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1 Í^Î^Ï^ÐÑ ¢%¦%Ò%Ó%Ô

, {xn}n∈Z

º ∑
n∈Z

xn Õ%Ö Ñ {xn}
º ∑

n xn. Ö u%v M
k%×%Ø%Ù%Ú Ñ

M∗.� R
d Û , l Ü%Ý%Þ%u%v Ö Ñ Il. � R

d � ,
©

2πZ
d
Ñ%ß%à k%á%â%ã%ä%k%å%æ Ö Ñ L∞(T d). �%çè ¯%°'é(ê%� i%j%b%c � k �%� ¶ q k%ë%ì%º �%� ¶ q k%í%î .

1.1 ï%ð%ñ%ò%ó , ô%õ%ö%÷%ø%ô%õè
H
d y%z%ù b%k%ú%û%ü%ý (Hilbert) �%�%þ {xn} ⊂ H. ÿ��%�%t x ∈ H, �%��� ä B > 0��� ∑

n |(x, xn)|2 ≤ B‖x‖2, ��� {xn}
Ñ �1� H

k���	1û�
��
. ÿ��1�1t x ∈ H, �1��� ä

A,B > 0, ��� A‖x‖2 ≤
∑

n |(x, xn)|2 ≤ B‖x‖2, ��� {xn}
Ñ �%� H

k �%� [7−8].ÿ�� {xn}
º

{x̃n}
d �%� H

k�
 z%�%� , � î �%t x ∈ H,
l%e����

x =
∑

n

(x, x̃n)xn

º
x =

∑

n

(x, xn)x̃n

���
, ��� {xn, x̃n}

Ñ �%� H
k �%�%�%� [7].� W 1[9]

è
{xn}

º
{x̃n}

d �%� H
k���	%û�
��

. � î ����� x, x̃ ∈ H,
á

(x, x̃) =
∑

n

(x, xn)(x̃, x̃n),

� {xn, x̃n}
d �%� H

k �%�%�%� .

1.2 ÷%ø%ô%õ������%X��%ö%÷%ø%ô%õ����
�����%u%v S

d
d× d ù��%u%v , þ ¾%¿ � � �%���

(i)
½%á u%v S

k� �!�"%d�#%ä
;

(ii) u%v S
k�$����%k�%�& t 1. � G

º
G′
b�'%d�(�)

Zd/SZd
º

Zd/S∗Zd. p%q , G
º

G′
k Ü "%d ρ = |detS|.

� {Vm}
d

L2(Rd) � k �%�%� 
�� , þ%���
(i) Vm ⊂ Vm+1 (m ∈ Z),

⋃
m Vm = L2(Rd),

⋂
m Vm = {0},

(ii) f ∈ Vm ↔ f(S·) ∈ Vm+1 (m ∈ Z),

(iii) �%� ã%ä ϕ ∈ V0, ��� {ϕ(· − n)}n∈Zd

d
V0

k �%� ,

��� {Vm}
Ñ y%z%�%� _%`%a%b%c [3], þ�� ϕ

Ñ `%a%ã%ä
. ÿ��%� (iii) � , ± “ �%� ” * � “ +,

(Riesz) � ”, ��� {Vm}
Ñ _%`%a%b%c

[1].ÿ����%� ã%ä H0 ∈ L∞(T d), ��� ϕ̂(S∗·) = H0ϕ̂. � H0

Ñ�-�. »%j%¼
./�0

1 � {Vm, ϕ}
º

{Ṽm, ϕ̃}
d�
 z%�%� _%`%a%b%c . � î

f =
∑

n

(f, ϕ̃(· − n))ϕ(· − n), ∀ f ∈ V0, (1.1)

f =
∑

n

(f, ϕ(· − n)) ϕ̃(· − n), ∀ f ∈ Ṽ0, (1.2)

��� {Vm, ϕ}
º

{Ṽm, ϕ̃}
Ñ �%�%�%� _%`%a%b%c .¥ z2123 d � ç ë ì k ª%« .

è
{Vm, ϕ}

º
{Ṽm, ϕ̃}

d2
 z _ ` a b c . � î (ϕ(·−n), ϕ̃(·−

k)) = δn,k, ��� {Vm, ϕ}
º

{Ṽm, ϕ̃}
Ñ �%�%� _%`%a%b%c , 4'�

δn,k = 0 (n 6= k), δn,k = 1 (n=k).
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è
{fµ}

r
1 ⊂ L2(Rd) þ�C Ö {fµ,m,n} := {fµ,m,n}µ=1,...,r, m∈Z, n∈Zd , 4'�

fµ,m,n = ρ
m

2 fµ(Sm · −n).

