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White-Noise and Geometrical Optics Limits of
Wigner—Moyal Equation for Beam Waves in Turbulent
Media II: Two-Frequency Formulation
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We introduce two-frequency Wigner distribution in the setting of parabolic
approximation to study the scaling limits of the wave propagation in a turbulent
medium at two different frequencies. We show that the two-frequency Wigner
distribution satisfies a closed-form equation (the two-frequency Wigner—Moyal
equation). In the white-noise limit we show the convergence of weak solutions of
the two-frequency Wigner—Moyal equation to a Markovian model and thus prove
rigorously the Markovian approximation with power-spectral densities widely
used in the physics literature. We also prove the convergence of the simultaneous
geometrical optics limit whose mean field equation has a simple, universal form
and is exactly solvable.

KEY WORDS: Two-frequency Wigner distribution; martingale; geometrical
optics; turbulent media.

1. INTRODUCTION

High-data-rate communication systems at millimeter and optical frequen-
cies, remote sensing and detection and the astronomical imaging all
require understanding of stochastic pulse propagation. Whether the back-
ground random medium is dispersive (such as electromagnetic waves in
the ionosphere, interplanetary and interstellar media) or non-dispersive
(such as eclectromagnetic waves in the atmosphere) analysis of pulsed
signal propagation is usually based on spectral decomposition of the
time-dependent signal into time-harmonic wave fields.

In this formulation, the complete information about transient propa-
gation requires a solution for the statistical moments of the wave field at
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different frequencies and locations. In particular the two-frequency mutual
coherence provides a measure of the coherence bandwidth. In the context
of optical wave propagating through the atmosphere, analysis accounting
for multiple scattering and long propagation distances are based on the
paraxial equation for the complex amplitude and the Markov approxi-
mation.®>'¥ In this framework, a complete set of two-frequency moment
equations can be derived.

The purposes of this work are first to establish a general two-
frequency framework (without Markov approximation) in terms of the
two-frequency Wigner distribution, secondly, to use this framework to
prove rigorously the Markov approximation in the white-noise scaling
limit and thirdly to obtain the geometrical optics limit of the white-noise
model. One of the main features (Theorems 1 and 2, Section 3) of our
approach is the closed form Eq. (42) for the mean two-frequency Wigner
distribution in the geometrical optics limit, which takes a universal form
and is exactly solvable, (see Appendix B).

All of these will be carried out for the random turbulent medium with
a power-law spectrum. This has been accomplished for the one-frequency
setting in ref. 5; the present work is the generalization of the previous
approach to the two-frequency setting. Although here we will be treating,
as an example, the case of optical wave propagating through the turbulent
atmosphere, our approach is entirely suitable for dispersive and/or dissipa-
tive media after proper modification of the refractive index field to include
frequency dependence and/or lossiness.

In the paraxial approximation ©:14) for the time-harmonic compo-
nent the wave amplitude ¥, j=1,2, at two different wavenumbers k; are
given by the solutions of the parabolic wave equation, which after non-
dimensionalization with respect to some reference lengths L, and L, in
the longitudinal and transverse directions, respectively, has this form

vy - . .
i—=+—=—AV;+kjkoL,n(zL;,xL)¥; =0, j=1,2, (1)
9z 2kj

where k j=kj/ko, j=1,2 are the normalized wavenumbers with respect to
the central wavenumber ko and y is the Fresnel number

N k()L)ZC '

1 )

Here 71(X), X = (z, x) € R4t! is the relative fluctuation of the refractive index
field, which is a homogeneous, square-integrable random field and, as in
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ref. 5 is assumed to have a spectral density d>(f<) satisfying the upper bound

- - -2
(k) <K (Lg?+ K~ (144K P?)
k=@ eR™, HeOD 3)

for some positive constant K <oo where Lo and ¢y in (3) are, respectively,
the outer and inner scales of the turbulent medium and H is the Hurst
exponent of the random field. A relevant example is the generalized von
Karman spectral density!? with H=1/3.

In terms of the non-dimensional parameters

we rewrite (1) as

owe L.

ey T 4 ey KMy (2 e_ & —. P—

zaz—+ﬁ;AWj+}/€V<8rx)Wfﬂ, W0, )=W, 0(x), j=1,2
“4)

with

H
M=ULX

: ©)

&3

where o the standard variation of the homogeneous field 71(z, x) and V is
the normalized refractive index field with a spectral density satisfying the
upper bound

- - -\ —2
Py (K) <K (n? + RDTH2702 (14 p=2 k)
keR He(0,1) (6)

for some positive constant K.

The white-noise scaling corresponds to ¢ — 0 with a fixed u. For conve-
nience we set = 1. If the observation scales L, and L, are the longitudinal
and transverse scales, respectively, of the wave beam then ¢ <« 1 corresponds
to a long, narrow wave beam. The white-noise scaling limit of Eq. (4) is ana-
lyzed in refs. 3 and 6. The limit y — 0 corresponds to the geometrical optics
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limit. The parabolic approximation has been widely used in the literature
on waves in turbulent media (see for example refs. 9 and 14 and the ref-
erences therein). But to our knowledge the parabolic approximation of the
reduced wave equation has not been proved in the present context. However,
see ref. 2 for an interesting result of a simultaneous limit of parabolic and
white-noise scaling for a layered medium with 7 =7(z).

Although we do not assume isotropic spectral densities, the spectral
density always satisfies the basic symmetry:

D0 E K =D ) (=6, K) =D (€, —K), V(S,k)ERd-H 7

because the refractive-index field is real-valued. We also assume that
V,(x)=V(z,x) is a centered, square-integrable, z-stationary and x-homo-
geneous process with the (partial) spectral representation

V.0 = f exp (ip- )V, (dp). ®)

where the process Vz(dp) is the z-stationary orthogonal spectral measure
satisfying

E [Vz(dp) V. (dq)] =35(p+q) U O (w, p)dw} dpdq. )

We do not assume the Gaussian property but instead a sub-Gaussian
property (see Section 3.2 for precise statements).

1.1. Wigner Distribution and Wigner-Moyal Equation

We introduce two-frequency Wigner distributions

1 .
Wep=—— [ ®Ywr [z Y e | 2 1Y gy (10)
Qn) - I I -
ki 2y kp ky 2\ k»

and its complex conjugate W¢* which are ideally suited for analyzing the
two-frequency problem.
The following bounds can be derived easily from (10)

d
&€ klk2 & &
IWelloo < | 237 | 195 GOIN¥5G Ol
—— d/2
& k1k2 & &
IWel2 = W5 (2. )20 W5 (2. ) 2

2ym
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Hence
— d
v kika

Wlloe < S | 11012120, )2, (11)
ym

W2 = [IWoll2 (12)
The Wigner distribution has the following obvious properties.

/Wf("’l”e""’ydp: v (Z\/XTU\V/L) ws* (Z\/%_zf/y») 13)
/ Wz (. p)e”‘qu:(‘/’;?) A,( wh \Fq) ( p/ia \/;q)
2

14 14

(271)"
(14)

The Wigner distribution W¢ satisfies the Wigner-Moyal equation

£
1
a; +p'VxWZ€+g/~'§W;=0 (15)
with the initial data
ik X X vy
Wo(x. k)= /e“‘ywl,o Y e | Yy,

)
ki k 2

(16)

where the operator £{ is formally given as
LowE = i/y_l VR we [xopr YL
"

— eiq‘x/\/lz_ziézwzg X,p— y_q v (i dq) .
24/ k
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Equation (15) can be formally derived as follows. Differentiating (10) w.r.t.

z and using (4) we have

9z

aWE 1 T
L (x,p)= /e*l”’ Y A,

(2m)d

Z X + Yy vz X vy
et = Y\ T T
2% NN Vi 2/k
iy X X Yy
Ly AV |z, ———=] |dy
2k ( \/Tl 2f) ( \/g 2 122)
1 k
T d/e,yp[z by (2,224 Y gy [o 7
(@) O N N1 \/E N

which can be written as

&€
Z
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by using the spectral representation (8). Integrating by parts and express-
ing the right side in terms of W7 we obtain Eq. (15). Note the cancellation
of the term

i Y X o,y X vy

in the process of integrating by parts.
The complex conjugate W:*(x, p) satisfies a similar equation

aWE*
9z

1
+p-Vfo*+g£§*W§*=0, (17)

where

LW = i/yfl eiq'x/%ézwgf* X, p+_yq
2k

— eiq'x/ﬁiél WE I x, p— AT MR (i dq) .
2\ ki

We use the following definition of the Fourier transform and inversion:

1 .
FI®) = G [ €700

Flgx) = / P (p)dp.

when making a partial (inverse) Fourier transform on a phase-space func-
tion we will write Fy (resp. F| 1) and F; (resp. F, 1) to denote the (resp.
inverse) transform w.r.t. x and p, respectively.

