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Abstract A new kind of inversion formula of the wavelet transform for band-limited function is

given. This formula possesses the more explicit express than the well-known result and it contains a

factor that can be chosen freely.
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1 Introduction and main result
By Il « lyand || + [l zdenote the norms in the spaces L'(R) and L*(R) respectively, and

by ( + , * ) denote the inner product in the space Li(R).

By f and fV denote the Fourier transform and the inverse Fourier transform of f respective-

ly.
The convolution of f(¢) and g (¢) is defined as (f *¢) () = Jf (¢t — z)g(z)dz.
2

For f{t) € L*(R), denote f’,,,(t)=—l—"—f(t—§‘2) and suppf =clos {t€E R f (L)F0}. If
a

suppf is a bounded set, then we say f is band-limited.
The characteristic function on a set £ is denoted by Xz(¢).

In 1984, Morlet introduced first wavelet transform that is defined as follows:

Let p€ L%(R). The transform:
(W, f)(b,a) = Jf(l) $s.()dt forany f € L*(R) )

R
is said to be a wavelet transform!'’.
W . 2 L |9 (o) |? _ ; . .
hen p € L' L*(R) and C,=2n) —F———dw<oo, the known inversion formula is stated

lw]

as followst!'%,
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d
FWO = tim L ﬂ W) G,a)p,. 0 2 (12, 2
A0+, Ay=etoa a
8—+oo 4 Slal<a,
1si<s

The above equality holds in L?-sense.
The aim of this paper is that for band-limited function we give another kind of inversion for-

mula of wavelet transform.
Theorem Let p(¢) € L'V L*(R). Take @(t) € L'(VL2(R) satisfying () =0 (|w|~2).

Then for any f € L' L?(R) and suppf S[— 9, Q], the following inversion formula holds ;
dadd
ﬂ CAPODICYRPIOE SR 3
al<4
8| <on
where & (¢) satisfies 4 (w) = |w|X¢—0,01(w) and the abave equality holds in LZ-sense.

The limit process in (3) is simpler than that in (2), and the function @(£) in (3) can be

f{t) = lm )
A=te (2”)1‘(%!«5){

chosen freely.

2 Lemma
To prove Theorem, we first give the following
Lemma Let p(¢), ¢¢) and f (¢) be stated in Theorem. Then for any ¢ € L2(R), the fol-

lowing formula is valid .

if(W,f)(b.a) DG 2 om0,
27 la|
RI
.where Dg)(b,a)= 12 (gr . *h). )
£
Proof By Parseval equality of Fourier transform and (1), we have
(W, fr(b,a) = |a I‘ZLJ’f () $(aw)e**dw. (5)
R
Using the convolution formula and Parseval equality, we also obtain from (4) that
Dg)(b,a) = lal%!j(w) Kaw)k (w)e*dw. ) (8)
Applying the inversion formula of Fourier transform , it follows from (5) and (6) that
1 N -_—
—1 W f)0.8) = (f(0) law)) ¥ &) 7
V2xn|a l% ’ ¢
and
—L 0G0 = () TDTENY b, (8

ﬁ;laI%

Finally again using Parseval equality, we get

L J(W.J)(b,a) (D) (b,a)db = Jf«») 7 (@) () plaw)gKaw)do. |
R R

2nla|
Since suppf§[—53,93=supp1;(w) and h(w)= o] X(0.0(w), we know that
f(a))/;(o)) = |o|f(w), w € R.
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Further, Eﬁj(”’,f)(b'a) (Dgg)(b,a)db = Jf(w)j o) o] (aw)Kav)do.
R R

In view of ‘
Hlf“(:») 7 (@0 FGa)paw) [deds = flf(m) o) ;( o1 [1 Fa@yotaw) Jda )d
RR R R

= ([1 7@ o) o) ([1£ @) 7@ 100 )< N ol sl ol 7 14l I1a)

by Fubini theorem, we have

L7 T 199 _ [ [z, « ey e
EJ(!(W,f)(b,a) (D,g)(b,a)db)m—- (l- (0) () || ¢(aw)¢(aw)dw)da

Again noticing that
fw][;b(aw)é;(aw)da = (&),1/;) = (¢, p),
;‘ L]

for the repeated integral, we get

Ziﬂj(j(w‘.fm,a) (Dry)(b,a)db)'dTa' = () (9.
R R

In order to complete the proof of Lemma, by Fubinj theorem, we only need to prove that

£ =107 ) b.0) By | d,‘ff’,” < o, )

'y
We split the above integral into two parts, namely,
1

K = (J + )(Jl(”’.-f)(b.a)Dvﬂ)(b,a)l %)d = K, + K, (10)

