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A RECONSTRUCTION FORMULA OF THE
SIGNAL BASED ON A NEW KIND OF HALF-
DISCRETE WAVELET TRANSFORM'

Zhang Zhihua
(Dept. of Math. Shandong Univ. ,Jinan,Shandong ,250100)

Abstract On condition that the basic wavelet ¥(¢) is bandimited,a reconstruction formula of the signal f(¢)
based on a half-discrete wavelet transform (Wef) (na.a) (n€ Z,a € R)is given.

Keywords Wavelet transform,basic wavelet,reconstruction,band-limit

1. Introduction and main results

Let A be the Fourier transform of h, || « |land ( , )be the norm and the inner prod-
uct in L*(R) ,supp h=clos{¢t € R, h ()70}

Rk 2k

If v€L*(R) and Cw=27r_[_“. ] dw< oo ‘(1)

the ¥ is said to be a basic wavelet{'],
Websa) = lal [ for 2= Drar, @)
is said to be a wavelet transform(!.. Its reconstruction formula is stated as follows

O = lim A ﬂ Wef)(6,a) (2
¥ a<loi<a,

Yla|~2dadsb .
A >0.4,20 a
Az-on.B—-oo

161<8
In this paper,on condition that the ¥ (¢) is bandlimited,we reconstruct the signal f(z)

only using the values (Wyf)(na,a)(n€Z,a € R)which is a new kind of half-discrete wavelet

transform, different form the ordinary dyadic avelet transform 2t (Wef) (b.%) (JEZ,bE
R)HI231,

First we prove a corresponding Parseval equality.

Theorem 1. If the basic wavelet !?(t)EL’ﬂL‘.(R),supp&?C[—zr,zr],then for f,g€
L*(R),have

>, Iiw(W'yf) (na,a) (Wyg)(na,a) —I‘?:—I = Cy(f,2).

n=— o

With help of Theorem 1,we give a reconstruction formula as follows.
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Theorem 2. Under the condition of Theqrem 1,for f€ L*(R),have
1 "l’

t — na

o= tim A3 [ wHeewlal T Dda A,
Al>0-Al—’0.Az-'°° L' 4 oA s|¢|g,42 a
ml—-—eo.mz-voe 1
2. The proof of Theorem 1
WehHnasa) = lal 3~ _forw E .

Applying Parseval equality in Fourier transform and supp ¥ (w)C[—n,n],it follows that

(Wef)(na,a)= |a |%J' F(w) ¥(aw)e~dw

= sgna * |aQ%J;'f(w) ¥ (w)e“ ™ dw

4

= sgna * Ial‘%r_ f( é‘;—-) Y (w)e™dw

From %€ L'(R) have ¥ € L*(R),s0 j’(%)tﬁ(mevt—n,ﬂ.

Similarly,
(Weg)(na,a) = sgna |a|‘%J‘_ g}(i’-) \I}(w)e""-dw,é(%) ¥(w) € L[ — x,7].
Again applying Parseval equality in Fourier series,we have

E (Wef)(na,a) Weg)(na,a)

= lal= X ([ 75 Fwremde (" 42> F@edw)

= 2r]a |—!j'_'f<§> £ ¥ @) | dw,
so from supp ¥C[—n,x],have,
E ( z Wef)(na,a) (Weg)(na,a)) Tdail

| = ZRJ‘_“( _”f(%) g(-—a-)|1p(w)|zdw) l_a%

= o[ _(7_F@ Fw ¥ aw e 15 3
Since ¥(¢) is a basic wavelet,it follows from(1)that
Zvrj-:: J—-z(lz—‘r-)—l—zda = Zirr_um -I—‘%-E%lzda = Cy.
From this and f g€ L'(R),using Fubini theorem and Parseval equality,we have by (3)
[ (X Wenrnae) Wegtrara 1o

= [ F@ g@du=Colfrg) )

Specially for f=g,have
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[~ ZI(Wwf)(na,a)IZH Cell £1I? (5)

pm —o0

From(5)and Cauchy inequality,have
Zj '(W,f)(ﬂa,a)(W\rA’)(”a,a”I |

< Z(J | (Wef)(na,a)|? -I-—I)z

A= —o00

1

[" 1o a2 2

<°°9 (6)

g( ZJ | (Wef)(na,a)|? ' | (Zf | (Weg)(na,a)|? | |

AE= 00 n= -0

so by Lebesgue’s theorem on dominate convergence,we know that the order of summation
and integration can be interchanged in (4),Theorem 1 is proved.

3. The ptoof of theorem 2

Let A(M’A)= " f(t)—JM.A(t) " ’
lﬂz
where JM.A(‘)=i—~1_Z I Wy(na,a)lal_%‘F(t—na da.
’*"""'1"15"”5“1
By a known formula,we have
AM,A) = sup [(f1)-Cnas®) . '
=

By the known conditions and Cauchy inequality,we have
[{Wefdna,a) | < VI - 2

and

1 t — —
= 2@ 4 < gl - I ¥

-

From this,using Fubini theorem it follows from(2),that

(JM,A,g)= é—l—z J (Wyf)(na,a)(r‘ g(t)\p(t '—ana)dt da
=ma <ialsa, o lalz
'}
= CL I Wef)(na,a) Weg)(na,a) %a—'. €))

Trmma <lal<a,
Combining the formula (7) with (8),applying Theorem 1,we finally obtain that
AM,A) = ls‘-llpl{ll"'lz}’ €:))
ol

where

( Z Z)j (Wef)(na,a) (W.pg)(na,a)

A Tal I

I, _—ZU f Wy f)(na,a) Weg)(na,a)

=" ASIHI(A

da
lal”
But similar to (6),have

I, |<(——<Z Z)f | Wef) (nara) | 22

"t =00 ne=my

1
2
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1
]
=1, TR

(c (Z Z)f | (Wyeg) (na,a)|? , I

ne= —o0 n=my

From (5),we know lim I;,=0and I,,< |l g .So Sup, I]|=0 (m,—>oc0,m,—>—c0).
"'z‘.w

my—= —co
Similarly,from(5),

1.0~ _ » da 'li
s LIS (A7~ [ )2 1wenoa] =

A< lalga, T |

sup
el =1

L(r"m _ J' )E | (Weg)(nara) |? 22\ 7 — o1y

Cy J-
¥ A <la)<4, "7

I

(A, > 0,4, = 0,A, = o0),
From this and (9),we get Theorem 2.
Similar to the proof of Theorem 1 and 2,we have
Corollary Let ¥,(¢),V¥,(t) € L'(NL*(R), supp ¥,C[—n,n],

supp¥, C [— x,7] and j"’ I_‘I&rl‘_ll’_ﬁcﬁ

© ¥ (o),
C'wl‘\,2 = 2 . —&R;)T—(-w—)
a)For f,g€ L*(R),we have

[~ S We f) (nasa) Wy Grara)) 22 7 = Crn (f o).

n=—oo

b)If C\y‘.vz?{:()’then for fe 142(53) s

dw << oo,

1 -3 t — na '
O = A Ty ,"Z«M SLA Wy N)(nasa) |a) =30, yaa 1),
al=4

m > —co.m -o+aa
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