In this paper we consider the weak formulation of the Wigner—Moyal
equation: To find W € C([0, 00); L2 (R?9)) such that [|W¢ |2 < [|Woll2, ¥z >
0, (cf. Eq. (12) and Section 1.2) and

z Z
(W;,e)—(wo,e)zf (Wf,p-VX9>ds+éf (W, L5%0)ds, VOeS,
0 0
(18)
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where

s=loxmel?®); Flox.y) e CX®M).

Here and below L2 (R?) is the space of complex-valued square integrable
functions on the phase space R* endowed with the weak topology and
the inner product

(Wi, W2)=/ Wi (x, p)Wa(x, p)dx dp.

We define for every realization of V? the operator L£* to act on a phase-
space test function 6 as

L0, p) =iy~ F [521 VEX, YF 0(x, y)] (19)

with the difference operator 8, given by

) e[ ) ()

Vix) = /62 (X). (21

81 V;(X, y) = ];1 Vzg

We define £{ in the same way.

A main advantage of the formulation with the Wigner distribution
is the possibility of obtaining a closed form Eq. (42) in the geometri-
cal optics limit. Another advantage is its capability of dealing with the
mixed-state initial data, which are the convex combinations of the pure-
state Wigner distribution (10).

1.2. Existence of Weak Solutions

The existence of weak solutions can be established by the weak com-
pactness argument as follows. Without loss of generality we set e =1.
First, we introduce truncation N < oo

VM (z2,x) =Ty V(z, %),
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where Iy is the characteristic function of the set {|V (z, x)| < N}. For such
bounded Vy the corresponding operator as given by

LYW LMW =iy~ F, ([512 V;N)fz—‘] W [521 Ak w*])

is a bounded skew-adjoint operator on L%(R*?)® L*(R?¢). Hence the cor-
responding system of Wigner—-Moyal equations gives rise to a Cy-group of
unitary maps on L?® L2. Let us denote the solution by (WZ(N ), W;N )*).
Passing to the limit N — co by selecting a weakly convergent subsequence
we obtain a L?-weak solution for the Wigner-Moyal equation with the
truncation removed if V is locally square-integrable as is assumed here.
The limiting solution W, has a L2-norm equal to or less than that of Wj.

Moreover, from Eq. (18), it is easy to see that WZ(N),H is equi-con-
tinuous on any compact subset of z € R. By Arzela-Ascoli lemma, (W, 0)
is z-continuous almost surely. Because WZ(N),O is adapted to the filtra-
tion of V, and the convergence is almost sure, the resulting solution W, is
adapted to the filtration of V.

We will not address the uniqueness of solution for the Wigner—Moyal
Eq. (18) but we will show that as ¢ — 0 any sequence of weak solutions
to Eq. (18) converges in a suitable sense to the unique solution of a mar-
tingale problem (see Theorems 1 and 2).

1.3. Geometrical Optics Limit
Consider the simultaneous limit
y—0, ki kh—>k#0 (22)
such that

ko—ki  (ky—ky)L2
= —
14 L,

B=>0. (23)

Here the parameter 8 < oo has the physical meaning of a normalized
bandwidth. We still assume Wy(x, p) € L2(R*?) independent of y.
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When acting on the test function space S, £ has the following limit

lim £5°00c ) = =72 [ VeV 0 [1375 6(x. )]

fvvf( ) Vo0 (x. p) +iBO(X, p)
N

T ]

in the L2-sense for all 6 €S and all locally square-integrable VE.

2. THE WHITE-NOISE MODELS

Now we formulate the solutions for the white-noise model as the solu-
tions to the corresponding martingale problem: Find the law Q on Z =
C([0, 00); sz(IRZd)) such that for ¢ € Z and W, (w)=¢(z),z >0 we have
that Q (Wo(w) =Wy € L*(R*?)) =1 and that

2 —
J Wz, 0)) —/ {J”((Ws,@))[(Ws,p'Vx9>+(Ws,Q09)]

0

+f”<<Ws,e>><Ws,K9Ws>}ds

with oW, — f DO ®O)(x. p.y. QW (y. ) dydq

is a martingale for each f e C*(R).
Here, in the case of the white-noise model for the Wigner-Moyal
equation (Theorem 1), the covariance operators Q, Qg are defined as

Qof (X, p)
27 7 i@V o g Z—1/2 | 7=1/2
= f * @y z[klkze“kl B0 p— P+ v

12,

ke RN s a0+ B8 x, p]da

(25)
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Q00 ®60)(x,p,Y,q)

VI VO ~_
12 -
—eiP kze(x,p+k2‘/2yp’/2)]

S V. - NS Vo0 -
x[e7 Y% ooy, -k Py 2= PR oy, kP yw2)] dp
(26)

and, in the case of the geometrical optics white-noise limit (Theorem 2),

2
Qo = —kV,-D(0) - Vo —ifx-D(0) - V) + B2 Do (0)0 + %x DO)-x0 (27)

QO ®O)(X,p,Y,q)
_ /d)’,;(q’)e”q"“"y)’z*l/z [l}l/zq/-vp—i-ﬂ—i2’1§’1/2ﬂq/~x]
®[/51/2q/-Vq—ﬁ—i2‘1/€‘1/2ﬁq’~y] dq'6(x,p) @6(y, q)

2
— EY,0(x, p)-D(x—Y)- Vb (¥, ) — %X~D<x—y> VO, DO, @)

—B2Do(x —Y)O(X, POy, Q) +k'*BD (x —y) - (Vg — Vp)O(x, POy, q)
—i27'8[y-Dx—y)- Vp+x-D(x—y) Vq]0(x, POy, @)

+i27 k2B (x—y) - D/ (x — )0 (X, PO (Y. @) (28)
where
D (q) = @,,(0,q), 1n=0, p<oo, (29)
iq-(x—y)E-1/2
D(x-y) = /e‘“" VT ol (q)q@qdg, (30)
D'(x—y) = / UV op (g)q dq, (31)
; _w\r—1/2
Dy(x—y) = f TV 0 g)dg, (32)

To obtain Egs. (27) and (28) from (25) and (26), respectively, in the
narrow-band geometrical optics limits (22) and (23) we write

ki=k—pBy/2, ky=k+By/2.
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Using the approximation

R N [ﬂ_y

B\’
B} e

(34)

+
ENJ OS] +
[\
k‘z|¥
[\)
| I |

N ) [2

in (25) and expand
exp [ii(/%fl/z—/};l”)q-x] and  W(x,p+ & " +5")yq/2)

up to the second order in y.
In the worst case scenario allowed by the bound (6) (cf. (60)) the
functions D, D’ and Dy have the following near and far field behaviors

Dix—-y)=0(x—y*~h,  Dx-y)=0(x—y*"),

Dy(x—y)=O(]x —y[*+1]) (35)

for n=0, |x—y|>1 or p=o00, [x—y| < 1. Hence the operators Q and Q,
are well-defined for any test function 6 €S in the former case for any H €
(0,1),n>0 or n=0, He (0,1/2), and in the latter case for H €(0,1),0<
n<p<ooor He(0,1/2),0=n<p<ocoor He(l/2,1),0<n<p=o0.

That the martingale problem as formulated with the special class of
test functions is sufficient to characterize the law Q follows from the
uniqueness result discussed in Section 2.2.

