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[t s pélxious/y e M view of the fo//owzhj Fact - F A€ Matimxn)
Peé GLnlF), & ¢ Gl /F), then rank(AS = runk (RA) = rank (AP) = Jank (BAP).

One can also see it Tiorm Sy/lvester’s low (p245) by Theorewt 2.7 (b)), shere

15 A mratrix R € Glo () such that Z,D, mzE = &tAQ , where .Zm,/a,z "7 Df‘
the ferm (R.10), Note rank(AY = p+m. Sorne A = PEA'D we have
lpomx = &EAQ = PRICA PR, whch P et rank(A'Y = p+m, too,

Lp,

l7,z.7‘

Clounte rexamp/ L
basrs. It c/far/} hos h  ores for e/\fenuajucs. By ém//ary 113 (p239), zhHhe
RAOE 72> some vertible

Let A =1, be whe matrix of <, 7 with respect to some

matrix of <, ¥V wrth respect to difterent basis s
R, 2ff R=2I, then AARt= 41, whzh hac n Sfours Tor eigenvolues. Thus,

2he €igenvalies of a matrix representmyg <, 7 are not /nc/e/fno/en-ﬁ of bosrs.

(et Boposizion 4. 17, piz2).

(&) Mote that #H3 ;s o counterexample 2o 7heorem X7 in coce FOF IR.

b
let P = (? d> & (7/_1(}:1:.)/ then Aet (P = ad-bc = (. MNow pbeerve

. ,a b e | ¢\ _ szab ad+be N _ j0 1
PAP{- (¢ a/)(( o)(lb)\d) - (ad-fb(;a,zaﬁ > —(; o grce R =0 and ad + be

=gd-be in R, Thus, A X not ;//"a‘fom//'zab/c as the moatrix of a bilmear form

(b)) The cction preserees  ronk and Ssrme Ery ef madtrites. 5o wé hove the fo//cum\/{,

mmgé o/ecomlo eSj 7o -

— rank = D rank = | ronk =2 ‘
)

symserre. (22) L2y, (22), (! Loy, (72, (8ly.riol)
r
o o & /! !
Aler SymM- A/,,,,@ (2;5 (/0 ‘ -3 .f/o ’ (;i '

[~3
() 2) (8] CA7T)

3/ drirect éomflzré’az“ﬁﬂn, he car check that #hrs s the orbit p/@com/v oSitivn I we

L), (0L) ] and

Feu-ther decompese  the symmetrie ronk= 2 set mo ﬂf;
i (:)é)j‘ ef. ). o (2.10D (pFY).



750 N
Let [R" be endomed vith the sgandard ot prodct (., Y and T R = IR" fo
Adetred by left multiplication by A, re , Tixo = Ax.
(4) Let xe kerT and Ay € im T. Spee Ax=o, we have (A Ag) =
wEAY = (xtAy)t = YAt = ythx =y, Ax) = (4, ) = o Thus,
(kerT) L (m T)Y and (im T)Y C (Cker TYL. 7The ctandard dot product €, N
o RT3 positive defrjre and so s its rectrizeen te ker [ . In particular,
AR restrizton of (. ) o ker T I non—ceg enernte and by  Prgposition 2. 7,
we have R = (kerT) @ (kerT)*. So, dom (ker TY = n— dhom(ler T) =
cim (im T ), the firet equolity by Propesition 6.7 (pie3) ord +he tecond by +he
dimensivn formula (plied. Zpue Um Ty & (korTYY and they are of the same
dpmensivn, we have (im T Y = (ber TIX5 and R"? = (ker T D)® (m T).
(b) (=) 17‘ A= At X S the unigue expressivn of X pieh res pect o
the. drect sum che compo sition of R”=(lerTY® (m T), zhen 7 = efred
by Tixy = Ax = A, Zmee A= o+ A s the ex pression of X, we hace
Ty = A = Az, = 2 = Adc. Soce X srbitrary, A= A.
(& D et A= Xt Ui bhe the expression of X with respect to the direct
Sem deCDM/DDJi’t'/)VL in (4), i-e, Ak€ ker T and Hi= Tigryé pm T fo-some 4
i A=A, ie T =T, then Tixy = T(%A +X)> = T(tdt Ty =
o + TLSL = Tg- = Xi. Thuse T 15 an ( orthogonal ) projection onto m 1.



