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Exercise 7.2(a) converges to0; (b) converges to34 ; (c)
converges to0; (d) diverges.

Exercise 7.4(a) lim
√

2
n = 0. (b) lim

(
1 + 1

n

)n = e.

Exercise 7.5
(a) lim(

√
n2 + 1− n) = lim

1√
n2 + 1 + n

= 0.

(b) lim(
√

n2 + n−n) = lim
n√

n2 + n + n
=

1
2
.

(c) lim(
√

4n2 + n−2n) = lim
n√

4n2 + n + 2n
=

1
4
.

Exercise 8.2 (a) lim n
n2+1 = 0. For any given

ε > 0, let N = 1
ε . Then n > N = 1

ε implies∣∣∣ n
n2+1 − 0

∣∣∣ = n
n2+1 < n

n2 = 1
n < ε , as desired.

(b) lim 7n−19
3n+7 = 7

3 . Givenε > 0, let N = 106
9ε −

7
3 . If

n > N = 106
9ε −

7
3 , thenn+ 7

3 > 106
9ε , hence 106

3(3n+7) < ε.

Therefore we have
∣∣∣ 7n−19

3n+7 −
7
3

∣∣∣ = 106
3(3n+7) < ε.

(c) lim 4n+3
7n−5 = 4

7 . If we are given an errorε > 0,
take N = 41

49ε + 5
7 . Then n > N = 41

49ε + 5
7 im-

plies n − 5
7 > 41

49ε , hence 41
7(7n−5) < ε, and hence∣∣∣ 4n+3

7n−5 −
4
7

∣∣∣ = 41
7(7n−5) < ε.

(d) lim 2n+4
5n+2 = 2

5 . For ε > 0, if we let
N = 16

25ε −
2
5 , then n > N = 16

25ε −
2
5 implies

n + 2
5 > 16

25ε , hence 16
5(5n+2) < ε. Therefore we get∣∣∣ 2n+4

5n+2 −
2
5

∣∣∣ = 16
5(5n+2) < ε.

(e) lim 1
n sinn = 0. Given an errorε > 0, let N = 1

ε .

Thenn > N = 1
ε implies

∣∣ 1
n sinn− 0

∣∣ = | sin n|
n ≤ 1

n <
ε, as desired.

Exercise 8.7See page 315.

Exercise 8.9Denotes = lim sn. (a) Suppose, on the
contrary, thats < a. Let ε = a− s > 0. Then there exists
a numberN such thatn > N implies|sn−s| < ε = a−s,
which, by Exercise 3.7(b), implies

sn < s + (a− s) = a.

Thus sn < a for infinitely many n; a contradiction.
Therefore, we must haves ≥ a. (See page 316 for a
slightly more complicated argument.)
(b) Similar to (a).
(c) This clearly follows from (a) and (b).

Exercise 9.1In the followings, the logical order in which
one apply theorems is

9.7(a) → 9.2 → 9.3 → 9.6.

(a) lim n+1
n = lim

(
1 + 1

n

) [i]= lim 1+lim 1
n

[ii]= 1+0 = 1.
[i] Theorem 9.3, [ii] Theorem 9.7(a).

(b) lim 3n+7
6n−5 = lim 3+ 7

n

6− 5
n

[i]= lim 3+7 lim 1
n

lim 6−5 lim 1
n

[ii]= 3+7·0
6−5·0 = 1

2 .

[i] Theorem 9.2 & 9.3 & 9.6, [ii] Theorem 9.7(a).

(c) lim 17n5+73n4−18n2+3
23n5+13n3 = lim

17+ 73
n − 18

n3 + 3
n5

23+ 13
n2

[i]=
lim 17+73 lim 1

n−18 lim 1
n3 +3 lim 1

n5

lim 23+13 lim 1
n2

[ii]= 17+73·0−18·0+3·0
23+13·0 =

17
23 . [i] Theorem 9.2 & 9.3 & 9.6, [ii] Theorem 9.7(a).

Exercise 9.6(a) If a = lim xn, then we must have

a = lim xn = lim xn+1 = lim 3x2
n

[i]= 3(lim xn)2 = 3a2,

where the equality [i] follows from Theorem 9.2 & 9.4.
Thusa = 1

3 or a = 0.
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(b) We claim thatxn = 32n−1−1 for n ≥ 1. Then it
clearly follows thatlimxn = +∞. To prove the claim, let
the above sequence of assertions be(Pn) and we proceed
by mathematical induction. The basis for inductionP1

is clearly true, since321−1−1 = 30 = 1 = x1. For the
induction step, suppose thatPn is true. We then have

xn+1 = 3x2
n = 3(32n−1−1)2 = 31+2(2n−1−1) = 32n−1,

soPn+1 is also true and the induction step holds. There-
fore,Pn is true for alln ≥ 1.

(c) The moral here is that we cannot apply Limit Theo-
rems 9.2-9.6 without verifying (i) whether the given se-
quence converges or not, and (ii) if converges, whether
the limit is±∞ or not.

Exercise 9.15Let xn = an

n! . Then xn+1
xn

= a
n+1 , so we

havelim |xn+1
xn

| = lim |a|
n+1 = 0. From Exercise 9.12(a),

we concludelim xn = 0.

The followings are needed in the proof of Exercise 9.15.

Exercise 9.12 (a)If L < 1, select a real numbera so that
L < a < 1. Becauselim | sn+1

sn
| = L, there exits a natural

numberN such thatn ≥ N implies
∣∣∣| sn+1

sn
| − L

∣∣∣ < a−L,

which, by Exercise 3.7(b), implies| sn+1
sn
| < L+(a−L) =

a, that is,|sn+1| < a|sn|. Therefore, forn ≥ N , we have

|sn| < a|sn−1| < a2|sn−2| <
· · · < an−N+1|sN+1| < an−N |sN |.

(To be rigorous, one has to show this using mathemat-
ical induction. cf. Exercise 1.8.) That is to say, we
have |sn| < an−N |sN | for all but finitely many n.
We know lim an−N = 0 from Theoren 9.7(b), hence
lim an−N |sN | = 0 by Theorem 9.2. Therefore, in view
of Exercise 8.5(b), we havelim |sn| = 0. And finally, by
Exercise 8.6(a), we havelim sn = 0 as desired.

Exercise 8.5See page 315.

Exercise 8.6 (a)This is clear in view of

|sn − 0| = ||sn| − 0|.
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