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Exercise 11.2(a) (a2n) and the others are themselves
monotonic;

(b) {−1, 1}, {0},{+∞},{ 6
7};

(c) lim inf an = −1, lim sup an = 1, lim inf bn =
lim sup bn = 0, lim inf cn = lim sup cn = +∞,
lim inf dn = lim sup dn = 6

7 ;
(d) (an) does not converge,(bn) converges to0, (cn)

diverges to+∞, (dn) converges to67 ;
(e) (an), (bn), and(dn) are bounded.

Exercise 11.5(a)S = [0, 1]. (The proof is essentially the
same as Example 3 on page 65. For example, you may
want to explain why0 ∈ S.) (b) lim sup qn = supS =
1, lim inf qn = inf S = 0 by Theoremx y.

Exercise 11.6Note that a sequencet is a subsequence of
a sequences if and only if t = s ◦ σ for some increasing
functionσ : N → N.

Now let q be a subsequence ofp and letr be a subse-
quence ofq. Then there are increasing functionsσ andτ
mappingN into N such thatx y andx y. Since
r = x y = p ◦ (x y) andσ ◦ τ : N → N is also
x y (why?), we see thatr is itself a subsequence
of p.

Exercise 11.10(a)S = {0} ∪ { 1
n | n ∈ N}. (You need to

explain this. Find subsequences which converge to0 and
1
n , respectively.) (b) By Theoremx y, we have that
lim sup sn = supS = 1 andlim inf sn = inf S = 0.

Exercise 12.2lim sn = 0 [i]⇐⇒ lim |sn| = 0 [ii]⇐⇒
lim sup |sn| = 0. [i] Exercisex y [ii] Theoremx y

Exercise 12.3Note that(sn + tn) = (2, 2, 3, 1, . . .) and
(sntn) = (0, 1, 2, 0, . . .). (a)0 + 0; (b) 1; (c) 0 + 2; (d) 3;
(e)2 + 2; (f) 0; (g) 2.

Exercise 12.5See page 319.

Exercise 12.14(b) Denotesn = n!
nn and observe that

sn+1
sn

= (n+1)!
(n+1)n+1

nn

n! = nn

(n+1)n = 1
(1+ 1

n )n . Thus

lim sn+1
sn

= 1
e and, by Theorem 12.2 and Theorem

10.7(ii), we havelim inf(sn)1/n = lim sup(sn)1/n = 1
e .

By Theorem 10.7(ii) again, we getlim(sn)1/n = 1
e .

The followings are needed in the proof of Exercise 12.5.

Exercise 5.4Case I:−∞ < inf S. This case is proved in
Exercise 4.9. See page 313. Case II:−∞ = inf S. Then
S is not bounded below and therefore−S is not bounded
above. Thussup(−S) = ∞, and hence− sup(−S) =
−∞ = inf S. See the definitions on page 27.

Exercise 9.9(c) See page 317.

Exercise 11.8(a)

lim inf
n→∞

sn
[i]= lim

N→∞
inf{sn | n > N}

[ii]= lim
N→∞

(− sup{−sn | n > N})
[iii]= − lim

N→∞
sup{−sn | n > N}

[iv]= − lim sup
n→∞

(−sn).

[i] & [iv] Definition 10.6; [ii] Exercise 5.4; [iii] Theorem
9.2 & Exercise 9.10(b).

Exercise 12.4Forn > N , we have

sn ≤ sup{sn | n > N} and tn ≤ sup{tn | n > N},

hence

sn + tn ≤ sup{sn | n > N}+ sup{tn | n > N}.

Thussup{sn | n > N} + sup{tn | n > N} is an upper
bound of{sn + tn | n > N}. Therefore,sup{sn + tn |
n > N} ≤ sup{sn | n > N}+ sup{tn | n > N}. Now
apply Exercise 9.9(c) and Theorem 9.3.
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