see that

A <A <0< A3z <Ag. 3.7

By A(w, B) denote the open line segment connecting the points & and 8 except two end points. Since A (w3, w4) C
G°\ $G and A(w2, w3) C G, by (3.5), we conclude that

A(wsz, wg) N (A(a)z, w3) + va*) =0. (3.8)
From this, we can prove that
G°N (A(a)z, w3) + 2711)*) =0. (3.9
In fact, by (3.6) and w; = w(;), we have w; + 27v* = w* +27v*(4; + 1) = w(A; + 1) (i =2, 3). From this and
A(wr, w3) +27v* = A(ws + 27 v™*, w3 + 2 v™),
it follows by (3.8) that
Alo(3), 0(A)) NA(w(Az + 1), (A3 + 1)) = 0.
Again by (3.7), we see that this is equivalent to
A+ 12> Ag. (3.10)
Now if ¢ = a)()~») € A(wy, w3) + 2mv*, then Ay + 1 < x < A3 + 1. From this and (3.10), we have A > Ag4. Since
ws =w(Ag) €9G N L, we see that ¢ ¢ G2, i.e., (3.9) holds.
By (3.7), o* € A(wz, w3). From this and (3.9), it follows that w* + 27 v* ¢ G°. Noticing that w* is any point in
%G" and v* is any point in Z¢ \ {0}, we have
G’nN (%G” + 2nv> =0 (w#0).
Again by |0G| =0, we get (vii). Using Lemma 3.2, ¢ is a W-type scaling function. 0O
Let G be the support of the Fourier transform of a band-limited scaling function. By Theorem 2.11, we know that

0 € G. Especially, if G is convex, by Theorem 3.3, we know that 0 € G°. It is natural to ask whether there exists a
scaling function ¢ such that 0 € dG. The answer is positive.

Example 3.4. Let G C R? and
G = (-7, 71>\ E°) U(E —2mey),

where E = [0, 7]*\ D(rwey, ) and e; = (1,0). Let § = X. Then supp ¢ = G and it is easily check that (i)—(iii) and
(iv) hold. By Madych’s theorem, ¢ is an M-type scaling function for L>(R?). Here 0 € 8G.

If G is bounded convex and completely symmetric about the origin, we have
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Theorem 3.5. Let ¢ be a band-limited scaling function with supp ¢ = G. If G is convex and completely symmetric
about the origin, then

J 4 4 7¢
[—m, 7] C G C —571, 57{ . (3.11)

Proof. Let ey = (i1, ..., (aq), where u; =0 (j #k) and uy = 1. Take a straight line through the origin

Liy:w=Xey (—00<Ai<), k=1,...,d. (3.12)
By Theorem 3.3, 0 € G?, so the line Ly intersects dG at two points & k and nk. Denote
£F = xper, n* = ykex  (xk, yk € R). (3.13)
Without loss of generality, we assume y; > 0. Since G is completely symmetric about the origin, we have x; = —yx,
gk = —n* and
ko k Lol g !
-n,n"eLrNagqG, —5m 5 eLyNo EG . (3.14)

By Theorem 3.3(b), we know that ¢ is a W-type scaling function. Hence, by Theorem 3.1,
Gn <%G+2nv) ~@ (v+#0).

Similar to the argument of Theorem 2.11(c), we can conclude from |0G| = O that
G’n <%G” + 2711)) =0 (v#0).

For each k, from this and (3.14), we have

A(—nk, nk) N <%A(—nk, 17k) + 2nek> =0,

where A(a, B) is stated in Theorem 3.3. Again by (3.13), we get
1 1
A(—yrex, yrer) N A<<—§yk + ZJT)ek, <§yk + Zn)ek> ={.

This implies —% Yk + 27 = y. So we have

4
Yk < g”' (3.15)

For any ¢ = Z?:l gjej € G, take T = grep — ) 2k Cie- Since G is completely symmetric about the origin,
T € G. Again since G is convex, %(( + 1) = Lrer € G. By (3.12)-(3.14), we have

{rek € Lk NG,  —ykeg, yrer € Ly N3G,

So —yr < &k < yk. From this and (3.15), we have

44
——n < g < =m.
3T SkSy

Since k is arbitrary, we have ¢ € [—%n, %n]d. Namely, G C [—%n, %n]d

Below we prove [—7,7]¢ C G. Since G is convex, we know that if all vertexes of [—7,7]¢ lie in G, then
[—m, n]d C G. Hence it is enough to prove that all vertexes of [—, n]d liein G.