/�0
2 � {ψµ, ψ̃µ}

r
1 ⊂ L2(Rd) × L2(Rd). ÿ�� {ψµ,m,n, ψ̃µ,m,n}

d
L2(Rd)

k �%�%�%� ,

��� {ψµ, ψ̃µ}
r
1

Ñ � ä%d r
k �%�%�%� i%j . D%ÿ�� (ψµ,m,n, ψ̃µ′,m′,n′) = 0 (µ′,m′) 6= (µ,m),

��� {ψµ, ψ̃µ}
r
1

Ñ � ä%d r
k £%�%�%�%�%� i%j .¥%z�1�3 d �%ç ë%ì%k%ª%« .

è
{ψµ, ψ̃µ}

r
1 ⊂ L2(Rd) × L2(Rd). ÿ�� {ψµ,m,n}

º
{ψ̃µ,m,n}"1d

L2(Rd) � k + , � , þ (ψµ,m,n, ψ̃µ′,m′,n′) = δµ,µ′δm,m′δn,n′ , ��� {ψµ, ψ̃µ}
r
1

Ñ � ä1d
r = ρ− 1

k �%�%� i%j ./�0
3 � {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �%�%�%� _%`%a%b%c , þ {ψµ, ψ̃µ}
r
1 ⊂ V1 × Ṽ1. ÿ�� bE����

f =
∑

n

(f, ϕ̃(· − n))ϕ(· − n) +
r∑

µ=1

∑

n

(f, ψ̃µ(· − n))ψµ(· − n), ∀f ∈ V1; (1.3)

f =
∑

n

(f, ϕ(· − n)) ϕ̃(· − n) +
r∑

µ=1

∑

n

(f, ψµ(· − n)) ψ̃µ(· − n), ∀f ∈ Ṽ1 (1.4)

"����
, ��F {ψµ, ψ̃µ}

r
1

dHGJI �%�%�%� _%`%a%b%c%}%~ .

1.3 K�L�M�NPORQ�S�T�U%ö�V�W�X�Y ΩÑ ¦%Ò%Ó%Ô
, C Ö u%v η = 2πS∗−1. 1�3%�%��Z%� τν (ν ∈ G′) �%�

τνg = g(· + ην), ∀ g ∈ L2(Rd). (1.5)

� f, g ∈ L2(Rd). 1�3 ¦�[�\�] Ñ [f̂ , ĝ] =
∑

k f̂(· + 2kπ)ĝ(· + 2kπ). ¥�^�_�` , a�b�cd
Fourier e ��* f̂(ω) =

∫
Rd f(t)e−iω·tdt.� W 2[1] � f, g ∈ L2(Rd), V = span{f(· − n)}n þ U = span{g(· − n)}n, �

(i) {f(· − n)}n

d
V
k �%��f%þ�g�f��%��� ä A,B > 0, ����f [f̂ , f̂ ](ω) 6= 0,

á
A ≤ [f̂ , f̂ ](ω) ≤ B.

(ii) V⊥U f%þ�g�f [f̂ , ĝ](ω) = 0 a.e. ω ∈ R
d.

� {Vm, ϕ}
d y%z%�%� _%`%a%b%c . h å Ω := supp[ϕ̂, ϕ̂] = {ω ∈ R

d, [ϕ̂, ϕ̂](ω) 6= 0}
d yz ß%à h å , i�j Ω + 2nπ = Ω (n ∈ Z

d). k�l ,
ß%à h å Ω Û k%ý�m%ã%ä XΩ

d ß%à%Ñ
2πZ

dk ß%à ã%ä
. �%®%�'� , h å Ω �%u%v%w%x'� Ó � l%m%k �%� .

1.4 n�o�p�q
�����%u%v S, ρ Ü (�) G′

º �%��Z%� τν � (1.5)
�%½�r

.

(1)
e%f �%� i%j%k u%v%w%x ¦%§

� {Vm, ϕ}
d y%z _%`%a%b%c , H0

d -�. »%j%¼
, þ {Hµ}µ∈G′\{0} ⊂ L∞(T d). Ö ρ Ü k¦ v

A := (τν(Hµ))µ,ν∈G′

1�3 {ψµ}µ∈G′\{0}

Ñ
ψ̂µ(S∗·) = Hµϕ̂. � î A∗A = Iρ, � {ψµ}µ∈G′\{0}

d y%�%� i%j [1].

(2)
e%f �%�%� i%j%k u%v%w%x ¦%§
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� {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �1�1� _1`1a1b1c , H0

º
H̃0

b�'1d�s�t1k -�. »1j1¼
, þ

{Hµ, H̃µ}µ∈G′\{0} ⊂ L∞(T d) × L∞(T d). Ö 
 z ρ Ü ¦ v
A := (τν(Hµ))µ,ν∈G′ , Ã := (τν(H̃µ))µ,ν∈G′ .

