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Exercise 3.4.2.Exhibit all 3 composition series forQ8

and all7 composition series forD8. List the composition
factors in each case.

Solution See [DF, page 69] for the lattice diagrams of
subgroups ofQ8 andD8. Each possible path from top to
bottom gives rise to a composition series, because index2
subgroups are normal.

Exercise 3.4.5.Prove that subgroups and quotient groups
of a solvable group are solvable.

Solution Let 1 = G0 E G1 E . . . E Gs = G be a chain
of subgroups ofG such thatGi+1/Gi is abelian. (We call
such chain asolvable seriesof G.)

(i) Let H ≤ G. We have thatGi∩H EGi+1∩H for all
i (cf. [DF, Exercise 3.1.24]). By the Second Isomorphism
Theorem (A = Gi+1∩H andB = Gi with A ≤ NG(B)),
(Gi+1∩H)/(Gi∩H) ∼= (Gi+1∩H)(Gi)/Gi ≤ Gi+1/Gi

for all i. Thus(Gi+1∩H)/(Gi∩H) is abelian. It follows
that1 = (G0 ∩H) E (G1 ∩H) E . . . E (Gs ∩H) = H
is a solvable series ofH.

(ii) Let f : G → K be an epimorphism. It suffices to
show thatK is solvable. (Why?) First, verify thatf(Gi)E
f(Gi+1). SinceGi+1/Gi is abelian, fora, b ∈ Gi+1, we
haveabGi = baGi hencef(a)f(b)f(Gi) = f(abGi) =
f(baGi) = f(b)f(a)f(Gi). Thereforef(Gi+1)/f(Gi)
is abelian. It follows that1 = f(G0) E f(G1) E . . . E
f(Gs) = K is a solvable series ofK.

Exercise 3.4.8.Let G be afinite group. Prove that the
following are equivalent:

(i) G is solvable
(ii) G has a chain of subgroups:1 = H0 E H1 E . . . E

Hs = G such thatHi+1/Hi is cyclic,0 ≤ i ≤ s− 1
(iii) all composition factors ofG are of prime order
(iv) G has a chain of subgroups:1 = N0 E N1 E . . . E

Nt = G such that eachNi is a normal subgroup ofG and
Ni+1/Ni is abelian,0 ≤ i ≤ t− 1.

Solution (i)⇒(iii) Lemma. If N EG, G/N is abelian and
|G/N | is divisible by a primep, then there isN E A E G
such thatG/A is abelian and|A/N | = p. (Proof: Apply
Cauchy’s Theorem toG = G/N and use [DF, Theorem

20, page 99].G/A = (G/N)/(A/N) is abelian.)
Now let 1 = G0 E G1 E . . . E Gs = G be a solvable

series ofG. Apply Lemma toGs−1 EGs gettingGs−1 E
H1 EGs, toH1 EGs gettingGs−1 EH1 EH2 EGs, and
so on. BecauseG is finite, this process eventually stops.
Repeating the same process for each pairGi E Gi+1, we
obtain a desired composition series ofG.

(iii)⇒(ii) Obvious. (ii)⇒(i) Clear. (iv)⇒(i) Clear.
(iii)⇒(iv) Let N1 be a minimal non-trivial normal sub-

group ofG. We claim thatN1 is abelian. Choose a maxi-
mal normal subgroupN of N1. By (iii) and maximality of
N , |N1/N | is prime and thusN1/N is abelian. It follows
that xyx−1y−1 ∈ N for all x, y ∈ N1. SinceN1 E G,
we havegNg−1 E gN1g

−1 = N1 for all g ∈ G. Because
conjugation byg is an automorphism ofG, gNg−1 is also
a maximal normal subgroup ofN1. By the same reason-
ing as above,xyx−1y−1 ∈ gNg−1 for all x, y ∈ N1 and
g ∈ G, thusxyx−1y−1 ∈ N̂ := ∩g∈G(gNg−1). Because
N̂ EG andN̂ ≤ N1, we must havêN = 1 by minimality
of N1. Therefore,xyx−1y−1 = 1 for all x, y ∈ N1 and
N1 is abelian as claimed.

Now apply the same argument toG1 := G/N1 to
get a minimal non-trivial abelian normal subgroupN2

of G1. Then N2 is a normal subgroup ofG contain-
ing N1 and N2/N1 is abelian. Repeating this process
with Gi := G/Ni, we eventually get a desired series
1 = N0 E N1 E N2 E . . . E Nt = G.

Exercise 3.5.9.Prove that the (unique) subgroup of order
4 in A4 is normal and is isomorphic toV4.

Solution Because the orders of elements ofA4 are1, 2
and 3, a subgroupN of order 4 in A4 consists of ele-
ments of order1 and2 only. There are only four of them,
thus N = {1, (12)(34), (13)(24), (14)(23)}. Conjuga-
tion does not change cycle types [DF, Proposition 10 and
11, pages 125-6] andN \ {1} consists of all elementsin
A4 of the same particular cycle type. It follows thatN is
normal inA4. Obviously,N is isomorphic toV4.

Exercise 3.5.10.Find a composition series forA4. De-
duce thatA4 is solvable.

Solution Let N = {1, (12)(34), (13)(24), (14)(23)}.
Then1E 〈(12)(34)〉EN EA4 is a composition series for
A4, because the orders of composition factors are2 or 3.
By Exercise 3.4.8.(iii),A4 is solvable.
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