
250A Homework 2

prepared by Jaejeong Lee

Exercise 3.2.8.Prove that ifH andK are finite subgroups
of G whose orders are relatively prime thenH ∩K = 1.

Solution H ∩K is a common subgroup ofH andK. By
Lagrange’s theorem|H ∩K| dividesgcd(|H|, |K|) = 1,
hence|H ∩K| = 1. Therefore,H ∩K = 1.

Exercise 3.2.9. Let G be a finite group and letp be a
prime dividing |G|. Let S denote the set ofp-tuples of
elements ofG the product of whose coordinates is 1:

S = {(x1, x2, . . . , xp) |xi ∈ G andx1x2 · · ·xp = 1}.

Define the relation∼ onS by lettingα ∼ β if β is a cyclic
permutation ofα.

(a) Show thatS has |G|p−1 elements, hence has order
divisible byp.

Solution Once x1, x2, . . . , xp−1 are chosen arbitrarily,
thenxp is uniquely determined as(x1x2 · · ·xp−1)−1.

(b) Show that a cyclic permutation of an element ofS is
again an element ofS.

Solution Each0 ≤ k ≤ p − 1 corresponds to a cyclic
permutationφk given by

φk(x1, x2, . . . , xp) = (xk+1, xk+2, . . . , xp, x1, . . . , xk).

Let (x1, x2, . . . , xp) ∈ S and denotea = x1 · · ·xk

and b = xk+1xk+2 · · ·xp. Thenab = 1 and we have
(xk+1xk+2 · · ·xp)(x1 · · ·xk) = ba = (a−1a)ba =
a−1(ab)a = 1. Thus(xk+1, xk+2, . . . , xp, x1, . . . , xk) ∈
S. Therefore,φk ∈ Perm(S) for eachk.

(c) Prove that∼ is an equivalence relation onS.

Solution Reflexivity follows from the existence ofφ0,
symmetry from the pair ofφk andφp−k(modp), and tran-
sitivity from the equalityφk′ ◦ φk = φk+k′(modp), which
one can easily check.

(d) Prove that an equivalence class contains a single el-
ement if and only if it is of the form(x, x, . . . , x) with
xp = 1.

Solution (⇐) Clear. (⇒) Denote the single element by
α = (x1, x2, . . . , xp). Becauseφ1(α) ∼ α, we must have
φ1(α) = α, namely,(x2, . . . , xp, x1) = (x1, x2, . . . , xp).
It follows thatx1 = x2 = · · · = xp.

(e)Prove that every equivalence class has order1 orp (this
uses the fact thatp is a prime). Deduce that|G|p−1 =
k + pd, wherek is the number of classes of size1 andd
is the number of classes of sizep.

Solution First off, for any 0 < k ≤ p − 1, we have
{φ0, φ1, . . . , φp−1} = {φik(modp) | 0 ≤ i ≤ p − 1}. For
if ik ≡ jk (modp) for some0 ≤ i, j ≤ p − 1, then
(i − j)k ≡ 0 (modp). Sincep is prime andk < p, we
must havei = j.

Now let E be an equivalence class andα ∈ E. Then
E = {φ0(α), φ1(α), . . . , φp−1(α)} and1 ≤ |E| ≤ p. If
|E| 6= p, thenφi(α) = φj(α) for somei < j. Apply-
ing φp−i on both sides and denotingk = j − i, we get
α = φp(modp) = (φp−i ◦ φi)(α) = (φp−i ◦ φj)(α) =
φp+(j−i)(modp)(α) = φk(α). Again applyingφk repeat-
edly, we haveα = φk(α) = φ2k(modp)(α) = · · · =
φ(p−1)k(modp)(α). From the discussion at the beginning,
it follows that all cyclic permutations ofα are equal toα
and hence|E| = 1.

(f) Since{(1, 1, . . . , 1)} is an equivalence class of size1,
conclude from (e) that there must be a nonidentity element
x in G with xp = 1, i.e.,G contains an element of order
p. [Showp | k and sok > 1.]

Solution Since|G|p−1 = k + pd andp divides |G|p−1,
p also dividesk. Because{(1, 1, . . . , 1)} is an equiv-
alence class of size1, the numberk of classes of size
1 is not zero. Therefore,k > 1 and there is another
equivalence class of size1, which is, by (d), of the form
{(x, x, . . . , x)} for somex 6= 1. Thusxp = 1.
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