To see that (26) is square-integrable and well-defined for any L2(R%)-
valued process W;, we apply F, "to (26) and obtain

F5 Ko Ws(x,X) = @)~ 55 10(x, X,)fq)io(p’)f{l@(y, VIF Wy, =)y 2
x [Eze*il’/‘Y*W'/Z)’?{”z ,;;lefip/-(ywy’/zwz;”z] 6
x [];19"*'/‘(’“”"’/2)’5171/2 _];26,-1,/,(,‘_3,,(//2)/2;”2} dydy' dy'.

The integral on the right side of (36) is bounded for any H €(0,1),n>0
or n=0, H <1/2. Hence the function F, lfg W;(x,x) has a compact sup-
port and is square-integrable. Similarly, one can show that (25) with (27)
and (28) is well defined for H € (0, 1), p <00 or H>1/2, p=o00.
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In the geometrical optics limit,
Fy 'RoWs(x, x) = 2m) ™ F5 ' 0(x, X)) f Fy 0y, Y)F5 Wy, —y)

2
x |:—l€x/~D(x—y)-y/—%xD(x—y)-y

—B*Do(x—y) +k'2BD (x —y) i (X —Y)
=271y - Dx—y) - X +x-D(x—y)-y]

+i2_112_1/2/32(X—y)-D/(X—Y):| dydy' (37)

In view of (35) we see that the right side of (37) has a compact sup-
port and is bounded for any H € (0,1),p<oo0 or H>1/2,p=00 or H <
1/2, p <oo0.
The evolution equation for the two-frequency mutual coherence func-
tion
[i2(z, x1, X2) =E[W1 (2, 1) W2 (2, X2)] (38)

in the literature® can be obtained by setting
1 /- -
X = E( k1x1 ++/ k2x2), (39)
1 /= -
y =~ ixi— i) (40)
and applying F, ! to the mean field equation

IW. _ S
5V = TG, @

where

)ya/2)

e - - o~ L 2—1/2 7—1/2 _ - -
QuW. = / O @y [fakae B R O o p— 1 4 K
- 12 212 _ - -

+ kil G TRy xp (k7 4B P va/2)

— @+ B)W.(x. )] da.
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Neither (41) nor the resulting equation for I'j; is exactly solvable and var-
ious approximations have been proposed (see refs. 4 and 13 and the refer-
ences therein).

The mean field equation in the geometrical optics limits (23) and (24)
has the universal form

E)A
0z

+p-VxW, = kV,-D(0) - VW, (x, p) +ifx-D(0) - V, W (X, p)

—_ 2 -
—B>Do(0) W (x, p) — %X -D(0) - xW:(x, p)

= —k (—ivp + ;ikx) -D(0) - <—in + 2%)() W.(X, p)
—B*Dy(0) W (x, p), (42)

which is exactly solvable and whose solution is presented in Appendix B.

2.1. White-Noise Models with Large-Scale Inhomogeneities

Our approach is also suitable for the situation where deterministic
large-scale inhomogeneities are present. One type of slowly varying, large-
scale inhomogeneities is multiplicative and can be modeled by a bounded
smooth deterministic function pu=u(z, x) due to variability of any one of
the three factors in (5) The second type is additive and can be modeled by
adding a smooth background Vj(z, x). Altogether we can treat the random
refractive index field of the general type

n(z,X) z
VO(Z, X)+ e V<8—2,X>

with a bounded smooth deterministic modulation u(z, x) and background
Vo(z,x). We describe the results below but omit the details of the argu-
ment for simplicity of presentation.

First we consider the case of deterministic, large-scale inhomogene-
ities of a multiplicative type which has u, given by (5), as a bounded
smooth functionp = u(z, x). The resulting limiting process can be described
analogously as above except with the term ®° replaced by

(k) —> u(z, X)u(z, Pk in Q,
(k) — 1’z x)P°(k) in Q.

As a consequence the operator Qg is no longer of convolution type.
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Next we add a slowly varying smooth deterministic background
Vo(z,x) to the rapidly fluctuating field ¢ ~'uu(z, x)V(e%z,x). Namely we
have

Vo(z, X)+M(Z X) ( 2,X>

as the potential term in the parabolic wave equation (4).
The resulting martingale problem has an additional term

z
- [ oWz as 43)
0
in the martingale formulation, where L6 has the form

Lotx,p) = =iy ™' B [ Vol x, W F5 0w,

(44)
S Volz x,y) = ki Vo | z, L~+y—): “ vl 2 %_V_{
\/g 2\/@ k1 2\/;
for y >0 fixed in the limit, and the form
L0 (X, p)
= —fVVo(z, ) Vpf (X, p) +iB0(X, p)[Vo(z, X~> VVO(Z, ’i)}
Vi Vi) 2k vk
(45)

in the geometrical optics limit.

2.2. Multiple-Point Correlation Functions

The martingale solutions of the limiting models are uniquely deter-
mined by their n-point correlation functions which satisfy a closed set of

evolution equations.
Using the function f(r)=r" in the martingale formulation and taking
expectation, we arrive after some algebra the following equation

8F(n) n n . n .
=3 0V FP+ ) Qo(xj, p)FP+ Y O pj Xi P F ™
j Jj=1 /l]:kl
J

(46)
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for the n-point correlation function

F(n)(Z,Xl, plv e 7Xn7 pn)EE[Wz(Xlapl) e WZ(XVM pn)]’

yhere Qo(x j»pj) is the operator_@o acting on the variables (x;,p;) and
Q(Xj,pj, Xk, Pr) is the operator Q acting on the variables (X;,p;, Xk, pr),
namely

Qx;,pjis Xk, P F™ (H(xi, p»)

i=l1

=E l_[ W, (xi, pi) /q’(n,oo)(O,(I)V_2
i)k

172

X|: ik kIW(XJ’p/_k v4q/2)

—emianiky k2W(xjapj +ky l/2)/(1/2)]

12

X[eiq'ykk koW (xi, p—ky "y q/2)

Y. -
—e YR R W (g, i+ 1/21/«1/2)}&1

Equation (46) can be more conveniently written as

n

F(n) "o
_ ZPJ Vo FO 4 Y O pxe pOF? @)
Jok=1

with the identification O(x;,p;,X;,p;) = Qo(X,,p;). The operator
n
Osum = Z Q(ij P Xk, Pr) (48)
Jk=1

iS a non-positive symmetric operator.
The uniqueness for Eq. (46) with any initial data

F™(z=0,X1,p1, .- » Xn, Pu) =E[Wo(x1,p1) ... Wo(X, pu)],  Woe L*(R*)
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in the case of the Wigner—-Moyal equation can be easily established by
observing that the operator given by (48) is self-adjoint. For instance, for
n =2, we have that

FyPOF@ (xq,y1. %2, y2) = F5 ' O(x1, y1, X2, y) Fy  FP (x4, y1, %2, y2),
where
fz_lFQ)(Xl,Yu x2,¥2) = E [fZ_IWz(Xl, Y1)f2_le(X2,YZ)]
o .. ~_1/2
Fy'O(x1,y1, %2, ¥2) = qu q’(n,oo)((),Q)V_2[k161q'(xl_m/2)k1
By /O ‘/2}
» [,;2e—iq-<x2+yyz/z>1€;”2 _ lgle*iq'(xzfyyz/Z)Efl/z]'

Namely, in the (xj,y;) variables, the operator Qsum becomes the multi-
plication by a function which is dominated by the “diagonal terms” with
j=k

_ . =12
Fy ' Qo(xj.y)) = —/@(n,oo)(O,q)J/_2 ’l’qe’“'("f'_”yf'/”k1
-~ 2
- Izzei‘l'(x.ﬂfl’yf/z)kzl/z‘ dq (49)

and hence is non-positive. Therefore Qgum 1s a non-positive self-adjoint
operator on L?. The case with n> 2 is similar.

Each of the two operators on the right side of (47) generates a unique
Co-semigroup of contractions on L2(R2"d) and, by the product formula,
their sum generates a unique Co-semigroup of contractions on LZ(R?"d).
Standard theory for linear equations then yields the uniqueness result for
the weak solution of (47).

