PROGRESS IN NATURAL SCIENCE

Vol. 14 No. 5 May 2004

SHORT COMMUNICATIONS

An improvement of Papadakis’ theorem”

ZHANG Zhihua'

MU Lehua® "

and ZHANG Peixuan’

1. Institute of Mathematics Chinese Academy of Sciences Beijing 100080 China 2. Department of Mathematics Shandong Univer-

sity Jinan 250100 China

Received August 22 2003 revised October 17 2003

Abstract

There exist many orthonormal wavelets which cannot be derived by multiresolution analysis MRA with a single scal-

ing function. In 2000 Papadakis announced that any orthonormal wavelet is derived by a generalized MRA with countable scaling func-

tions at most. We improve Papadakis’ theorem and find that for any othonormal wavelet the least number of the corresponding scaling

functions is just the essential supremum of the dimension function of the orthonormal wavelet. Moreover we construct directly the fewest

scaling functions.

Keywords

Mallat ! introduced the classical multiresolution
analysis MRA with a single scaling function. It is
the best approach to the constructions of orthonormal
there indeed exist many or-
thonomal wavelets which cannot be derived by MRAs

wavelets. However
with a single scaling function for example Journe
wavelet 2 . In2000 Papadakis ® announced that any
orthonormal wavelet is derived by a generalized MRA
with countable scaling function at most * . This is a
very important result in wavelet analysis. As the con-
tinuation of Papadakis’ work
deep into the study of the problem of the number of
scaling functions. We indicate that the least number
of scaling functions is just the essential supremum of
the dimension function of the orthonormal wavelet.
Meanwhile we construct directly the fewest scaling
functions in the proof of Theorem 1. To delete the

in this paper we go

redundant part of each scaling function in countable
scaling functions and then reconstruct the fewest
scaling functions this is important in both theory and
application. Specially our construction method in
this paper is also new. In order to compare our result
with Papadakis’

wavelet for an example.

theorem we take the Journe

1 Preliminaries

The definition of generalized MRA and some re-

scaling function generalized MRA dimension function.

sults in the theory of shift-invariant subspaces are in-
dicated as the following.

Denote the Fourier transform

7w :J fte ™ds
R

span” expresses the linear combination I w is
and the notation

the characteristic function on 2

a.e.” is often omitted.

A subspace U of L? R is said to be shift-in-
variable if f t—n €U forany f€ U and n€ Z.

Let f, (CL* R and S=S f; | :=span
fit—n n€Z (=1 r r€Z"orr=o0

It is clear that S is a shift-invariant subspace of
L* R . Specially S f =ispan f t—n n€Z .

Definition 1. Let
closed subspaces of L?> R and satisfy

V., mez be a sequence of

i Vm - Vm+1 m 6 A UVm = L2 R

NV,.= 0

m

i ft eV, of2t €V,., m&Z

iii there exists a sequence ¢/ in V| such
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that Vo=S ¢’ 2 wt+2kn ey g€S for fixed wER.
Then V,, ,,ez is called a generalized MRA Lemma 1°. Let f, CL*> R and S =
GMRA  with scaling functions ¢ S f; | r€Z" orr=co . Then
Remark 1. If ¢ t—-n n€Z isan or- Js o =span f; o +2kn 4ez I =1 "

then the GMRA reduces to

thonormal basis for V|

an MRA.

Remark 2. By the following Lemma 4 and a
characterization of frames *  we see easily that Defi-
nition 1 and Papadakis’ definition of generalized

frame MRA ® are equivalent.

m
¢ ¢ is an orthonormal wavelet if 22 ¢ 2" —
n m n€Z isan orthonormal basis for L> R .

Let V,,
tions W, an orthogonal complement of V| in
Vi Wi Vo=V, and ¢ € L*> R an orthonormal
wavelet. If ¢ ¢ —=n

be a GMRA with many scaling func-

.€z is an orthonormal basis

for Wy, then we say that ¢ is an orthonormal
wavelet derived by or associated with this GMRA
V.

m *

Journe showed that there exist orthonormal
wavelets which cannot be derived by MRAs with a
single scaling function. Later on in 2000 Papadakis
gave the following

Papadakis’ theorem ® . Any orthonormal wavelet is
derived by a GMRA with countable scaling functions
at most.

Let f g€L?* R . Denote the bracket product

fg o = > f w+2kn g o+ 2kn
k=—00
YVf g€ L*R

and the above series is convergent absolutely and
fg wt2r = fg w fora.e. wER.
Definition 2 > . Let ¢ € L> R . The function
ng w = 2 S‘b D= m. s‘b p—m. @
m<0

the dimension function of ¢.

is said to be

We need some results in theory of shift-invariant
subspaces which play a key role in argument of this
paper.

