Matl27a Homework Solutions 2 (e)lim L sinn = 0. Given an error > 0, let N = 1,
Thenn > N = L implies|L sinn — 0| = M <1lc
Prepared by Jaejeong Lee ¢, as desired.
IIEX(Qarcllse 7. 1(a) e ?’ %7 e 16 (b) 311715, 1 (©) Exercise 8.7See page 315.
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Exercise 8.9Denotes = lims,. (a) Suppose, on the
Exercise 7.2(a) converges t®; (b) converges té; (c) contrary, thak < a. Lete = a — s > 0. Then there exists
converges t®; (d) diverges. anumbetV such that: > N implies|s,,—s| < e = a—s,

which, by Exercise 3.7(b), implies

Exercise 7.4(a) lim f =0. (b)lim (1 + ) =e. Sn<s+(a—s)=
Thus s,, < a for infinitely many n; a contradiction.
Exercise 7.5 ) Therefore, we must have > a. (See page 316 for a
@) lim(v/n2 + 1 —n) = lim —0. slightly more complicated argument.)
( ) vn?2+1+n (b) Similar to (a).
. ) n 1 (c) This clearly follows from (a) and (b).
b) im(v/n2 +n—n) =lim —— = —.
(¢) lim(v/4n? + n—2n) = lim S 1 Exercise 9.1In the followings, the logical order in which

VA2 ¥ n+2n 4 one apply theorems is

9.7(a) — 9.2 — 9.3 — 9.6.

Exercise 8.2 (a) lim %y = 0. For any given
e > 0, letN = % Thenn > N = % implies (a)hm —hm(1+ )ilimlﬁ-lim%gl—l—O:l.
S 0‘ _ nﬁu <= % < ¢, as desired. [i] Theorem 9. 3, [ii] Theorem 9.7(a).
T 3+1 JuR 11m3+711mi il 34+7.0 _ 1
(b) lim 7;;_179 = £. Givene > 0, let N = @ — % If (b) hm 6n - hmG 5 ~ lim6— 511m7 ~ 6-50 2"
n>N = %6 7 thenn+ > 106 hence3(31£i7) < Theorem 9.2&9.3&9.6, [ii] Theorem 9. 7(a).
n—19 _ 5 73 _ 18 | 3
Therefore we hav% ‘ @) < € () lim Lz gsﬁfgﬁlﬂs - Qim 2w 53+ wtas B
. 4n+3 _ 4 . 11m17+7311m771811m 3+311m— il 17+73-071’8~O+3-0 .
() lim == 5.0 T If we are given an 461”’0E 5>. 0, T2 13Ty 3150 =
take N = g5¢ +4f Thenn > N = g5 + % IM" 11 )1 Theorem 9. 2 £ 9.3 & 9.6, [ii] Theorem 9.7(a).
pliesn — = > o, hencem < ¢, and hence
ol 4l e
" (Tn=5) Exercise 9.6(a) If & = lim z,,, then we must have
: 2n+4 _ 2 H
(d) hm5::+2 = £ Fore > 0, if we let o o a2 L3 2 g2
N = ﬁ—g, then n > N = 45 — 2 implies a=limz, =limz,, =lim3e; = 3(lime,)* = 3a°,
2 5€ 16 €
" + ~ 25e hence5(5 7y < € Therefore we get where the equality [i] follows from Theorem 9.2 & 9.4.
2n+4 2| 16 _ 1 _
52+2—g‘—5(5n+2)<6 Thusa = 3 or a =0.




(b) We claim thatr,, = 32" '~! for n > 1. Then it Exercise 8.6 (a)This is clear in view of
clearly follows thafim x,, = +oc. To prove the claim, let

the above sequence of assertiongBg) and we proceed |sn — 0] = [|sn| = 0[.
by mathematical induction. The basis for inductifm

is clearly true, sincg?' ' —1 = 30 = 1 = z,. For the

induction step, suppose th&}, is true. We then have

Bsn = 302 = 3(EF )R gD _ gt

S0 P, 41 is also true and the induction step holds. There-
fore, P, is true for alln > 1.

(c) The moral here is that we cannot apply Limit Theo-
rems 9.2-9.6 without verifying (i) whether the given se-
guence converges or not, and (ii) if converges, whether
the limit is =00 or not.

Exercise 9.15Let z,, = —“T,L. Then®:tl = _2_ g0 we
n! Ty n+1
havelim |2+ | = lim el — 0, From Exercise 9.12(a),
T n+1

we concluddim z,, = 0.
The followings are needed in the proof of Exercise 9.15.

Exercise 9.12 (a)f L < 1, select a real numberso that
L < a < 1. Becauséim |22+ | = L, there exits a natural

numberN such thats > N implies’\%\ — L‘ <a—1L,

which, by Exercise 3.7(b), impligs®*| < L+(a—L) =
a, thatis,|s,+1| < a|s,|. Therefore, fom > N, we have

50| < alsn_1| < a®|s,_2| <

ce<a N sy < a N syl

(To be rigorous, one has to show this using mathemat-
ical induction. cf. Exercise 1.8.) That is to say, we
have |s,| < a" N|sy| for all but finitely manyn.

We knowlima™ ™ = 0 from Theoren 9.7(b), hence
lima"~N|sy| = 0 by Theorem 9.2. Therefore, in view
of Exercise 8.5(b), we havén |s,,| = 0. And finally, by
Exercise 8.6(a), we havan s,, = 0 as desired.

Exercise 8.5See page 315.