In the geometrical optics limit Q(x j»Pjs» Xk, p) in Eq. (47) takes the
form

= - B>

F, lQ(Xj,yj,!'ik,yk) = —ky;-D(x; —Xk)’)'k—4_]€xj -D(X; —X¢) - Xk
—B%Do(xj —xi) + k2 BD/ (x; —xp) - i (Y} — ¥i)
=271 [xi - D(xj —xp) -y + X, - D(Xj —Xp) - i |
+i2_112_1/2/32(xj—xk)~D’(xj —Xp).

The uniqueness follows from the same argument as in the previous case.
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3. FORMULATION AND MAIN THEOREMS
3.1. Martingale Formulation

The tightness result (see below) implies that for L2 initial data the
limiting measure P is supported in C([0, 00); L2(R??)). For tightness as
well as identification of the limit, the following infinitesimal operator .A°
will play an important role. Consider a special class of admissible func-
tions f. = f((WE,0)), fI=f'(WE,6)),VfeC®R). We have the following
expression

A = f] [(W;,p-vxe>+ Liwe, c;*e)] . (50)

€
A main property of A° is that

z
fz —fo Af fyds is a Ff-martingale, VfeD(A%). (51)

Let F¢ be the o-algebras generated by {V?, s <t} and E the correspond-
ing conditional expectation w.r.t. 7. Then we also have

Z
Eifz—fs=/ E{A° frdt Vs<z as. (52)

N

(see ref. 10). Note that the process W¢ is not Markovian and A® is not its
generator. We denote by A the infinitesimal operator corresponding to the
unscaled process V,(-)=V(z, ).

3.2. Assumptions and Properties of the Refractive Index Field

As mentioned in the introduction, we assume that V,(x) is a square-
integrable, z-stationary, x-homogeneous process with a spectral density
satisfying the upper bound (6).

Let F, and F be the sigma-algebras generated by {V:Vs <z} and
{Vs:Vs >z}, respectively. The correlation coefficient r, , () is given by

o= sup - sup Efhe]. (53)
heF; é’ef.tr,
E[h]=0,E[12]=1 z

E[g]=0.E[g2]=1
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Lemma 1. The correlation coefficient r, ,(¢) satisfies the inequality

IE[E [V OIE [V, (DIl = [E[E[Vs(x)]V:(Y)]I
Sy p(s =21y, —2)E [VZZ] , Vs, t>=z,VX,y cRe.

Proof. Let
hy(x) =E;[V;(®¥)], & X)=V(x).
Clearly

hy € L*(P,Q, F,),
g € eL*(P,Q,F)

and their second moments are uniformly bounded in x since

E[h?](x) < E[¢?](x),
E[g?)(x) = / (. q)dE dq.

From Definition (53) we have
Bl (ORI =B s ]l <7y (e =B [W200 | BV [g7].
Hence by setting s = first and the Cauchy—Schwartz inequality we have

E[h2(x)] < r2 (s — 2)E[g2].
E[hs )h (Y] < 1y p(t — D)1y p(s —2)E[g?], Vs, t22,Vx,y. |

We assume

Assumption 1. The correlation coefficient r, ,(7) satisfies

o
/ ry,p(8)ds < oo.
0
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Corollary 1. The formula
- o0
V.00 = [ EVeo) ds (54)
z

defines a square-integrable z-stationary, x-homogeneous process.

Proof. Let w € Q denote the random element and 73,X = (z,X) €
R4t! the translation operator acting on €2. Then without loss of general-
ity we may assume that there exists a square-integrable function V defined
on 2 such that

V.(x, w) =V (t30).
It suffices to show that the second moment of
- o0
V(a))z/o Eg [V(r(s,o)a))] ds
is finite since
V.(x, w) =V (130), VX = (z,x) e R4H,

To this end we have
E [Vz] =E [ / N f " EolVa O)JEo[ Vi (0))ds dt]
0 0

—E Uoo /OOEO[VS(O)]V,(O)ds dt]
0 0

o0 x
< / f Py.p($)ry, p(D)ds dIE[VE],
0 0

which is finite by Assumption 1. |

In the Gaussian case the correlation coefficient r, ,(¢) equals the lin-
ear correlation coefficient given by

rpp(t) = SUP/R(t—fl—f2,k)gl(fl,k)gz(fz,k)dkdn dry,  (55)
81,82
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where
R(t,k):/e”%(,,,p)(g,k)dg

and the supremum is taken over all g1, g» € L2(R4*!), which are supported
on (—o0, 0] xR? and satisfy the constraint

/R(t—t/,k)gl(t,k)g}‘(ﬂ,k)drdﬂdk:/R(z—t/,k)gz(t,k)g’;(t/,k)dtdt/dkz1,

(56)
in ref. 8. Alternatively, by the Paley—Wiener theorem we can write
Fpp(t) = ;u? /eiétfl(é,k)f2(E,k)<I>n,p(§,k)d$ dk, (57)
1.J2

where fi, f» are elements of the Hardy space H? of L2(d>(,7,p)d§dk)-
valued analytic functions in the upper half &-space satisfying the normal-
ization condition

/ 1 E P Do WdEdk=1, j=1,2.

There are various criteria for the decay rate of the linear correlation coeffi-
cients, see ref. 8.

Corollary 2. If V; is a Gaussian random field and its linear corre-
lation coefficient r, ,(¢) is integrable, then V; is also Gaussian and hence
possesses finite moments of all orders.

This follows from the fact that the mapping from V., to V. is a
bounded linear operator on_the Gaussian space.
The main property of V, as a random function is that

AV, =—V,, as. zeR. (58)

Since A commutes with the shift in x so the appearance of x in Eq. (58)
is suppressed.
We have the following simple relation

N e [
lim E[ V00V )] = lim / el / iz (7 1) @& pdEdp

=7 [ VPR, (0, p)dp,  Vz. (59)
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Assumption 2. For any 5 >0,

o0
R,=Ilim sup/ ry,p)dt <00
0

pP—> 00

such that

lim supnR, < oo.
n—0

For Gaussian fields with the generalized von Karman spectrum@?
N d+1 N
Oy ) = 2717 <H+ ;L >n2Hn(d+1)/2(772+|k|2)H1/2d/2 (60)
a straightforward scaling argument with (57) shows that
F,00(f) =T1,00(N1)
hence
R,=n"'Ry.
This motivates Assumption 2. Set
LK) =D, 2. (5. k),

which is the spectral density of \725 x)= VZ /&2 (x).
Define analogously to (19)

Leroex, m =iy~ B [ VE () F5 0,y | (61)
with

IVEX,Y) =k VE(— )—szS(———) (62)

AR A Y

We also need to know the first few moments the random fields
involved. The case of Gaussian fields motivates the following assumption
of the sixth order sub-Gaussian property.
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Assumption 3.

sup E[(Slef(y)]4 < Cy sup E? [521Vf]2 ), (63)
lyl<L lylI<L
7€ 4 2 (7€ 2
sup ]E[Slez‘] (y) <Cysup E [321VZ] ¥, (64)
lyl<L ly|<L

. 14
sup E |:[821V;]2 [821 Vzg] i| ¥ <G (Sup E [821‘/;]2 (Y)>
lyI<L lyI<L

- 12

X (sup E2 [821Vj] (y)) (65)
lyI<SL

for all L < oo, where the constants Ci,C, and C3; are independent of

8’ n’ 105 y'
From (19) and (61) we can form the iteration of operators L‘ifﬁ*

L B0, p)=—y T F 50 VI (% Yo VI Do,y |

The operator Ei/fi*@ is well-defined if 651 V¢ and 821\7;" are locally square-
integrable. Other iterations of £ and L£f* allowed by Assumption 3 can be
similarly constructed.

Assumption 4. For every 0 € S, there exists a random constant Cs
such that

. Cs -
sup 1821 VEF, ' 0lla < —= sup E'V262 VE(x,y) I,
7<20 \/E 2€[0,z¢]

Ix[,lylI<L

VoeS,e,n, y<1<p (66)

with Cs possessing finite moments and depending only on 6, z, where L is the
radius of the ball containing the support of 7, 19. cf. Lemma 2 and (67).

