250A Homework 3 20, page 99]G/A = (G/N)/(A/N) is abelian.)
Now letl = Gy < G1 <... <G, = G be a solvable
prepared by Jaejeong Lee series ofG. Apply Lemma toG,_; <G, gettingG,_; <
H, <G, t0 Hy <G gettingGs_1 < Hy I H, <1Gy, and
Exercise 3.4.2. Exhibit all 3 composition series fo@s so on. Becausé is finite, this process eventually stops.
and all7 composition series fabs. List the composition Repeating the same process for each @aird G, we
factors in each case. obtain a desired composition serieg(of
Solution See [DF, page 69] for the lattice diagrams of (iii) =(ii) Obvious. (ii}=(i) Clear. (iv}=(i) Clear.
subgroups of)s and Dg. Each possible path from top to  (iii) =(iv) Let N; be a minimal non-trivial normal sub-

bottom gives rise to a composition series, because indedroup ofG. We claim thatV; is abelian. Choose a maxi-
subgroups are normal. mal normal subgroupV of V;. By (iii) and maximality of

N, |N1/N]| is prime and thusv, /N is abelian. It follows

Exercise 3.4.5Prove that subgroups and quotient grougatzyz—'y~! € N forall z,y € N;. SinceN; <G,
of a solvable group are solvable. we havegNg~' < gNig~ = Ny forall g € G. Because
Solution Let1 = Gy 9G4 <... 4G, = G be a chain comug_atmn by is an automorphism af, gNg—! is also
of subgroups o7 such that7; 1 /G; is abelian. (We call a maximal normal subgroup d¥,. By the same reason-

H -1,,—1 —1
such chain @olvable seriesf G.) ing as aboveyyx "y € gNg~* forall z,y € N, and

—-1,,—1 — —1
(i) Let H < G. We have thats;NH <G, N H for all g€ G, thuszyz™"y™" € N := Ngeg(gNg ™). Because

i (cf. [DF, Exercise 3.1.24]). By the Second IsomorphierX JGandN < Ny, Wflm_ulSt haveV = 1 by minimality
Theorem @ = G;,,NH andB = G; with A < Ng(B)), of Nl. Th(_arefore,a:y_x yt =1forall x,y € Ny and
(Git1NH)/(GiNH) = (G 1NH)(Gy) /Gi < Giyr /Gy Nlle abe“aln aﬂS] claimed. (B = G/N:t

foralli. Thus(G;41NH)/(G;NH) is abelian. It follows ow apply the same argument &, := /N, _to
thatl = (Go N H) < (GyNH)<...<(G,NH) = H get a minimal non-trivial abelian normal subgroiy,
is a solvable series_dﬁ - - of G;. Then N, is a normal subgroup off contain-

(ii) Let f : G — K be an epimorphism. It suffices '[oing Ny and Na/N, is abelian. Repeating this process

show thatK' is solvable. (Why?) First, verify that(G,)< \{vi'[_l'1]€i<:]:\[ Ci]/]]\\;i,ﬂwe e<\]/(33tu_allé get a desired series
f(Gii1). SinceG;, /G, is abelian, fora, b € Gy, we — 0=t ="T2 = =07
;?ngif T flEZ)Gfi(:)?n(cG%}; _(a%_];(ebr) effE)C:é} (:Gi (;;I;(;Z)GS Exercise 3.5.9Prove that the (unique) subgroup of order

is abelian. It follows that = f£(Go) < f(G1) < ... < 4in 44 is normal and is isomorphic ;.
f(G,) = K is a solvable series df . Solution Because the orders of elementsAf arel,2

and 3, a subgroupVN of order4 in A4 consists of ele-
Exercise 3.4.8.Let G be afinite group. Prove that the Ments of ordeil and2 only. There are only four of them,

following are equivalent: thus N = {1, (12)(34), (13)(24), (14)(23)}. Conjuga-
(i) G is solvable tion does not change cycle types [DF, Proposition 10 and
(i) G has a chain of subgroups:= H, < H, <!...< 11, pages 125-6] anf \ {1} consists of all elemenis

H, = G such thatil, ., /H; is cyclic,0 < i<s—1 Aaofthe same particular cycle type. It follows thiitis

(iii) all composition factors of~ are of prime order normal inAy. Obviously, N is isomorphic toV;.

(iv) G has a chain of subgroups:= Ny < N; <...d

N, = G such that eachv; is a normal subgroup af and Exercise 3.5:.10.Fmd a composition series fot,. De-
duce that4, is solvable.

N;+1/Njis abelianp <i <t —1. Solution Let N 11, (12)(34), (13)(24), (14)(23))
o . . olution Let = {1,(12)(34), (13)(24), (14)(23)}.
Solutlo_n (').:.>(."') Liemma_ It NIG, G/N IS abelian and Thenl1 <((12)(34)) <N < A, is a composition series for
|G/N| is divisible by a primep, then there isV < A I G .
: ) i Ay, because the orders of composition factors2aoe 3.
such that// A is abelian andA/N| = p. (Proof: Apply By Exercise 3.4.8.(iii) A, is solvable
Cauchy’s Theorem t6: = G/N and use [DF, Theorem y B 4 '