1�3 {ψµ, ψ̃µ}µ∈G′\{0}

Ñ
ψ̂µ(S∗·) = Hµϕ̂,

̂̃
ψµ(S∗·) = H̃µϕ̂. ÿ�� {ψµ,m,n}

º
{ψ̃µ,m,n}

"%d��
	%û�
��

, � î Ã∗A = Iρ, � {ψµ, ψ̃µ}µ∈G′\{0}

d �%�%� i%j [1−2].

2 uwvwxwy
� S
d Ü ρ = |detS|

k ���%u%v , þ%�%��Z%� τν � (1.5)
�%½�r

. � {Vm, ϕ}
º

{Ṽm, ϕ̃}
d

�%�%�%� _%`%a%b%c , H0

º
H̃0

b�'%d�s�t%k -�. »%j%¼
, þ {Hµ, H̃µ}

r
1 ⊂ L∞(T d)×L∞(T d).

Ö
Ω := supp[ϕ̂, ϕ̂]. (2.1)

C Ö 
 z (r + 1) × ρ Ü k u%v
AΩ,r := (τν(HµXΩ))µ,ν , ÃΩ,r : = (τν(H̃µXΩ))µ,ν (µ = 0, . . . , r; ν ∈ G′), (2.2)

4'� XΩ

d
Ω Û k%ý�z%ã%ä . 1�3 {ψµ, ψ̃µ}

r
1 �%�

ψ̂µ(S∗·) = Hµϕ̂,
̂̃
ψµ(S∗·) = H̃µ

̂̃ϕ (µ = 1, . . . , r). (2.3)

/�{
1 � {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �%�%�%� _%`%a%b%c . � {ψµ,m,n}
º

{ψ̃µ,m,n}
"%d��

	%û�
��
, � {ψµ, ψ̃µ}

r
1

dHGJI �%�%�%� _%`%a%b%c%}%~%k �%�%�%� i%j%k x m �1� d
(ÃΩ,r)

∗AΩ,r = diag(τν(XΩ))ν∈G′ .

/�{
2 � {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �%�%�%� _%`%a%b%c . ÿ�� {ψµ,m,n}
º

{ψ̃µ,m,n}
"%d

��	1û�
��
, � {ψµ, ψ̃µ}

r
1

d|G}I �1�1�1� _1`1a1b1c1½1}1~1k £1�1�1�1�1� i1j1k x m �1�d �%ç k (a)
º

(b)
���

.

(a) (ÃΩ,r)
∗AΩ,r = diag(τν(XΩ))ν∈G′ , (b) AΩ,r(ÃΩ,r)

∗
d ��~%u%v . (2.4)

�
1 � [ϕ̂, ϕ̂] = Ω = R

d
º

r = ρ− 1
k �%�%� , �%�%�%� _%`%a%b%c��%í Ñ �%�%� _%`%ab%c

, þ (2.4)
� � k (a)

º
(b) ���%t (Ã)∗A = Iρ, 4'� A = ARd, ρ−1, Ã = ÃRd, ρ−1. k�l , 1 

2
k x b����%b%d%e%f �%�%� i%j%k u%v%w%x ¦%§%k%ª%« .

3 �w�w�w�w�w�������
ÿ�� {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �%�%�%� _%`%a%b%c , þ H0, H̃0

b�'%d�s�t%k -�. »%j%¼
. �

{ψµ, ψ̃µ}
r
1 ⊂ L2(Rd) × L2(Rd) þ {Hµ, H̃µ}

r
1 ⊂ L∞(T d) × L∞(T d)¾%¿

(2.3)
�

, þ�h å Ω
º u%v AΩ,r, ÃΩ,r � (2.1)

�%º
(2.2)

�%½�r
.���

, ¯%°�� ~ (ÃΩ,r)
∗AΩ,r = diag(τν(XΩ))ν∈G′

k ���%�%� ./�{
2 �%ç g � d ��� k .