For a Gaussian random field, Assumption 4 is readily satisfied by Lemma 2
and Borell’s inequality(!)

sup 1621 VEF, '0lla < I1F; '0lla sup 1821 VE(X, y)
z<20 z€[0,2¢]
Ix[,lyI<L
20 4
nglog(—2) sup EV2155 VE(x, y)I°,

& z€[0,z¢]
Ix].lyI<L

v,y <1<p, (67)

where the random constants Cs has a Gaussian-like tail.
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Note that with y or p held fixed the first term on the right side of
(66) is always O(1). Compared to the corresponding condition (67) for the
Gaussian field condition (66) allows for certain degree of intermittency in
the refractive index field.

As we have seen above, most of the assumptions here are motivated
by the Gaussian case and we have formulated them in such a way as to
allow some level of non-Gaussian fluctuation.

3.3. Main Theorems

Theorem 1. Let V/ be a z-stationary, x-homogeneous, almost surely
locally bounded random process with the spectral density satisfying the
bound (6) and Assumptions 1-4. Let y >0 be fixed.

(1) Let n be fixed and p be fixed or tend to oo as € — 0 such that

lim ep>~# =0. (68)

e—>0
Then any weak solutions W¢ € C([0, o0); L2(R*)] of the Wigner—-Moyal
equation with the initial condition Wy e L2(R2?) and IWel2 <1 Woll2, Yz >
0 converge in probability in the space C ([0, co); sz(RZd)) to that of the
corresponding Gaussian white-noise model with the covariance operators
Q and Q as given by (25) and (26), respectively (see also (43) and (44)).
The statement holds true for any H € (0, 1).

(i) Suppose additionally that H <1/2 and n=n(e) — 0 such that

lir%sn_l(n_l +p2 ) =0. (69)
E—>
Then the same convergence holds true.

Theorem 2 concerns a similar convergence to the solution of a Gauss-
ian white-noise model for the Liouville equation.

Theorem 2. Let V} be a z-stationary, x-homogeneous, almost surely
smooth, locally bounded random process with the spectral density satisfy-
ing the bound (6) and Assumptions 1-4.

Let y =y(e)— 0,k;, ko — k as ¢ — 0 such that

lirr})y”(l?z—l?])=ﬁ

for some finite, positive constant 8. Then under any of the following three
sets of conditions
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(1) p<oo and >0 held fixed;
(i) H=>1/2, n>0 fixed and p=p(e) > 00 as ¢ — 0 such that

lim £~ =0; (70)
(i) H<1/2, p<oo fixed and n=n(e) — 0 such that

lim en™2=0 (71)

e—0

any weak solutions W¢ € C([0, o0); L2(R2?)] of the Wigner—Moyal equa-
tion with the initial condition Wy e L2(R*?) and [[WE|, < ||[Woll2, ¥z > 0
converge in probability in the space C([0, c0); Lﬁ)(Rz")) to the martingale
solution of the Gaussian white-noise model with the covariance operators
Q and Q as given by (27) and (28), respectively (see also (43) and (45)).

Remark 1. Because (WZ,6) is uniformly bounded by [[Wyll2[I0]l> we
have from the above convergence theorems the convergence of moments,
namely for any 0<z; <z <+ - < 2Zps

lim B (WS, 6] (W, 6]} =B {{W-,. 6] (W, 6]
Note that the Kolmogorov value H =1/3 is covered by the regimes of
Theorems 1 and 2(i), (iii).

4. PROOF OF THEOREM 1 AND 2

The argument is similar to that for the one-frequency setting in ref. 5.
We reproduce it here with minor adaption to the two-frequency setting for
the sake of completeness and the convenience of the reader.

First we establish some technical results for the proof of the theorems.

Lemma 2. (Appendix A) For each z9p < oo there exists a positive
constant C < oo such that

£)2 3] INTR B Ear
sup B[ (51V2)*] ) < €2 |min (1, p)
|Z\<ZO
lyI<L

~ 2 ~
sup E V;(x)] < Cp~ 22

lzI<z0
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~ \2 ~ . B _
sup E[(é‘le;) }(y) < 72y min (p, y~HPP2H
12129
lyIsL

sup

\Z\<ZO
IyI<L

VyE 8,17 <y>‘ Cn2y2p" = min (o, y~HI' "

sup Ellp- Vx(LEO)3 < Cn2p* 21, 0eS

lzI<z0
for all He (0,1),e,y,n<1<p,x,yeR?, where the constant C depends
only on z9, L and 6.

The following estimates can be obtained from Lemma 2 and Assump-
tion 3.

Corollary 3.

E[1£5" 00 L0y, @3] < € (n7min (o, y D).
E[1£5" 2013 ] < € (w2 min (o, yHI*=4),
E[12£013] < € (7 1min (o, y~H1*4),

EHﬁﬁ*Eﬁ*E;*e‘j < ¢ (r*min (o, y~HI"H),

where the constant C is independent of p,n,y and L is the radius of the
ball containing the support of F, lg.

4.1. Tightness

In the sequel we will adopt the following notation

f= fAWE6),  fi=r(wie), =Wz o),
VfeC®MR). (72)

Namely, the prime stands for the differentiation w.r.t. the original argument
(not z) of f, f/ etc. Let L denote the radius of the ball containing the sup-
port of F, 9. Let all the constants ¢, c,ci,c,... etc., in the sequel be
independent of p,n,y and ¢ and depend only on zg, 8, |[Wy|l> and f.

First we note that since S is dense in LZ(R??) and || Wel2 <1 Woll2, Yz >
0, the tightness of the family of L?(R??)-valued processes {W?,0<e <1} in
the Skorohod space D([0, c0); Li(de) is equivalent to the tightness of the
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family in the Skorohod space D([0, 00); 8’) as distribution-valued processes.
According to ref. 7, a family of processes {W¢,0<¢ < 1} C D([0, c0); ')
is tight if and only if for every test function 6 € S the family of processes
{{We,0),0<e<1}C D([0, 00); R) is tight. With this remark we can now use
the tightness criterion of ref. 11. (Chap. 3, Theorem 4) for finite dimensional
processes, namely, we will prove: First,

lim limsupP{sup [(WS,6)|>N}=0, Vzo<oo. (73)
=0 g0 <20

Second, for each f e C>(R) there is a sequence f € D(A®) such that for
each 79 <oo{A°f?,0<e<1,0<z <z} is uniformly integrable and

lim P{sup | /7 — f(WZ,0)>8}=0, V§>0. (74)
&= 2<z0

Then it follows that the laws of {{W?,0),0<e¢e <1} are tight in the space

of D([0, 00); R) and hence {W?} is tight in D([0, c0); L%)(RM)).

To prove the tightness in the space C ([0, c0); L2 (R*) we only need
to note first that W/ e C([0, oo); L%U(RM) (see the construction of solution)
and second that the Skorohod metric and the uniform metric induce the
same topology on C(]0, 00); sz(de))-

Condition (73) is satisfied because the L2-norm is preserved.

