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Question 1What is the minimal number of generators in
the direct sum of cyclic groups of order3, 5 and25?

Solution DenoteG = Z3 ⊕Z5 ⊕Z25. First off,G cannot
be generated by one element because the order of an ele-
ment ofG is at mostlcd(3, 5, 25) = 75, which is less than
|G| = 375. One can easily check, however, thatG is gen-
erated by two elements(1, 1, 0) and(0, 0, 1). Therefore,
the minimal number of generators inG is two.

Question 2Prove that the group of rational numbers with
respect to addition is not finitely generated.

Solution Suppose Q is generated by a finite set
{p1

q1
, . . . , pk

qk
| pi ∈ Z and qi ∈ Z>0}. Denoteq =

q1 · · · qk and q̂i = q
qi

. Because 1
q+1 ∈ Q, there are

mi ∈ Z such thatm1(p1
q1

) + · · · + mk(pk

qk
) = 1

q+1 . This
is absurd, however, since we then have

q

q + 1
= m1p1q̂1 + · · · + mkpk q̂k ∈ Z.

Question 3Describe all endomorphisms and all automor-
phisms of the group of rational numbers (with respect to
addition).

Solution (a) Let f ∈ End(Q,+) and m be a positive
integer. Becausef is a group homomorphism, we have
f(m) = f(1 + · · · + 1) = f(1) + · · · + f(1) = mf(1)
andf(−m) = −f(m) = −(mf(1)) = m(−f(1)) =
(−m)f(1). Now, any element ofQ is expressed asmn for
m ∈ Z andn ∈ Z>0. Again,f being a group homomor-
phism, we havef(m) = f(nm

n ) = f(m
n + · · · + m

n ) =
f(m

n ) + · · · + f(m
n ) = nf(m

n ), thus

f
(m

n

)
=

f(m)
n

=
mf(1)

n
,

where the last equality comes from the previous discus-
sion. Therefore, an endomorphismf of Q is completely
determined byf(1), its value on1, which can be an arbi-
trary element ofQ.

(b) Let f ∈ End(Q,+). Thenf is invertible if and
only if f(1) 6= 0. In this case the inversef−1 is given by

f−1

(
p

q

)
=

p(f(1))−1

q
.

If f, g ∈ Aut(Q,+), then (f ◦ g)(m
n ) = m(g(1)f(1))

n .
Therefore, we see thatAut(Q,+) ∼= (Q∗, ·).

Question 4 Describe all endomorphisms and all auto-
morphisms of the direct sum of several copies of infinite
cyclic group.

Solution Let G =
∑

i∈I Zi, whereI is some index set
and Zi = Z. For eachk ∈ I, let αk be the element
{ui}i∈I of G such thatui = 0 for i 6= k anduk = 1.
ThenA = {αi | i ∈ I} is abasisof G; we have that (1)
G = 〈A〉 and (2) for distinctα1, . . . , αk ∈ A andni ∈ Z,
n1α1 + · · ·+ nkαk = 0 impliesni = 0 for everyi. Such
an abelian group with a basis asG is calledfree abelian.

(a) It is clear that every nonzero elementα of G may
be written uniquely in the formα = n1α1 + · · · + nkαk.
Then, everyf ∈ End(G) is completely determined by its
values onA. Therefore, as a set,End(G) =

∏
i∈I Gi,

whereGi = G, and obviously,f ∈ Aut(G) iff f(A) =
{f(αi) | i ∈ I} is a basis ofG.

(b) We consider the case whenI = {1, . . . , n} is finite.
ThenEnd(G) = Matn×n(Z). Suppose now thatf ∈
Aut(G). BecauseA andf(A) are bases ofG, there are
some integerspij andqij such thatf(αj) = p1jα1+· · ·+
pnjαn andαj = q1jf(α1)+ · · ·+ qnjf(αn). From these
equalities, by settingP = (pij) andQ = (qij), we see
thatPQ = QP = In, i.e. P,Q ∈ GL(n, Z). Therefore,
we conclude thatAut(G) ∼= GL(n, Z).

Question 5Calculate the number of homomorphisms of
the cyclic group of order 4 into the symmetric groupS5.

Solution Let C4 = {a| a4 = 1} be the cyclic group
of order 4 generated bya. A homomorphismf ∈
Hom(C4, S5) is determined by its value ona and, be-
causea4 = 1, f satisfiesf(a)4 = f(a4) = f(1) = 1.
Thus the order off(a) must be1, 2, or 4. One can check
thatS5 has1 element of order1, 25 elements of order2,
and30 elements of order4. Therefore,|Hom(C4, S5)| =
1 + 25 + 30 = 56.
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