Homework 7 %

7. ¢ 5
Z_ét W = i Ae Mat(nxn, f) ( A:A* j 7o show W 7is a reg! rector space,

one may ng/fy all the oxjems . Definition ! 4 (péo}. ﬁ/tema—tWC/y, one.  may
/ejw—a/ Cn’--'—": Mot (nxn, £) as « keﬁ/ vector spoce (why 2) and then t;}/ +0
show W 5 a ;MAA/)me of Matlnkn, £), i.e., W saz3fres (2.12>(a, b. > (pFb)
Lith F= IR,

(0) Let A= (ay) and B =(b;) be elements of W. Sprce (A+BJ, =dy + by

= a5 * de = (dutbp) = (A+BXi, ATB is hermitian, /€., A+ B e W,
(hy Jf A=(a;) € W s ceR, +hen (CA)Q = Cday; = Ca}[ = Za; = —C—ZIJ—:‘
(CAYi, so ¢A € W, ceR,

(e, C/e‘“’/)/, the zere matrix O X hermitian.. S50 O € W.

It A=(ha> e W, then A = M%ﬁndkz Cee (pil Y = é Akk Chkic -If; k%érgmzekcw“alkepk}
= z_}-‘ Akx €k + f’;_‘; (Dke €re + iz €2p) = - Ak €rk At kz:_;{(ke Qke + L Lm Ake) Cre +

( Ke Aee — ( Im dre ) fsz’ = Zk__dzk Crk + 1?7; (Re lre) ( €re + €4k) + /<<Z~£ (Zmdke) (i €re - L Cuak),
Siriee  Qkx, Kelre, Imlie & R, it is now clear 7€kk}:ﬁ, U 1 Ckre + €4k }"-k(t‘n U

5i(fke~ea<)}lfku“ form o basix for W. ( What is domp W 2 )

]7. 4 é

let UV Lte o CD/VI/J/é)( vector space andl K, Y a0 pemitien Fforrt ov V. Sirice

(U, Usd 0s on orthonormel basis for V(U W7 = <h, U7 =1 <y, Uhy= 0O,
snel  there are a, be € such that W = aU, + bUs. Theretre, we have

(U, aU+ b)) s orthonermel

&=H U, Uy =1, LU, aMitbuny = 0, <auUthu., auitbuny = |

,/1’ <
& aduary b < Ty -o B |
(a1 Cur Ty + Ab<Ur Ty + Fad ety + (b1* < UrTay = |
<= a=o0 and |bl=1| (ie b=2¢e® &R},
Thus, all erthonomel bases (U, WY with U = U oare of +he form

(U, €®l) for BER,



(=2 ) [et (W, -, Un) be an orthonormal hbeasis for VV with reipect o <, 7.
”n
Then, Hfor any ronzere pector Y= ; cu: (coed, ¢ * o for come J ), we

7
hove U, W7 = h"/f.'ll Z G >0, 50 L, 7 i< positi€ definite.

(&= ) Tie proof Js identical +o that of Thevrem (.22, except we defpre

Wik = Ug — KW, Wiy W, — < U, Wy We — -0 — < Uk, Wea 7 We-r.

|9 4.09] e
Mote <, 7y = %% = WUPPYA = (P Py = < Pr, Py =
AL, /(J"Xd-f) = /T;/\j<3(;, 2_/? for L',J'éﬂlrzj_ ,Z/ L'—_—J‘, 1—/7}94 we have

[Wif. = [Al® | xi,x- Sove€ A TS an eigenvector and  fence XN X0, ne (jef
Al = for (=1, 2, Now, settprg (= and j =2 ne have <A, Aiy =
I,/:;.(X', X = (Az//k,) <14,Xz> 7£z7r j\’,/\n’:lVL'P:l. Smee A F Ax,

/lx//‘\l e I, S0 weé see <>(‘/ Ay 7 = o,

(&.z.%’j

let X =0 %) u A= {(

a b
o Be elements of 7 o dedemrie hHe
5anwy;xr7 c/aff o;fﬂ- A/ e é’am/7w'é€

XA Y- = (2 ?L)(ﬁ f, (//z —étlx)= (za xb+g.) <//>< —g/x) = <a g(/—a/)ﬂhxé),

o { o ! o / o

72@/—6‘. e 44 -{n/pe; pf ;7/{/14(7&«(‘7 elancses

Y a=/) b=p iy a=1, byo W) o=y, b<o iv) Ax|
ﬂ A A /
! [ ]
. 4 o 4 o ? N .

m

ye z/er/}f\/ (5.1)(2)b) (pl1714).

(0) For omy A€ S, UNA) = IAI* = A

by For il BB € G and AENT, (POSAY = (PEIA(POYE = PLLART) PT
= Pl T p = (PT(OMA}



Therefore, the groen map defines o group cction, \\}A
Seab(-I) =V Peq | pi-Dpt=-1 7 =ipeG| PPt=1] = O (F)

oy

!

[#2]
Let. A be witary, e, AAT= ATA =L

DEAYEAY = AAK =1 —a i unitary,

i (A )R = ZZ”: = AA* = I =1 A i M/;)-ﬂm/.

i ADANY = AA = I AT s unitary

i) (APYADT = (A (AN = AT(AANY AN = ANAD = A(AAY) A* =
ANE =1, A & un}z‘:cm/,

VY (I+MI+AY = (I +AI+A") = 1+ AtA + AAY = 27+ A+ AT

So, I+ A it net Hn}'t‘ary unless A AX = - J