We shall construct a test function of the form ff = f; +fﬁ .t fi .t
f; .- First we construct the first perturbation fﬁ .- Let

ng Z/Sz'

z
Recall that
% -2
ASVE=—e72VE.
Define the first perturbation as

1 o0
fi.= g/ FL{WE ELLE0) ds. (75)
Z

We have
fie = €f£<fz Wey~ 521/ E.[Vlds Fy 9>
Z
= of (F5 ' We v l0 Vi F e)
= ef! (w2, 25%0).
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Proposition 1.

lim sup E| f{ .| =0, lin%) sup | f{.|=0 in probability.

e—02z<zp e—02z<zg

Proof. First

B[ £f .11 < ell £ lloo I Woll2EI £56112 (76)

~ 2
<cell /Mool Wollz_sup EY2[y ™10 V2 (x,y)]
Ix],lyl<L

= 0 (en™"min (o, y~"I'"). (7

which is of the following order of magnitude:

£ if n, p held fixed,
£ if y,n held fixed, (78)
en~! if y or p held fixed,
elmin (p, y H|'"=H# if 5 is held fixed
and vanishes in the respective regimes. Second, we have
sup | 1,1 < ell f oo | Wollz sup y ' [1821 VEF; 011
7<20 2<z0
<ce'? sup BV 1oy Vix.y)P
Ix[,lyI<L
= c's"2p~!|min (o, y~HI'H (79)

by Assumption 4, with a random constant ¢’ possessing finite moments.
On the right side of (79) is of the following order of magnitude:

el/? if n, p held fixed,
el/? if y, 7 held fixed, (80)
el/2y—1 if p or y held fixed,

e2Imin (p, y " H|'H if 5 is held fixed,

which vanishes in the respective regimes. On The right side of (79) now
converges to zero in probability by a simple application of Chebyshev’s
inequality and (69). |
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A straightforward calculation yields
e re / & 1 ex | pex 1 / & &%
ACSf = —ef (WEs [PV 4 2 L7 | L270) = — f2 (W, L576)
ef! (W, A0) (W, £576).
where A%6 denotes
AP0 = V0 158*9
=—p-Vx6 — E z
cf. (50). Hence
A St £ ] = AW Va0 L (W L5 L0+ 1 (W 270w, £5%6)

e £ (Weop- VL) + £l (WELp-vyo) (WL Lo |
= A7(2) + A5(2) + AT (2) + R{ (2),

where Af(z) and A%(z) are the coupling terms.

Proposition 2.

lim sup E|R](2)|=0.

e—>0z<zg

Proof. By Lemma 2 we have

IRE < 1l oo WO [ 1D+ V5O 2N £5°6 112+ Ip- Vx(£20) 1

= 0 (n~'(min (o, y~HI' = 40>, 81)

which is of the following order of magnitude

£ if n, p held fixed,

g2 H if 1,y held fixed,

en~! if p is held fixed, (82)
en~lp2—H if y held fixed,

e(min (p, y D" 4+ p>=H) if  held fixed

and vanishes in the respective regimes. [
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We introduce the next perturbations ff’z, fi .- Let
AP@) = [6xPQOENX .. 004 0 dxdpdyds, (83
AV () = / Q,6(x, P)p(x, p) dxdp, (84)
where
QIO ®0)(x.p.y.0) = E[ L0, DLy, 0)] (85)
and
Qox, ) =E[L"L0(x. D).

where the operator £~§* is defined as in (61). Note that Q6 and Q)6 are
O(1) terms because of (59).
Clearly, we have

AV (¢)=E [(¢, c;*e)<¢, Z;*e}] . (86)
Define

oo
o= a0 | B (we e (e £76) - Ay W | ds
Z

fio=1: / e [(we e Ee) - a0 v as
:
Let
Q:0®0)(x.p.y. ) =E [ L0 (x, DL0(y. )|
and

Q50(x,p)=E [[‘;*ﬁi*@(x, p)] .
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Let

AD(¢) = [ (%, D20 ®O)(x. p.Y. VP (y. @) dxdpdyda,  (87)

AD(¢) = / Q46(x. p)(x. p) dxdp, (88)

we then have

3 82 /" & pex 2 2) e

h:=75/k <Wz,ﬁz 9) — A7 (WD) | (89)
2
& ~ o~

fio= S [(we g o) = aP ws)]. 90)

Using Assumption (66) and the Cauchy-Schwartz inequality one can
easily prove the following.

Proposition 3.

lim supE|fﬁZ|:0, lin})sup |fﬁz|:0, j=2,3.

6_)OZ<Z() E—> <20
We have
& e ol & pex & fex M) e e
A s = g [ czro)(we, £0)+ 4 v |+ Rs @),
AfE = ! [_ <W;, £§*£§*9>+ Ag”(W;)] +RE(2)
with
e e? 1 e 1 & pex P 2 ) e
R (2) = ifz (Wz’p'vX0)+g<Wz’£z 9) <Wz’£z 9> _A2 (WZ)

~ ~ 1 ~
+e2 7 (we, 226) [(Wg p- Vx(£E%0))+ - (W, cg*cﬁ*e)}
1
—&f! [(Wj p- V(G W)+ = Wz, Eﬁ*Géz)Wfﬂ , 1)
where Géz) denotes the operator

GP¢= / 020 ®6)(x.p.y. b (y. Q) dydq.
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Similarly
RE 2 Wé p-V. Es*ﬁa*e If we ﬁs*ﬁa*ﬁs*g
3(2)—5fz P X(z Z )+8 705~z ~z ~z

2 1 o
+5 1 [(w;, p- Vx6)+— (W, z;*e)} [(we. 2o 2eo) - aPows) |

1
—e* f [(Wf P Vx(Q50)) + - (we, Eﬁ*Qge)} : 92)
Proposition 4.

lim sup E|R5(z)| =0, lin%) sup E|R5(2)|=0.
&€

e—~>Uz<zo <20

Proof. Part of the argument is analogous to that given for Proposi-
tion 3. The additional estimates that we need to consider are the following.
In RS (91):

sup e E|(WE, p- Vo (G WD)
<20

2. -2 2 -1 e ]?
< ey 2012l Woll3 | ¥y - VxF '0E 82 V¢ |

2

~ .72
< clflaIWol3ey ™" 17 ' V- VxOlx, V)E 82 V¢ | (y)H
2

~ 12
+eloll2IWolBe?y =2 |17 Vae1(x, v) - VoE [821 72| )

2

20 = 7? 202 2
< clolaIWolBe%y ™" sup B [5517 ] )+ el wol3e%y
lyI<L

VyE [521 Vzg]z (y)

sup
lyI<SL

<0 (82n_zylmin (0, v HIP 2 462072 p' " H min (p, V‘l)ll_H>

by Lemma 2, where L is the radius of the ball containing the support of
0. Further delineation yields the following order-of-magnitude estimates

&2 if n, p held fixed,
e2pl-H if 7,y held fixed,
e2n2pl-H if y held fixed,
e2n~2 if p held fixed,

e2p'H|min (p, y~H|'"=# if 5 held fixed.
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Consider the next term:
sup ¢ & pex ~2) e
pe WZ,EZ Ga WZ

<20

< ce?y PIWolE {821V F ok y)

x / E 821 V2 (%, 1)821 V2 (K, ¥) | 5 0y 5 WE ¥ X dy!

|

J

~ 2
<cely Wolle{ 521V (% V)5 0, VIE [821 7 (x, )]

dx'dy

x/‘f;le(x’,y’)fz—lwzé(x/,y’)

~ 12
< ce?y 012l Woll3E 621 V2 (x, 1) 7 'O [ Ve |

2
<0 (82n*2|min(p, V*I)IHH)
by Corollary 3.
In RS (92):
-~ o~ - o~ 2
sup e |(W?, £5*£5*£570)| < el Woll sup \/IE | e 2o zevo)
<20 ’ <20 ' 2

=0 <8y3 sup E 52117;

2 2
WEY2 8 VE| (v)
lyI<L

= 0 (en2Imin (o, y"HIFH),

by (72) and Lemma 2. The preceding two terms can be estimated from
above by the following order of magnitude:

e if p and n held fixed,
e if y and n held fixed,
en~2 if y or p held fixed,

elmin(p,y H3 37 if y held fixed,

(W, Va(Q50)] < 2V E|(Wep- V()]

- 2
< ce?y 2 Wolz Wy - VxE 521 V2 (x, ¥)] 50, y)

2
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=0 <8ZV2]E|y|<L

E [V ] @) D
= 0(8 n2p'” Hlmin(p,)/_l)ll_H), (93)

which in the various regimes has the following order of magnitude

&2 if p and 5 held fixed,
g2pl—H if ¥ and n held fixed,
e2n~2pl-H if y held fixed,
g2n—2 if p held fixed,

e2pl=H | min (p,y " H|'=# if 5 held fixed,

eE |(W;, £57 Q6]

<eyE|(we, 57 0)6)[

2
<ce’y 7| Woll2E 521v;(x,y>E[521V;<x, y)] Fy

=0 <s2y_3 |s|u<pL E ‘821 \7;
yI<

2
WE2 |53 Ve[ <y)>
:0(8277_2|Ini1’1(,0,)/_1)|3_3H> %94)

by Lemma 2. 1
Consider the test function ff=f.+ f{_+f; + f; . We have

A8 = fHWE, p-VxB)+ fLAD W) + £ A (W) + RS (2) + R (2) + RS (2).
95)

Set
R*(2) = R{(2) + R5(2) + R3(2). (96)
It follows from Propositions 2 and 4 that

lim sup E|R®(z)|=0.