(i) �%t f ∈ V1, (1.3)
�����

;

(ii) �%t f ∈ Ṽ1, (1.4)
�����

;
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(iii) �%t f ∈ L2(Rd), �%ç �������
∑

n

(f, ϕ̃1,n)ϕ1,n =
∑

n

(f, ϕ̃(· − n))ϕ(· − n) +

r∑

µ=1

∑

n

(f, ψ̃µ(· − n))ψµ(· − n); (3.1)

(iv) �%t f ∈ L2(Rd), �%y%z b�E��������
∑

n

(f, ϕ1,n)ϕ̃1,n =
∑

n

(f, ϕ(· − n))ϕ̃(· − n) +

r∑

µ=1

∑

n

(f, ψµ(· − n))ψ̃µ(· − n); (3.2)

(v) (ÃΩ,r)
∗AΩ,r = diag (τν(XΩ))ν∈G′ .��� ���
, ¯%° zH� (i) ⇒ (v). ÿ�� (i)

���
, �%�%t f ∈ V1,

á
f =

∑

n

(f, ϕ̃(· − n))ϕ(· − n) +

r∑

µ=1

∑

n

(f, ψ̃µ(· − n))ψµ(· − n).

k Ñ {Vm, ϕ}
º

{Ṽm, ϕ̃}
d � � � � _ ` a b c ,

G 123 1, ¯ ° á f =
∑

n(f, ϕ̃1n)ϕ1n (f ∈ V1).t d , �%t f ∈ V1, ¯%°�� ¬ (3.1)
�

. � (3.1)
� � , ��a�b�c%��* , � á

ρ−
1

2Cf
1 ϕ̂ =

r∑

µ=0

Df
µ(S∗·)ψ̂µ(S∗·) (ψ0 = ϕ, ψ̃0 = ϕ̃), ∀f ∈ V1, (3.3)

4'�
ρ = |detS|, Cf

1 (ω) :=
∑

n

(f, ϕ̃1,n) e−in·ω, Df
µ(ω) :=

∑

n

(
f, ψ̃µ(· − n)

)
e−in·ω. (3.4)

� � , ¯%° zH� � �%t���� f ∈ L2(Rd), �%ç �������
ρ

1

2Df
µ(S∗·) =

∑

ν∈G′

τν(Cf
1 H̃µ). (3.5)

���
, ¯%°���Z (3.5)

�����%g��
. �

H̃µ(ω) =
∑

n

c̃µ(n)e−in·ω (0 ≤ µ ≤ r). (3.6)

D G (3.4)
�%º

(1.5)
�

, � ¬
Rµ

ν (ω) := τν(Cf
1 H̃µ)(ω) =

∑

m,n

(f, ϕ̃1,n) c̃µ(m)e−i(n−m)·(ω+ην) (η = 2πS∗−1).

�
n−m = Sk + ν′ (k ∈ Z

d, ν′ ∈ G), � á
Rµ

ν (ω) =
∑

ν′∈G

∑

n,k

(f, ϕ̃1,n)c̃µ(n− Sk − ν′)e−i(Sk+ν′)·(ω+ην).

k Ñ Sk · ην = k · S∗ην = 2πk · ν
º ∑

ν∈G∗ e−iν′·(ην) = ρδν′,0, � á
∑

ν∈G′

Rµ
ν (ω) =

∑

ν′∈G

∑

n,k

(f, ϕ̃1,n)c̃µ(n− Sk − ν′)e−i(Sk+ν′)·ω

( ∑

ν∈G′

e−iν′·ην

)

= ρ
∑

n,k

(f, ϕ̃1,n)c̃µ(n− Sk)e−iSk·ω

= ρ
∑

k

(
f,

∑

n

c̃µ(n− Sk)ϕ̃1,n

)
e−ik·S∗ω.
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¤ d ,

G
(2.3)

�%º
(3.6)

�
, � ¬

ψ̃µ = ρ
∑

n

c̃µ(n)ϕ̃(S · −n).

t d ψ̃µ(· − k) = ρ
1

2

∑
n c̃µ(n− Sk)ϕ̃1,n. D G (3.4)

�
,
á

∑

ν∈G′

Rµ
ν (ω) = ρ

1

2

∑

k

(f, ψ̃µ(· − k))e−ik·S∗ω = ρ
1

2Df
µ(S∗ω),

i�j (3.5)
�����

.�
(3.5)

�
, (2.3)

�%º
(3.3)

�
,
á

Cf
1 ϕ̂ =

∑

ν∈G′

( r∑

µ=0

Hµτν(H̃µ))

)
τν(Cf

1 )ϕ̂, ∀ f ∈ V1. (3.7)

4'� Cf
1 (ω) =

∑
n(f, ϕ̃1,n)e−in·ω ( ��  (3.4)

�
). � f = ϕ1,l (l ∈ G), � ¬

(f, ϕ̃1,n) = (ϕ(· − l), ϕ̃(· − n))

= (2π)−d

∫

Rd

ϕ̂(ω)̂̃ϕ(ω)ei(n−l)·ωdω = (2π)−d

∫

T d

[ϕ̂, ̂̃ϕ](ω)ei(n−l)·ωdω. (3.8)

k Ñ {Vm, ϕ}
º

{Ṽm, ϕ̃}
d �%�%�%� _%`%a%b%c , ¡ (1.1)