Suppose that there exists a vertex p of [—m, 7]? such that p ¢ G. Since G is completely symmetric about the
origin, we know that all vertexes of [—7, 7]¢ do not belong to G. It is clear that for any v € Z¢, the point p + 27 v

. . . . d .
either is still a vertex of [—, TL’]d or lies outside [— ‘3—‘7r, %n] . If the first case occurs, since all vertexes do not belong

to G, we have p + 2wv ¢ G. If the second case occurs, by G C [—‘3—‘71, %n]d, we have also p + 27v ¢ G. Therefore,



Z. Zhang / Appl. Comput. Harmon. Anal. 22 (2007) 141-156 155

we always have p +27v ¢ G (v € Z9). This is equivalent to p ¢ G + 2w Z?¢. However, since ¢ is band-limited, by
Theorem 2.11(b), we have G + 27w Z4 = R?. This is a contradiction. So all vertexes of [—m, n]d liein G. O

Since the support of the Fourier transform of Shannon’s scaling function is [—, 7] and the support of the Fourier
transform of Meyer’s scaling function is [— ‘3—‘71, % ] (3.11) cannot be improved.

Conversely, if a closed set G satisfies (3.11), then [—7 —] C5 G C [—371, % ] , s0 (i) and (vii) hold. Again by

[—7, 7]? C G, we have (ii) and (iii) hold. Applying Theorem 3.1, we have
Corollary 3.6. If a closed set G satisfies (3.11), then there is a W-type scaling function ¢ with supp ¢ = G.
4. Can the support of ¢ be a closed ball?

We know that the support of Meyer’s scaling function is a closed interval, which is a closed ball in the one-
dimensional case, however, for d > 1, we have

Theorem 4.1. The support of the Fourier transform of any scaling function of L*(R?) cannot be a closed ball in R?
d=>1).

Proof. If it is not true, then there is a scaling function ¢ such that supp ¢ = D(a, r). By Theorem 2.11(b), we have
U (D(a,r)—i—Zvn) = RY. 4.1)

vezd

From this, we can conclude that
r>nd. (4.2)

If (4.2) is not true, then 27 > f Hence there exists € > 0 such that

2
s 2O 4.3)
NZ]
Leto =(1,...,1). Take the points
pp=a—1Q2v—o0) (v € Zd). 4.4)
Letv=(1,...,nq) € Z4. Since n; is an integer, |2n; — 1| > 1, further, we have

1

d 2

2v—o|= (Z(zm - 1)2) >Vd (vez?).
i=1

Agamby (4.3) and (4 4), we have |p, —a| > r + €, and so D(pv,e)ﬂD(a r) = (. Noticing that p, = pg — 2mv, we

have D(pg, €) N (D(a,r) +2nv) =@ (v e Z%). Hence

D(po, €) N ( U (l_)(a, r)+ 27rv)> =0,
vezd
this is contrary to (4.1). Hence (4.2) h01(}s.
On the other hand, since supp@ = D(a, r) is convex, by Theorem 3.3(b), we know that ¢ is a W-type scaling
function. Again by Theorem 3.1, (vii) holds. So

E(a,r)ﬂf)( + 27, —) B (v#£0).

From this, we can see that

a
— =27y

2
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Leta = (ay,...,aq) and |ag| = max{|ay]|, ..., |aq|}. Denote ||a| = \/a% +a§ + .- —i—aﬁ. Then ||la||? < d|ak|?. Set
)L a4 =0,
M(ak)—{_l’ a4 <0,
we have
a 2 a; |? ay 2
HE —2mplaer| =3 5| + (; - 2zm<ak)> = lal® = 27la| + 47, (4.6)

ik

where ¢y is stated in Theorem 3.5. From this and [a||? < d|ax|?, we get

4 2
3 —2mp(ape| <g(llall), 4.7)
where
1 21
x)= —x?— T x +4rx>. 4.8)
8 1 Nz (

Since supp ¢ = D(a, r) is convex, by Theorem 3.3(a), the origin is an interior point of D(a,r), so |la|| < r.From this
and (4.8), we have g(|lal|) < max{g(0), g(r)}. Again by (4.7) and (4.8), we get

2

C_ orpaer]| <maxlan? 12 2, 4 a2 (4.9)
— —2mpulap)er| <max{dm*, -r°— —r+4m“}. .
5 nlap)ek 2 77
Noticing that p(ay)ex € z4 \ {0}, by (4.5) and (4.9), we conclude that either r < %r{ or
2, 7 2
re 4+ —r <2mw”-. 4.10)
Vd

Since d > 1, it is clear that r < %n is contrary to (4.2). By (4.10) and d > 1, we have

r2+%r<(nx/3)2+%~n\/c_l,

this is equivalent to r < 7+/d. This is also contrary to (4.2).

Therefore, for d > 1, there does not exist any scaling function such that the support of its Fourier transform is a
closed ballin RY. O
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