-1 R—[~1.1] 2

First we estimate &,.
Using Cauchy inequality, we get
1 1
. - b ) |
K1 < f(fl(w..fxb,a)lzﬂ—)da : j(Jl(D,axb,a)l’,"T”,)da =Ky - K,y
-1 R

la] J\

Applying (7) and Parseval equality, we have
1

Ky = 2”j(f|f(w)lzlf:(aw)lzdw)da.
1R

By € L' (R}, we know that there is a M >>0 such that 19 () <M, so Ky <dnm? Irls

On the other hand, applving (8) and Parseval equality, we also have
1

Ky = ZnJ(J lg"(u))lzlc}»(aw)lzl/:(_w) I”dw)da. (11)
1R
By @€ L' (). we know that there is an N >0 such that |g(w) | < N. Again noticing that

[ (@)1 <9, we have Kp<4aN*QP |4 i & so K <oo.

Next we estimate K.
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From (10), we know that for any given b<e<-;—,

Ky = Ulal-‘+%|<w,f)<b,a)l . |a|-%1<u,,)(b,a)|db)da
R~[=1.1]'2
Using Cauchy inequality, we get

ki< j ([l(W,fxb.a)lzl I,_,)da- f Ul(o,u(b,a)lzl |)da——-kz,'1(22

r—({~1.1] R—(~-1.1]

Since
5 1 =X
|W o)) | = l:/]—ﬂ!f(t) v{T)dcls TANEIP
and :
ﬁ[lcw,fm,a)mbgﬂ e d,?rsuflllllvﬁlln a2
we get )
. ' 1
Ka< 1500l [ {10V oo 1ab) gmaa
A~[=1.17 2
1 4
SRR TIN| e = g e e

r—[=1a] la]Z77°
Similar to the argument of (11), we have
kn=2n [ ([15@ 110> 121i (0> 120l "0 da
R—[=1,1] R
Further, by the definition of 4 (¢),
Ky =2=n J lal_'_'(Jlf(w)IZI&Kaw)Izlawlzdw)da
R

R-[=1,1]
From ¢{w) =0 (&r|~2), we have |glaw) |?]aw|*<M (M, is an absolute constant ). Further K ,,

S4er|

lg I 3 So K,<<oo. We obtain finally (9). The proof of Lemma is completed.
‘ p

3 Proof of Theorem
From [(@.* WO IS g ll2lall o= 1 @ll 204l ;and (12), we have

A
[[ir06.0@. @1 $E< Tolis n,j—l—,( lJKW..f)(b,a)|<u>)da
la|Zz\lalZ3

—AR

s4avA el el el sl (13)
So for all tE R, we know that (W, f)(b,a)(q.. *h)(t)T;'l—IeL‘([—A YAJXR).

Set

A
Aty = —2 [ v, 1r@ar . 1@ dlb","

(27!)7(7),36)_,,

By the known result in theory of Hilbert space, we know that
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I £ — AA(l)”z='S?D]l(f,y)-(AA,g)l. (14)
7 k=
Again by (4), we get
) A
Dagy= —L (H( (B ra) (., *h)(t)g(t)d‘bd,a)
(2n)2(¢:¢)n Z4R
_ I , ————— dbda
~2—-~n(%w)ikf(u wf)(6,a) (D g)(b,a) Tl (15)

The reason for interchanging the order of the above inte

grals is stated as follows.
By (12) and

fp(% INOYION la de < || T_r(q; D@ llgll,< < lelliliaf,fhgy,,

we get

e

A
(”l(w D@0 (@ % 1)) 7| dbd")dt
4R

a

f(fl(w f)(b,a)lUl(q; */,)(t)gu),‘,_,d‘) db )da

s2allell nlqlg lzlir i,
So the order of integrals in (15) can be interchanged.

Using Lemma and (15),

(fyg)ﬁ(Adyg)-'

dbda
2n<¢,¢) j f‘”’vf)(b’“(l’.s)(b.a)

R—[=4,472 la I

Further we get from (14)

dédu
e R | [10%.£>60,0) Bz 5t7ay dbata =y

e la]

- .f}’f’-.(znl@,w:"(‘”)' (16)

where  I(A) = f [O¥ £ (b,0) B gy ey d,”","
R—(—4,472
Using Cauchy inequality,

we can see that
< f Un(W.f)(b'a)l’, = lda - f
R—(~4,4 2 /

. db |
(J”(D,y)(b,a),zm)da
=1,(4) + 1,(4)

R—[—4,47 R

an

Imitating the estimates of K, and Kz in Lemma, we can get

A S A 07

<My oy
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]

From this and (16), (17), we know that

‘ 1
1 £¢) = A | < I'SFIP_I(WI(A))
1
1 16280, 7
< mTorpT| ot Fsistonansnen, )t
2 = 0. The proof of Theorem is completed.

So lim [l () — AL ) |
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