�����
. ¢�£ (3.8)

�%k%¡�z%¦%§
,
G

(1.1)
�%º

(3.8)
�

, ¯%° á
ϕ(x) =

∑

n

(ϕ, ϕ̃(· − n))ϕ(x − n) =
∑

n

(
(2π)−d

∫

T d

[ϕ̂, ̂̃ϕ](t)ein·tdt

)
ϕ(x− n). (3.9)

t ��¤�¥ d Cauchy e ��� � ,
G(¦�[�\�]%k 1�3 , � ¬ ([ϕ̂, ̂̃ϕ](ω))2 ≤ [ϕ̂, ϕ̂](ω) · [̂̃ϕ, ̂̃ϕ](ω). D�k Ñ

{ϕ(· − n)}n

º
{ϕ̃(· − n)}n

b�'%d
V0

º
Ṽ0

k �%� , ¦�§�¨�© 2, ¯%°%q�ª [ϕ̂, ϕ̂](ω)
º

[̂̃ϕ, ̂̃ϕ](ω)d%á%â%k
, «�¬ á [ϕ̂, ̂̃ϕ] ∈ L∞(T d). k�l ,

G
(3.9)

�
,
á

ϕ̂(ω) =
∑

n

(
(2π)−d

∫

T d

[ϕ̂, ̂̃ϕ](t)ein·tdt

)
e−in·ωϕ̂(ω) = [ϕ̂, ̂̃ϕ](ω)ϕ̂(ω).

«�¬ á [ϕ̂, ϕ̂] = [ϕ̂, ̂̃ϕ] · [ϕ̂, ϕ̂].
�

supp[ϕ̂, ϕ̂] = Ω, ¯%° á
[ϕ̂, ̂̃ϕ] = XΩ. (3.10)

� l�_ (3.8)
�

, ¯%°�� ¬ (f, ϕ̃1,n) = (2π)−d
∫

T d(XΩ(ω)e−il·ω)ein·ωdω.
�

(3.4)
�

,
á

Cf
1 (ω) =

∑

n

(f, ϕ̃1n)e−in·ω = XΩ(ω)e−il·ω (f = ϕ1,l).

D G ϕ1,l ∈ V1, � (3.7)
� � , � f = ϕ1,l, ¯%° á

XΩϕ̂ =
∑

ν∈G′

e−il·ηνξντν(XΩ) ϕ̂ (l ∈ G), 4'� ξν =

r∑

µ=0

Hµτν(H̃µ). (3.11)

­�®�¯ t�°%q�± {Yν}ν∈G′

k�²��%¦�³�´ �
∑

ν∈G′

e−il·ηνYν = XΩϕ̂ (l ∈ G), (3.12)
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k Ñ G
º

G′
"%d

ρ Ü k , þ�µ ä u%v (e−il·ην)l∈G, ν∈G′

d�¶�·�¸%k
, ¡ ²��%¦�³�´%á�¹ y E ,þ Yν = τν(XΩ) ϕ̂ δν,0, ν ∈ G′.

� l , ºJ» (3.11)
�%º

(3.12)
�

, �%t ν ∈ G′,
á

ξν(ω)τν(XΩ)(ω)ϕ̂(ω) = τν(XΩ)(ω)ϕ̂(ω)δν,0, a.e. ω ∈ R
d. (3.13)

k Ñ ξν
º
τν(XΩ)

"%d%©
2πZ

d
Ñ%ß%à k

, þ ∑
k |ϕ̂(ω+2kπ)|2 = [ϕ̂, ϕ̂](ω) = XΩ(ω) (

Ô
(3.10)).� (3.13)

� � , � ϕ̂(ω) ¼�4 
�� , þ%± ω + 2kπ ½�¾ ω, ¿�`%� k ∈ Z
d
- Ó%µ

, ¯%°�� ¬
ξντν(XΩ)XΩ = τν(XΩ)XΩδν,0 (ν ∈ G′). (3.14)

k Ñ ξν =
∑r

µ=0Hµτν(H̃µ)
º

τν(XΩ)XΩδν,0 = τ0(XΩ)δν,0,
�

(3.14)
�

, ù��
r∑

µ=0

τν(H̃µXΩ) · τ0(HµXΩ) = τ0(XΩ)δν,0 (ν ∈ G′).

¿�¬ , ¥����%t%�%t ν1, ν2 ∈ G′,
á

r∑

µ=0

τν1
(H̃µXΩ)τν2

(HµXΩ) = τν2
(XΩ)δν1,ν2

.

