59

! "'] f‘f]:’b = pick [II} jmm( $olTna,
X= c,e*{,’] e e‘t[g']

/ [ ‘ )

WP“-Q 2“)\)" [d] = G ({]+(2(}] > CI_E- G=%
; [

= ! .
()\M‘[’ﬁﬂ ?5(6)"[?] = C\["’I‘fc'{;] > Gey 63

ﬁ"
o b wpely] Ko PQ:'?L"}:] dv
dé=ge [36{ & _fud
-5 s ]
p b X—Jo)*—[ ] Xe) = (’119b479t 3 | st wie3e
: | ¢+ .,.35%
-3 5€
Hi( i) = (2]; 2%(6) — | Yuo) X ()= §(f)£f]
..| " =
3 -@ +€
- ([3¢8-¢° | _ =
X(-(-): "2 -2'[3€'t_36'(] { /"*f +3¢]
& se-et-(-evet) [ _ J[{]f*-‘fme't
'>)€'t-3€'t—'(~-e{'.@?,et 2 U
( 26'%4'26-{ FH_t
@ = -
H (¢ § ) 4{46“-45‘ zf“'-ne't]

dace Tt By =ht+s) by youelf-




CHAPTER 7. ——

m
(Ejﬂa{f% 0 0o )
m
LA 0 ats .. 0
I+ZAkEi= Agngk!
=1 : : :
“ k t*
0 0 E“'np)
\ k=0

It can be shown that the partial sums on the left hand side converge for all t. Taking the
limit (as m - o) on both sides of the equation, we obtain

et 0 ..o 0
saat ..,
exp(At) = 0 L: 0
0 0 - ent

Alternatively, consider the system x’' = Ax . Since ODEs are uncoupled, the vectors
x0 = exp(a;t) e, j = 1,2, --n,are a set of linearly independent solutions. Hence
the matrix

@ ... exp(a.t)e™]

X = [exp(at) e, exp(ast) e
is a fundamental matrix. Finally, since X(0) = I, it follows that

[exp(ait) eV, exp(ast) e?, .. exp(a.t) e”] = ®(t) = exp(At).

17. [(a) 'Let z; =u and x; = u'; then u” =z,. In terms of the new variables, we
hav
z,+ Wz =0
with the initial conditions x,(0) = uwo and x2(0) = vo. The equivalent first order
system is
Z{ =05
2

Ty = —w Iy

which can be expressed in the form

(2= (@) @3)-(4):

=
o
P e
L Bx
[ T
~—

l_(j;). etting
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it is easy to show that
A’= —u1,A%= —w?A and A* = 'I.
It follows inductively that
A% = (= 1)k 2] :
and e

A% = (— )Rk

Hence §
o] wik t?k w2k §2k+1 i
At) = -1) i T
e Z[ L 2k +1)! A] )
00 1 00 U)2k+l t2k+1 .{ ]
o DT (PR ) pY el
=0 2 ) k=0 (2k +1)! 3
and therefore :
el‘p(At)zcoswt]+lsinth. :
w b
LEE)\ From Eqn. (28),
(xl) = [coswt1+lsinth](uB) :
I3 w Yo 'I.
:cosu;t(uo)+lsinut( 4 ) ‘ "-
vo w -l
il; 18(a).| Assuming that x = ¢(t) is a solution, then ¢’ = A@, with #(0) = x°. Integrate '-'_ i
both sides of the equation to obtain b
t
8(6) = 9(0) = [ Ag(s)ds.
0 2
Hence ‘
t
o(t) =x" + / Ag(s)ds.
0 g
| (b)] Proceed with the iteration |
t b
() =x° + / A (s)ds. :
0
With ¢'9(t) = x°, and noting that A is a constant matrix,
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i '
t
. dM(t) = x°+foDc£s
0 !
=x" + Ax't. 1
That is, ¢'V(t) = (I + At)x". 1

l(r.-). We then have 7.

t
6@ (t) =x“+/A(l+At)x“ds
0

t-
=x’ + Axt + Azxua I
2
= (I+A1+A2§)x"‘ §
Now suppose that

t? £e
™) = (I+At+A%= + ... +A"— |x".
2 n!
It follows that
t t? tn
/A(l+At+AEE+---'~|—A“ )x"ds:
0

n!

t2 t3 tn+l ]
:A(lt+A—+A2§++A“ )xn i

2 (n+1)!
t2 ) t:i tn H
- Af-’rAz— +AJ_+”_+AH+I_ XU. it
2 3! n! i

Therefore

(n+1 E‘tz +1 tnﬂ il
pimn+1i) pa— A =S s Arl s :
o (t) (I+At+ 3 + st (n+1)!)x

By induction, the asserted form of ¢™/(t) is valid foralln > 0.
‘E} Define ¢'*'(t) = lim ¢'™(¢). It can be shown that the limit does exist. In fact,
n —0c

¢ (t) = exp(At)x".

Term-by-term differentiation results in B
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qsm‘(t)_ l+At+A2—~+ +A“t—+ X
2 n!

d

(A A%+ ...+ A" Lall + |x°
(n—1)!

=A

tn-l
I A 2_ An——-l 0.
(+ t+A°—~ +- —(-n—l)!+)x
That is,
d (00)
— h >, = A (oo0) :
7970 = Ap=()

Furthermore, ¢'*/(0) = x°. Based on uniqueness of solutions, ¢(t) = ¢/*)(t).
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