8*)01<ZO

For the tightness it remains to show
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Proposition 5. {A° 7} are uniformly integrable.

Proof. Indeed, each term in the expression (95) is uniformly integra-
ble. We only need to be concerned with terms in R®(z) since other terms
are obviously uniformly integrable because W; is uniformly bounded in
the square norm. But since the previous estimates establish the uniform
boundedness of the second moments of the corresponding terms, the uni-
form integrability of the terms follow. |

4.2. ldentification of the Limit

Our strategy is to show directly that in passing to the weak limit the lim-
iting process solves the martingale problem formulated in Section 3.1. The
uniqueness of the martingale solution mentioned in Section 2.2 then identi-
fies the limiting process as the unique L?(R?¢)-valued solution to the initial
value problem of the stochastic integral-PDE of the white-noise model.

Recall that for any C>-function f

M) = i [ Astas
0
=fz+ff(Z)+f§(z)+f§(z)—/0 £/ (W p-V6) ds

Z Z

- [ AP+ gaP o] as- [ Rwas o
0 0

is a martingale. The martingale property implies that for any finite
sequence 0 <z| <zy <z3<---<2zn <z, C3-function f and bounded con-
tinuous function 4 with compact support, we have

E{n (W5, 0).(W5,.0).... .(W..0)) [MZ(0) - MI(@®)]} = 0.
Vs>0, z1<2p<--<z;p <z 98)

Let
Afo=fl[(Wo,p-Vi8) + A1 (W) ]|+ £ (W),

where

Ar(@) =lim, 00 A (9) = f 0O R60)(X,p, ¥, QP (X, Po(y, Qdxdpdydq,
(99)
A1) =limpr o0 AV (0) = f To(@)(x, P (x. p)dxdp. (100)
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where Q(0 ®6) and Qy(0) are given by (26) and (25), respectively. Equa-
tions (99) and (100) are obtained by an explicit and tedious calculation.

For p — 00,y — 0 as ¢ — 0 the limits in (99) are not well-defined
unless H € (0, 1/2) in the worst case scenario allowed by (6). Likewise, the
convergence does not hold for H €[1/2,1) when n— 0 in the worst case
scenario allowed by (6).

In view of the results of Propositions 1-4 we see that f7 and A°®f?
in (97) can be replaced by f; and Af;, respectively, modulo an error that
vanishes as £ — 0. With this and the tightness of {W?} we can pass to the
limit £ — 0 in (98).We see that the limiting process satisfies the martingale
property that

E{n((W.,.0).(W.,.0),....(W,,.,0)) [M1s(6) — M (0)]} =0, Vs>0,
where
Mz(e)zfz—/oz,ifsds. (101)
Then it follows that
E[M.4s(0) —M.(0)|W,,u<z]=0, Vz,5>0,

which proves that M,(f) is a martingale.
Note that (W¢,6) is uniformly bounded:

[(WE,6)| <IIWoll2 11011
so we have the convergence of the second moment
: 5 2 _ 2
gerloE{(Wz,e) }_E{(WZ,G) }
Using f(r)=r and r2 in (101) we see that
4 -
M§1><9>=<W1,9>—/0 [(Ws.p-Vx) — A3(W,)] ds

is a martingale with the quadratic variation

 _ Z _
(Mo, MV@)] / Ay (Wy)ds = / (Wy, Ko W,) ds,
0 0

Z

where /Cy is defined as in (25).
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5. APPENDIX A. PROOF OF LEMMA 2
(i) Estimation of sup;<;, E [(821VZ‘9)2] (y): We have that for yp <1
<

IyISL

sup E [(821 Vi, y))z]

lz1<z0

< / Iyy K2 Dy (. K)dEdK
< oy Iy / f (0 + K12+ [ 2~ H D2+ gk g
[<p Y kI<p

< C3j/2|y|2 <n272H+p272H).

For py >1 we divide the domain of integration into Iy={/k|<y~'} and
Iy ={|k| > y~!} and estimate their contributions separately. For I, the
upper bound is similar to the above, namely, we have

| #1sin K72 P 6 Rodedk < cap Iy (72 4y ),
Iy
For I; we have instead that

/1 4fsin (yy -k/2)P @y, p) (¢, K)dEdk < 4/1 Q.0 (6, K)dEdk
1 1

< o7 ()/ZH +,0_2H> .

Put together, the upper bound becomes

2 2-2H
sup E[(Szlvf(x,y))] csy ‘mln(y ,p)’ y,n<1<p.

\Z\<10
I, lyISL

N 2
(ii) Estimation of sup <, E [VZ‘8 (x)] : It follows from the argument
for Corollary 1 and Assumption 2 that

2
Vs(x) ( - p(t)dt> E[VS]

n72n72H
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N2
(ili) Estimation of supj;<;, E |:(821 V;) ] (y): First note that the cor-

_ V<L
relation coefficient for 8,1V, is bounded from above by cry ,(¢) for some
constant ¢ >0. Then we have as in (i) and (ii) that

. 2 00 2
E[amvj(x)] <el < fo rn,,,(r)dz) E[5y V]

2-2H
< e 2y? ‘mln(y_l, p)‘ :

. 12
(iv) Estimation of supjpi<z |VyE [821VZ’3] (y)
<L
Schwartz inequality and the preceding calculation we have

: By the Cauchy-

sup
lzI<zg
IyISL

w5 [o 7] )

~ - 2 - 2
< q\/ V2B [Va Ve (et yy/2) + Y Ve (x = vy/2)] \/E 627 x. )]

00 2
2
< 3 ( /O rn,p(r)dr) yEV2 [V VEPEV2 [821VE(x, y)]

< e 2y?p! " min (p, y ~H|H

(v) Estimation of sup‘z|<ZOIE||p~Vx(/ji*e)ll%: A similar line of rea-
soning and a straightforward spectral calculation yield that

Elp- Vx(LE*0)|I5 = E||Vy - Vay 1821 VEF, 10113
< aEIVIVEF013

2
< e 2E [vf V;]
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6. APPENDIX B. EXACT AND ASYMPTOTIC SOLUTIONS
FOR THE GEOMETRICAL OPTICS

In this section we construct the Green function for the geometrical
optics equation

E)A

- ~( . B ) < B )
VW, = =k [ —iVp+ =x ) -DO)- [ —iVy+ —=x | W.(x,
x Wz ( p by ) p by (X, p)
—B> Do) W, (x, p).
For simplicity of notation, let us assume isotropy of the medium,

namely ®(0,p) = ®(0, |p|) and hence D(0) = D(0), a scalar. Taking the
inverse Fourier transform 7, Uin p we obtain

DO)| - B

9 2. .
a—W_zVX vyW—T —ky+5x W — 82Dy (0)W. (B.1)

Introducing the new variables

v =ky+ gx, (B.2)
yo = Izy — gx, (B.3)

we rewrite the above equation as

b . kB, D(0)
—W:T(V VZ)W— =1y SPW = 2Dy ()W, (B.4)

where Vi, V, are the gradients with respect to yi, y2, respectively.
Consider the function

~ 7 1 [
W(Z’pl’yz)zeﬁZDo(O)zezkﬂlpl\ZZ/Z_dfW( yi—y2 Y1+Yz) B gy,
(2m) B
(B.5)

which satisfies the equation

9 ~ kB DO) -~
—W=——EV2W — Ly, *W. B.6
5 W=V~ ==y (B.6)
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Equation (B.6) is just the Schrodinger equation with an imaginary, qua-
dratic potential and can be solved by separating the variables y,; =
(¥1,¥2, .-, Ya), solving the one-dimensional version of the equation:

~ ikp 92 ~ D ~
3W4=_lkﬂ 9 w _bo 2.