G
(2.2)

�
, ¯%°�� ¬ (v).

4�À , ¯%° zH� : (v) ⇒ (iii).�
(v) q , (3.14)

�����
. «�¬ ,

�
supp[ϕ̂, ϕ̂] = Ω, ù��

r∑

µ=0

Hµτν(H̃µ)τν(XΩ)[ϕ̂, ϕ̂] = τν(XΩ)[ϕ̂, ϕ̂]δν,0 (ν ∈ G′). (3.15)

�
f ∈ L2(Rd), þ Cf

1 (ω) � (3.4)
�%½�r

. � τν(Cf
1 ) ¼ (3.15)

��
��
, � ¬

τν(Cf
1 )

( r∑

µ=0

Hµτν(H̃µXΩ)

)
[ϕ̂, ϕ̂] = τν(Cf

1 )τν(XΩ)[ϕ̂, ϕ̂]δν,0

= Cf
1 XΩ[ϕ̂, ϕ̂]δν,0 = Cf

1 [ϕ̂, ϕ̂]δν,0. (3.16)

D%� ν ∈ G′
- Ó%µ

, � á
r∑

µ=0

ζµHµ[ϕ̂, ϕ̂] = Cf
1 [ϕ̂, ϕ̂], ∀f ∈ L2(Rd), 4'� ζµ :=

∑

ν∈G′

τν(Cf
1 H̃µXΩ). (3.17)

� ϕ̂ ½�¾ [ϕ̂, ϕ̂] ` , � Û ��Á ¿ ��� , i�j
r∑

µ=0

ζµHµϕ̂ = Cf
1 ϕ̂. (3.18)

Â�Ã Û , �1t ω ∈ Ω,
á

[ϕ̂, ϕ̂](ω) 6= 0. t d ,
�

(3.17)
�

, ù�� (3.18)
�

. �1t ω 6∈ Ω,
á

[ϕ̂, ϕ̂](ω) = 0. «�¬ á ϕ̂(ω) = 0, t d , (3.18)
� i ��� .Ä�Å t (3.10)

�1k1¡�z
,
á

[̂̃ϕ, ϕ̂] = XΩ̃, where Ω̃ = supp[̂̃ϕ, ̂̃ϕ].
� l�_ (3.10)

�
, ù��

Ω = Ω̃, j
supp[̂̃ϕ, ̂̃ϕ] = supp[ϕ̂, ϕ̂] = Ω.

t d , �%t ω 6∈ Ω,
á

[̂̃ϕ, ̂̃ϕ](ω) = 0, «�¬ á ̂̃ϕ(ω) = 0. D G (2.3)
�

, � ¬
̂̃
ψµ(S∗·) = H̃µXΩ

̂̃ϕ, µ = 0, . . . , r. (3.19)
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�

(3.19)
�

,
Ä�Å t (3.5)

�%k�zH�
, ù��

ρ
1

2Df
µ(S∗·) =

∑

ν∈G′

τν(Cf
1 H̃µXΩ), ∀ f ∈ L2(Rd).

t d , ζµ = ρ
1

2Df
µ(S∗·). D G (3.18)

�%º
(2.3)

�
,
á

ρ−
1

2Cf
1 ϕ̂ =

r∑

µ=0

Df
µ(S∗·)ψ̂µ(S∗·), ∀ f ∈ L2(Rd),

± (3.4)
� � k�Æ ` 
�� ½�Ç Û � , D���a�b�c��%��* ,

Ò � ¬ (iii).È ¿ ,
á

(iii) ⇒ (i), t d%á (i)⇔ (iii) ⇔ (v).�%� Ä�Å�É�zH� ,
G

supp[̂̃ϕ, ̂̃ϕ] = Ω, ù z � (ii) ⇔ (iv) ⇔ (v). 1   3
z�Ê

.� � ,
� 1   3

~�Ë%µ�zH� 1   1.
G l Ò � ¬%e%f �%�%�%� i%j%k u%v%w%x ¦%§ ./�{

1 Ì ��� � î
(ÃΩ,r)

∗AΩ,r = diag(τν(XΩ))ν∈G′ (3.20)
���

,
� 1   3

ª � , �%t f ∈ L2(Rd), (3.1)
�����

. k Ñ �%� _%`%a%b%c%dÎÍÏs�Å%k ,
�

(3.1)�
, �%t���� j ∈ Z,

á
∑

n

(f, ϕ̃j,n)ϕj,n =
∑

n

(f, ϕ̃j−1,n)ϕj−1,n +
r∑

µ=1

∑

n

(f, ψ̃µ,j−1,n)ψµ,j−1,n, ∀ f ∈ L2(Rd).

