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Exercise 17.2(a) The domain of the following functions
is R.

(f + g)(x) =

{
x2 for x < 0
x2 + 4 for x ≥ 0.

(fg)(x) =

{
0 for x < 0
4x2 for x ≥ 0.

(f ◦ g)(x) = 4 for x ∈ R.

(g ◦ f)(x) =

{
0 for x < 0
16 for x ≥ 0.

(b) Onlyx y andx y are continuous.

Exercise 17.3See page 323.

Exercise 17.6This is clear from Exercise 17.5 and Theo-
remx y.

Exercise 17.8(a) Leta, b ∈ R. If a ≥ b, then

1
2
(a + b) − 1

2
|a − b| =

1
2
(a + b) − 1

2
(a − b)

= b

= min{a, b}.

If a < b, then

1
2
(a + b) − 1

2
|a − b| =

1
2
(a + b) − 1

2
(b − a)

= a

= min{a, b}.

Therefore, for any real numbersa andb, we have

min{a, b} =
1
2
(a + b) − 1

2
|a − b|.

Now let x ∈ dom(f) ∩ dom(g). Becausef andg are
real-valued functions, we havef(x), g(x) ∈ R and

min{f(x), g(x)} =
1
2
(f(x) + g(x)) − 1

2
|f(x) − g(x)|,

that is,(
min(f, g)

)
(x) =

(
1
2
(f + g) − 1

2
|f − g|

)
(x).

Therefore, we have that

min(f, g) =
1
2
(f + g) − 1

2
|f − g|.

(b) Leta, b ∈ R. Consider the separate casesa ≥ b and
a < b to show that

min{a, b} = −(max{−a,−b}),

and then, as in (a), prove

min(f, g) = −max(−f,−g)

for any real-valued functionsf andg.
(c) Use (b), Example 5, and Theorem 17.4(ii).

Exercise 17.12(a) Let q ∈ (a, b) be an irrational num-
ber. From Example 3 in page 65, we see that there is
a sequence(rn) of rational numbers in(a, b) such that
lim rn = q. Now use the continuity off to show
f(q) = 0.

(b) Consider the functionh = f − g and use (a).

Exercise 17.14(i) Let x0 ∈ Q. We writex0 as p
q , where

p, q are integers with no common factors andq > 0. By
definition, f(x0) = 1

q > 0. Now consider a sequence
(yn) of irrational numbers such thatlim yn = x0.

(ii) Let y0 ∈ R \ Q and letε > 0 be given. Ifε > 1, let
δ be any positive number. Then|y − y0| < δ implies

|f(y) − f(y0)| =

{
|0 − 0| < ε if y ∈ R \ Q
| 1n − 0| ≤ 1 < ε if y = m

n ∈ Q

and we are done.
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So supposeε < 1 from now on. DenoteN = b 1
ε c,

whereb·c is the floor function. Consider the set

A =
{m

n

∣∣∣ m ∈ Z, n ∈ N, n ≤ N
}

,

which has the property that

|a − b| >
1

N2
for a, b ∈ A, a 6= b.

(This is because
∣∣∣m1

n1
− m2

n2

∣∣∣ = |m1n2−m2n1|
n1n2

> 1
N2 .) We

now choose

δ = inf{ |y0 − a| | a ∈ A}.

Note thatδ depends only ony0 andε, andδ > 0 because
of the above property ofA. Observe that ify1 = m

n ∈ Q
satisfies|y1 − y0| < δ, then by our choice ofδ we see
thaty1 /∈ A, i.e. n > N = b 1

ε c, and hencen > 1
ε and

f(y1) = 1
n < ε. Therefore, for anyy with |y − y0| < δ,

we have

|f(y) − f(y0)| =

{
|0 − 0| < ε if y ∈ R \ Q
| 1n − 0| < ε if y = m

n ∈ Q.

We are done with this case, too.
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