———W; i=1,2,...,d (B.7)
J A J
0z 2 8yj

and forming tensor product H?:l W;(y;).
We begin by searching for solutions of the Gaussian form

W;=e AD-BGI—CQI (B.8)

where A, B,C are complex-valued functions of z, parametrized by pi.
Substituting (B.8) into Eq. (B.6) and comparing the coefficients we obtain
the ODEs governing A, B, C:

D()

B = =~ +i2kpB?, (B.9)
C' = —D~L0)c, (B.10)
kB
2
A = D(O)C —ikBB, (B.11)

which can be solved in the order of B, C, A and yield

1 D(O) KeZA/D(O)ﬂ(lfi)Z +1
B(Z) = = s
k(=) B ke2V/POBU-Dz _

C(z) = C(0)exp [—%O) OZ B(S)_lds:| ’

(B.12)

where the constant K is given by

1+ +i)/(2B(0)k) D<°

1= (1+i)/QBO) D<0 .
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First we look for the Green function in the coordinates yi, y;. To this
end, we set K =1 corresponding to B(0)=+o0, j=1,2,...,d, and write

()

A(z)——zkﬁ/ B(s)ds + —— Cz(s)ds z>0
0

with

1 D(0) 2V POBU-Dz |
B(z) = =
N k(1—=i)\ B 24/DOBU-Dz _

-1 D(0) ,
= = — D(0)B(1 .
g celyPosa i

Then a straightforward calculation shows that with a suitable normalizing

constant c¢o the Green function is given by

G(z,¥1,¥2, Y], ¥)

= cpe B D00z kB [ B)ds =P [LICP6)ds - B(2)lyr~C)2

y f e~ RBIPI2/2 1101 =Y)) g

2 \¢ . [F
:C°<izgﬂ> exp[—ﬂzDo(O)z]exp [idkﬁ /1 B(s)ds]

—D(O) (7, yi—vyi? 3
xexp[T /0 C (s)ds] exp[zw exp[-B@ly> -~ @I

74

d
=0 27 e—ﬂ2Do(O)z exp [lu]
izk B sin!/2 [ /DOYB( ~|—i)z] 24kpB
2
xexp[ Wl D(O tan (VBD() (1+l)z>:|

(1+i)k

1 | D(0) .
exp |:];(1 D T cot (w/D(O)ﬂ(l +Z)Z)

2

Y> ]
x |y2— ,
cos (,/D(O)ﬁ(l +i)z)
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where C(z) =(Cj(z)) is given by the formula (B.13) with the initial data
C(0)=y,. The general solution for Eq. (B.1) can then be expressed as

Wz xy) = (6B) / o, y)

z .8 7 :3 </ :3 ! Tl /3 / / /
xG(z,ky—i—zx,ky 2x,ky+2x,ky 2x dx'dy'.

With the change of coordinates (39) and (40)

Vi Vi B
XNT(XH-Xz), yNT(Xl —Xz)—W(XH-Xz), (B.14)

we can express the geometrical optics asymptotics y < 1 of the mutual
coherence function as

['(z, X1, X2)
= d | . DO d/2 122
%< ; ) (1+)y/DO)B /exp[iz{xlxzx’l+x/2|2}
7y*8Yz) \ sin [,/D(O)ﬁ(l-i—i)z} 22y
2
1 D(0) .
X exp [— o /T tan (\/ﬂD(O)(l +1)z):|
1 D(0) .
X exp [m /Tcot (\/D(O)ﬁ(l-i-t)z)

L4 i 4x) 2]
cos (,/D(O)ﬂ(l +i)z>

xTo(x], X5; k1, Izz)dxﬁ dx), x exp [—ﬁzDo(O)z]

k ’ ’ ﬁ / /
;(xl —-Xy)— E(Xl +x3)

k
—(x1 —x2)
Y

*g(xl +x2) —

Next we consider the long distance asymptotics for z>> 1. We note the
following asymptotics:

B(z) ~ 12;" %0), (B.15)
C(z) ~ C(0)e VFPOI=Dz (B.16)

Az) ~ %Jﬁl)(mz (B.17)
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and hence the leading order asymptotics for the Green function

d .
2: ) exp [~ Do(0)z] exp [f%dwm(on]

izkp

Ay —yiP? 1+i [D(0)
xexp|:z~1 exp | — o (\Y2|2+\y/2|2) . (B.1Y)

G(z,¥1,¥2, Y1, ¥5) ~ Co(

2zkB B
Using the leading asymptotics of (B.15) and (B.17) in the general for-

mula we find the long distance asymptotics for the mutual coherence func-
tion I'

(1+i)y/D(0)Bk*

7T2]/4ﬂ2Z

X eXp [—%d ﬁD(O)Z]

a2
I'(z,X1,X2) ~ ( ) exp[—B2 Dy (0)z]

- 2
1+i /D) |k
X exp | — ;Ll % ;(Xl—xz)—g(xl-sz)
- 2
1+i [DO) |k , , ,
xfexp — Zl % ;(xl—xz)—g(xlexz)

k2 .
X eXp |:i 75 X1 — X2 — X +x’2|2j| To(x], X5; ki, ko)dx] dx,

One sees from the above expression that the (rescaled) coherent band-
width B, is given by

1

IBC ~ D(O)Zz’

(B.19)

which is consistent with the results given in ref. 9, obtained by making the
plane-wave assumption.

ACKNOWLEDGMENTS

I thank the referee for several helpful comments especially in connec-
tion to the spaces C and D. The research is supported in part by The Cen-
tennial Fellowship from American Mathematical Society, the UC Davis
Chancellor’s Fellowship and U.S. National Science Foundation grant DMS
0306659.



586 Fannjiang

REFERENCES

1. R. J. Adler, An Introduction to Continuity, Extrema and Related Topics for General Gauss-
ian Processes, Institute of Mathematical Statistics (Hayward, California, 1990).

2. F. Balilly, J-F. Clouet and J.-P. Fouque, Parabolic and Gaussian white noise approxi-
mation for wave propagation in random media, SIAM J. Appl. Math. 56(5):1445-1470
(1996).

3. F Bailly and J.-P. Fouque, High frequency wave propagation in random media, unpub-
lished.

4. A. Bronshtein and R. Mazar, The reference wave solution for a two-frequency wave
propagating in a random medium, Waves in Random Media 12:267-277 (2002).

5. A. Fannjiang, White-noise and geometrical optics limits of Wigner—-Moyal equation for
wave beams in turbulent media, Commun. Math. Phys., in press.

6. A. Fannjiang and K. Solna, Scaling limits for beam wave propagation in atmospheric
turbulence, Stoch. Dyn 4(1):135-151 (2004).

7. J-P. Fouque, La convergence en loi pour les processus a valeurs dans un espace
nucléaire, Ann. Inst. Henri Poincaré 20:225-245 (1984).

8. I. A. Ibragimov and Y. A. Rozanov, Gaussian Random Processes. (Springer-Verlag, New
York, 1978).

9. A. Ishimaru, Wave Propagation and Scattering in Random Media. (Academic, New York,
1978).

10. T. G. Kurtz, Semigroups of conditional shifts and approximations of Markov processes.
Ann. Prob. 3(4):618-642 (1975).

11. H. J. Kushner, Approximation and Weak Convergence Methods for Random Processes,
with Applications to Stochastic Systems Theory. (MIT Press, Cambridge, Massachusetts,
1984).

12. A. S. Monin and A. M. Yaglom, Statistical Fluid Mechanics, Vol. 1 &2 (MIT Press,
Cambridge, MA, 1975).

13. J. Oz and Ehud Heyman, Model theory for the two-frequency mutual coherence function
in random media: general theory and plane wave solution: I, Waves in Random Media
7:79-93 (1997).

14. J. W. Strohbehn, Laser Beam Propagation in the Atmosphere, (Springer-Verlag, Berlin,

1978).