Ð�Ñ �%�%¥%z ��� , �%t M < j,
á

∑

n

(f, ϕ̃j,n)ϕj,n = fM +

j−1∑

m=M

r∑

µ=1

∑

n

(f, ψ̃µ,m,n)ψµ,m,n, ∀ f ∈ L2(Rd), (3.21)

4'�
fM =

∑

n

(f, ϕ̃M,n)ϕM,n. (3.22)

�%�%� [9] �J1   5
k%¡�z%¦%§

, ¯%° á
fM → 0 (M → −∞)

º ∑

n

(f, ϕ̃j,n)ϕj,n → f (j → ∞). (3.23)

� l�_ (3.21)
�%{%ª � , �%t f ∈ L2(Rd),

á%l%e����
f =

∑

µ,m,n

(f, ψ̃µ,m,n)ψµ,m,n.

� l , ¯%°�� ¬ �%t f, g ∈ L2(Rd),
á

(f, g) =
∑

µ,m,n

(f, ψ̃µ,m,n)(g, ψµ,m,n).

D�k Ñ {ψµ,m,n}
º

{ψ̃µ,m,n}
"%d���	%û�
��

,
G ¨�© 1, ¯%° ª � {ψµ, ψ̃µ}

r
1

d �%�%�%� i%j .

�%y ¦ ç ,
G 1   3

º
(3.20)

� q , (1.3)
�%º

(1.4)
�����

. D G 1�3 3, ¯%°%q�ª {ψµ, ψ̃µ}
r
1

d
GJI �%�%�%� _%`%a%b%c%}%~ .s Ð É

,
¶ q {ψµ, ψ̃µ}

r
1

dHGJI �%�%�%� _%`%a%b%c1}1~ , � G 1�3 3 q , (1.3)
�%º

(1.4)�����
. «�¬ G 1   3, ¯%°�� ¬ (3.20)

�
. 1   1

z�Ê
.
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4 ÒwÓwÔwÕw�w�����������
� {Vm, ϕ}

º
{Ṽm, ϕ̃}

d �%�%�%� _%`%a%b%c , þ {ψµ, ψ̃µ}
r
1

º
AΩ,r, ÃΩ,r ��Ö 3 × ½�r .���

, ¯%°�� ~ AΩ,r(ÃΩ,r)
∗
d ��~%u%v k y%z����%�%� .�

1 ≤ µ ≤ r, m ∈ Z. Ö
W µ

m = span{ψµ,m,n n ∈ Z
d}, W̃ µ

m = span{ψ̃µ,m,n n ∈ Z
d}. (4.1)

/�0
3 �%t 1 ≤ µ, µ′ ≤ r, m,m′ ∈ Z, �%ç k �%� ¯ µ

W µ
m⊥W̃ µ′

m′ (m,µ) 6= (m′, µ′), Vm⊥W̃ µ′

m , Ṽm⊥W µ
m (4.2)

��� f%þ�g�f AΩ,r(ÃΩ,r)
∗
d ��~%u%v .��� � ψ0 = ϕ

º
ψ̃0 = ϕ̃.

G
(2.3)

�%º
(1.5)

�
,
á

[ψ̂µ,
̂̃
ψµ′ ](S∗·) =

∑

k

ψ̂µ(S∗ · +2kπ)
̂̃
ψµ′(S∗ · +2kπ) =

∑

k

τk(HµH̃µ′)τk(ϕ̂ ̂̃ϕ).

�
k = S∗l + ν (l ∈ Z

d, ν ∈ G′),
G

(3.10)
�

,
á

[ψ̂µ,
̂̃
ψµ′ ](S∗·) =

∑

ν∈G′

τν(HµH̃µ′)τν([ϕ̂, ̂̃ϕ]) =
∑

ν∈G′

τν(HµH̃µ′XΩ) (0 ≤ µ, µ′ ≤ r). (4.3)

� l , ¯%°%q�ª [ψ̂µ,
̂̃
ψµ′ ](S∗·)

d u%v AΩ,r(ÃΩ,r)
∗
k Ö µ

$
µ′
�%k� �!

