250A Homework 2 Solution («) Clear. &) Denote the single element by

a=(x1,22,...,x,). Because (a) ~ a, we must have
prepared by Jaejeong Lee ¢1(a) = a, namely,(xg, ..., zp,x1) = (21,22, ..., Tp).
It follows thatz) = o = - = .

Exercise 3.2.8Prove that ifH andK are finite subgroups
of G whose orders are relatively prime théhn K = 1.  (e) Prove that every equivalence class has otdemp (this

Solution H N K is a common subgroup df andK. By Uses the fact that is aprime). Deduce thatG|P~! =
Lagrange’s theore¥ N K| dividesged(|H|, |K|) = 1, k +pd, wherek is the number of classes of sizeandd
hencelH N K| = 1. Therefore H N K = 1. is the number of classes of sige

Solution First off, for any0 < k& < p — 1, we have

Exercise 3.2.9. Let G be a finite group and let be a _{‘1597‘153-;-’%—1} = {@ik(modp) | 0 Sisp- 1}. For
prime dividing|G|. Let S denote the set of-tuples of if ik = jk(modp) for some0 < i,j < p — 1, then

elements of7 the product of whose coordinates is 1: (i = j)k =0 (modp). Sincep is prime andk < p, we
must have = j.

S={(z1,22,...,7p) |2; € Gandxyzy -1, = 1}. Now let £ be an equivalence class ande E. Then

) _ _ o - E={do(a),p1(a),...,dp_1(a)} andl < [E| < p. If
Define the relation- onS by lettinga ~ Gif Gisacyclic |E| £ p, theng;(a) = ¢;(a) for somei < j. Apply-
permutation ofx. ing ¢,_; on both sides and denotirig= j — i, we get
@ = Gpmodp) = (Pp—i © ¢i)(a) = (Pp—i 0 ¢j)() =

(@) Show thatS has|G|P~! elements, hence has orde&m(jﬂ_)(modp)(a) = ¢r(). Again applyingg; repeat-

<
<

divisible byp. edly, we havenr = ¢p() = Pap(modp) () = -+ =
Solution Once 1, zo,...,x,—1 are chosen arbitrarily, ¢(,—1)x(modp) (). From the discussion at the beginning,
thenz,, is uniquely determined g x5 - - ~x,,_1)*1. it follows that all cyclic permutations af are equal tax

and henceFE| = 1.
(b) Show that a cyclic permutation of an elementis

again an element &. (f) Since{(1,1,...,1)} is an equivalence class of site

Solution Each0 < k < p — 1 corresponds to a cyclicconclude from (e) that there must be a nonidentity element

permutationy;, given by zin G with 2z = 1, i.e., G contains an element of order
p. [Showp | k and sok > 1.]

P(T1, 22, @p) = (Tht1, Tht2, -+ Tps L1, Tk). Solution Since|G|P~ = k + pd andp divides|G|P~,

Let (z1,2s,....2,) € S and denotes — 1 ---z; p also dividesk. Because{(1,1,...,1)} is an equiv-

alence class of siz&, the numberk of classes of size
1 is not zero. Thereforek > 1 and there is another
equivalence class of siZe which is, by (d), of the form
{(z,z,...,z)} forsomex # 1. Thusz? = 1.

andb = xp412p42---zp. Thenab = 1 and we have
(Thp1Tht2 - xp) (21 x) = ba = (a ta)ba
a~l(ab)a = 1. ThUS(Zk 11, Thi2,s - Tp, T1, ..., Tk) €
S. Thereforegpy;, € Perm(S) for eachk.

(c) Prove thatv is an equivalence relation ah

Solution Reflexivity follows from the existence oby,

symmetry from the pair of, and ¢, _(modp), and tran-
sitivity from the equalitypy: o ¢ = drr’(modp), Which
one can easily check.

(d) Prove that an equivalence class contains a single el-
ement if and only if it is of the form(x, z, ..., z) with
P =1.