Let S be a shift-invariant subspace. If g€ S
then the vector g w +2kn e, € fora.e. wER.

Denote the corresponding subspace of (> Jg @ =

Lemma 2 % . Let S,

variant subspaces of L?> R

S, and S; be the shift-in-

and S; =S,DS; D is
Then jsl w :]52 o D
Js, w fora.e. wER.

the orthogonal sum .

Lemma3°® . If f ¢g€L* R thenS f and
S g are orthogonal if and only if [ g ® =0
a.e. wER.

Lemma 4 ° . Suppose that U=S ¢/ | C
L> R r€Z" or r =0 . Then there exists
¢7 [CL* R suchthat U=S ¢ | and for all

j 1
lor0

ol w = 0 i;i a.e. w &€ R
and for any f&€ U
Jo=27T¢" @' o L?
=1
and J ¢! w €L

Lemma 57 . Let ¢ be an orthonormal wavelet.
Then the dimension function is
D(/, w

= dim span ¢ 27" w + 2kx

where Dy @ is stated in Definition 2.

rEZ 7)1<0

Lemma 6 ' . If ¢ is an orthonormal wavelet and
the subspace U=span ¢ 2"t —n m<0 n€Z
then U is a shift-invariant subspace and U =

S ¢ 2™ m<0 -
2 Main result and its proof

We improve Papadakis’ theorem here and show
the least number of scaling functions as follows.

Theorem 1. Let ¢ be an orthonormal wavelet.
Then ¢ is derived by a GMRA 'V,

functions where » = ess supDy ® on R and r is

with r scaling

the least number of the scaling functions.

Proof. Using Papadakis’ theorem we know
that ¢ is derived by a GMRA V,, ,, e with the scal-

fe's}

Further by Vo =S ¢/ |
it follows that there exists a family

ing functions ¢ .
and Lemma 4
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¢/ [CL* R such that

oo

Vo =S le
S lor0 ;=1
J l —
¢’ ¢ w 0 Iy a.e. w € R
1

and
Jw =2Hwl" o L* Yf€EYV,
(=1

where

H o €L;. 2

Let W,, be an orthonormal complement of V,, in

Vz+l WNI@VNI:VH1+I . Since ¢ t—n

”

n€”zZ is
an orthonormal basis for W and V= @ W, we

know that Vo=span ¢ 2"t —n m<0 n€ Z .

So by Lemma 6 we have V=S ¢ 2" o .

Again by Lemma 1

]VO @ = span (], 27" w+ 2k
a.e. w € R.

Since ¢ is an orthonormal wavelet by Lemma 5 the

dimension of the subspace J v, @ of 12 dimJ v, @

rEZ 772<0

=D, o . Further letting » =ess supDy @ on R
we have
ess sup dimJVU w =ronR. 3
Without loss of generality we may assume that
r<oo. Otherwise if r=00 then ¢’ | is just
the desired » scaling functions. Below we construct
the » scaling functions.

Let
EO::R
¢t w =0 jEZ

F :=E F:=(E.

S0 < o
7=0 i=0
So from F, |\ E,=F, ;\ F, we can see that

R\F=() F\E
=1

E.::

J

w &€ R |

!

disjoint union . 4

Again define a family of functions glj | as

1 _ g1
g1 @ = ZIFH\E, w { w
=1

g o :IR\F“ij w ji=2.5
So by 4  we have

1 gl w CUGFF]\EZ [=12
g w =

0 w &€ F.
;oo U e w€RNEL
= 2.

g @ =g wEF j=

From this and E;, + 2kn = E, F, + 2kn = F,
F+2kn=F k€ Z [€Z" it follows that
gll gll w

= > lg' w+2kn 12

p=—oco

_ gz ‘Cl w o€ F4\E e 7.

0 w€E F
Again by the definition of E; and 1 we have
¢t w =1 w&F, ;\ E,. Further by

4 we obtain immediately that
gll gll o =1 w€&R\F.

And we also obtain that

oo

[ngll w |2dw:J 2 |g11 w + 2kt *dw

—T f=-—-00

I

Sogll €L*> R .Forj=2 byt’ €L*> R and
6 we get glj €L> R j=2.

g g @ do<2r

Define functions R,/ ¢ | as

R/ v =g’ o j€Z. 7
So we have
Rll Rll w = gll gll w =1
w &€ R\F. 8
By 6 7 and 1  we obtain easily that for j
€zt
le le w =0 w€&F
R/ R' w =0 j#[ a.e. w€R.
9
Now we prove that
Vo=S R/ | . 10

Sil’lCGR: R\Flfl U Flfl\E[ UF[ diS—
joint union
1:IR\F[1 wGR
By the definition of E; and F;CE;, we get {'
=0 w&F,. Soforany f&€V, by 2