. t d , AΩ,r(ÃΩ,r)
∗
d

��~%u%v�f%þ�g�f%�%t 0 ≤ µ, µ′ ≤ r,
á

[ψ̂µ,
̂̃
ψµ′ ] = 0 (µ 6= µ′). (4.4)

«�¬ G (4.1)
�%º ¨�© 2 q , (4.4)

��Ø ���%t%�%t 1 ≤ µ, µ′ ≤ r m ∈ Z,
á

W µ
m⊥W̃ µ′

m (µ 6= µ′), Vm⊥W̃ µ′

m , Ṽm⊥W µ
m. (4.5)

� �%ÿ�� (4.5)
�����

. k Ñ {ψµ}
r
1 ⊂ V1,

G
(4.1)

�
,
á

W µ
k ⊂ Vk+1 ⊂ Vm (k < m). D �

Vm⊥W̃ µ′

m , ù��
W µ

k ⊥W̃ µ′

m (k < m).

k Ñ W̃ µ′

m ⊂ Ṽk (k > m)
º

Ṽk⊥W
µ
k , ¥%z ��� f k > m ¸�i ��� . k�l ,

�
(4.5)

� ù�� (4.2)�
.
s Ð É

, � î (4.2)
�����

, � (4.5)
� È ¿ ��� , i�j (4.5)

� ���%t (4.2)
�

. 1   4
z�Ê

.�%ç zH� 1   2.
G l , ¯%° Ò � ¬%e%f £%�%�%�%�%� i%j%k u%v%w%x ¦%§ ./�{

2 Ì ��� ����zH� x b�� . k Ñ (ÃΩ,r)
∗AΩ,r = diag(τν(XΩ))ν∈G′ ,

G 1   1, ¯%°%q
ª {ψµ, ψ̃µ}

r
1

d|G �1�1�1� _1`1a1b1c1}1~1k �1�1�1� i1j .
Ø k Ñ AΩ,r(ÃΩ,r)

∗
d ��~1u1v ,G 1   4

º
(4.1)

�
,
á

(ψµ,m,n, ψ̃µ′,m′,n′) = 0 (µ, m) 6= (µ′, m′).

D G 1�3 2, x b���z�Ê .

4�À zH�JÙ%m�� . Ö ΠΩ,r := AΩ,r(ÃΩ,r)
∗, ΠΩ,r := (πµ,µ′ )µ,µ′ (0 ≤ µ, µ′ ≤ r).

� 1�3 2,
á

(ψµ,m,n, ψ̃µ′,m′,n′) = 0 ((µ, m) 6= (µ′, m′), 1 ≤ µ, µ′ ≤ r). (4.6)
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� (4.6)

� � , � m = m′ = 0, � á (ψµ(· − n), ψ̃µ′(· −m)) = 0 (µ 6= µ′).
G ¨�© 2 � ¬

[ψ̂µ,
̂̃
ψµ′ ] = 0 (1 ≤ µ, µ′ ≤ r, µ 6= µ′).

G l�_ (4.3)
�

,
á

πµ,µ′ = 0 (1 ≤ µ, µ′ ≤ r, µ 6= µ′). (4.7)

¯%°�D z π0, µ′ = 0 (1 ≤ µ′ ≤ r), πµ,0 = 0 (1 ≤ µ ≤ r).� 1�3 1
º 1�3 3 q�ª (1.1)

�%º
(1.3)

�����
. 1   3 � ~ � (1.3)

� ���%t (3.1)
�

. 1 
1
k � ~ � � (3.1)

� ù�� (3.21)
�

. � (3.21)
� � , � j = 0

º
M < 0, � á

∑

n

(f, ϕ̃(· − n))ϕ(· − n) = fM +

−1∑

m=M

r∑

µ=1

∑

n

(f, ψ̃µ,m,n)ψµ,m,n, ∀ f ∈ L2(Rd),

4'� fM � (3.22)
�%½�r

. � Û � � , � f ∈ V0,
G

(1.1)
�%º

(3.23)
�

,
á

f =

−1∑

m=−∞

r∑

µ=1

∑

n

(f, ψ̃µ,m,n)ψµ,m,n.

D G (4.6)
�

, �%t f ∈ V0,
á
(f, ψ̃µ′,0,n) = 0 (1 ≤ µ′ ≤ r, n ∈ Z

d).

i�j V0⊥W̃
µ′

0 (1 ≤ µ′ ≤ r). t d , [ϕ̂,
̂̃
ψµ′ ] = 0, «�¬ á π0,µ′ = 0 (1 ≤ µ′ ≤ r).

Ä�Å�É
,
á

πµ,0 = 0 (1 ≤ µ ≤ r).� l�_ (4.7)
�

, ¯%°�� ¬ ΠΩ,r = AΩ,r(ÃΩ,r)
∗
d ��~%u%v . �%y ¦ ç ,

� 1�3 3 q , (1.3)�����
. D G 1   3, ¯%°�� ¬

(ÃΩ,r)
∗AΩ,r = diag(τν(XΩ))ν∈G∗ .

Ù%m���z�Ê
. t d � ¬ 1   2.
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