@ +IFH\E, @ +IF[ @

we have

Jo =2H ol \p, o' o
[=1
+ZleIR\FchA§Z w L? .
=
Again by 6 and 7
fw = ZH; w Rll w L? 11
=1

where
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Hl o =2H ol \r o L
[=1

H;‘ w HZ w IR\F w

-1

[ =2 .
Since Flfl\E1+2kTC:F[71\E[ R\Flfl‘i”

2kn=R\ F,-; k€Z we know that H, o €

L%rr' Letting H, o = 2 ,8”1 e ™ and then tak-

n=-o

ing the inverse Fourier transform in 11

ft =2 DB'R}) t-n L% .
=1 n=-0c0

So f€S le . Further V,CS le v

we can get

On the other hand by 5 and 7  we obtain

that R,' w = >, Ip
=1

/*I\E[

w ! w a.e. wER.

and this formula holds in L?. From Ip, \p, ® -

Lgﬁ and the first formulain 1 it follows easily that

R,' € Vy. Similarly we have R,/ € V, j=2 .

Further S R/ " CV,. So 10 holds.

By 10 and Lemma 1 we have J v, @ =

span le w+2kn , jEZ" . However by the
first formula in 9
R/ w+2kr =0
a.e. wEF jEZ" FEZ . 12
Sodim]v(’ w =0 w&F. Further by 3
=ronR\F. 13

we get

ess sup dimJy w
P v,

Denote X, =S R,) X, '=S R/ 3 .By
9 and Lemma 3 we know that for j =2 the
spaces S R11 and S le

10 we obtain that Vo= X, €D X;. Further by

are orthogonal. So by

Lemma 2 ‘]Vo w :]xl w @]Xx w . Noticing
1
that X; =S Rll by Lemma 1 we have
]Xl @ = Span Rll w +2/€TC reZ

a.e. w € R.

However by 8  we see that the norm of the vector

Rll wt+2kn ,eyisequaltol fora.e. wER\

F. Sodim/x o =1 wER\F. Soby 13 we
obtain that

ess sup dim]xx- w =r—-1lonR\F. 14

1
Noticing that X, =S R,
we get J .+ w =span R/ w+2kn e, j=2 .
1

and by Lemma 1

Againby 12 dim/ - o =0a.e. w€ F. From
1

this and 14
ess sup dim\]X* w =—=r—1lonR.
1

we obtain finally that

Denote h ' ¢ :Rll t .

Now based on the subspace X, and the func-
tions R lj ;Q using a similar procedure we get two
subspaces X, X, and new functions R, | such
that X, =S R,' X, =S R/ 7 X/ =

X;EBXZ and ess sup dim_]X,\; w =r—-2onkR.
Denote h 2 ¢t =R, 1t .

Keeping on doing this procedure again and a-

gain we get finally » functions % / | and subspaces

X, X, X/ such that Vo= X PEPX, X =
=1

Sh! =1

r and ess sup dimJX»: w =0

on R. So we see that X = 0 . Further we have
Vo=S h’ | . By Definiton 1 A’
scaling functions of the GMRA V,,
ess supDy @ .

| are r

and r =

Now we prove that &/ | are the fewest scal-
ing functions. Suppose that s functions 77j | are
also the scaling functions of the same GMRA V,, .
So Vy=S 77 | .ByLemmal we have

]Vow:span ;7j w+2kn , =1 s .
Clearly dimjv0 w <s a.e. w€ R. Again by

3 we have r<{s. The proof of Theorem 1 is com-
pleted.

As an application of Theorem 1 we discuss the
well-known Journe wavelet.

Example. Journe wavelet ¢ 2 which is defined

b ow =Ipw
where 2= 0 €RIT< 0 l<n
or4n<\w|<%t

is an orthonormal wavelet and cannot be derived by an
MRA with a single function. Papadakis showed that
it is derived by a GMRA with three scaling functions.
However the number* 3" is not the least number of
scaling functions. On the other hand we see easily
that ess supD, w =2 on R. Again by Theorem 1
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we obtain that the least number of scaling functions is
2. So Journe wavelet ¢ can be derived by a GMRA
with two scaling functions.

Now let ¢, ¢, satisfy ¢ =lp o and
¢ @ =g, w where
0, = - %E -2 U - 87Tr -
dn 2w o 2
U -~ - U o5
QZ = - Ql'
Again letting V():S ©1 P2 V,,,: ]‘6 L2 R

|f 27" €V, m&ELZ we prove easily that
V,. is a GMRA with two scaling functions ¢; ¢,
and Journe wavelet ¢ is derived by this GMRA.
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