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Appendix A. Integration

In Tables A.1, A.3, A.5, A.7, and A.9 we display the average running integration time (in
seconds) for the triangulation and cone decomposition methods. The column called “Vert.”
denotes the number of vertices the primal polytope has. Each vertex-count row is divided
into two rows: the top row is the average running time for the primal polytopes (simplicial),
and the bottom row is the average running time for the dual polytopes (simple). For
example, consider Table A.1 and locate the column corresponding to the triangulation
method for monomials of degree 10 in the first row (row 8). There are two numbers 0.15
and 2.18. This means that the average integration time using the triangulation method to
integrate random degree 10 monomials over simplicial polytopes with exactly 8 vertices in
dimension 3 took 0.15 seconds; and the average integration time using the triangulation
method to integrate the same monomials over the dual polytopes (which are simple) in
dimension 3 took 2.18 seconds. Tables A.2, A.4, A.6, A.8, and A.10 display the standard
deviation in seconds.

Tables A.11 and A.12 display the average integration time when integrating over poly-
topes in Ziegler’s database, while Tables A.13 and A.14 display the standard deviation.

Figures A.1 and A.2 display a histogram of relative running times for integrating over
the random polytopes and their duals. Instead of displaying total running times for both
integration methods individually, we plot the time for the triangulation method minus
the time for the cone decomposition method all divided by the time of the triangulation
method. Thus, a positive relative time difference means that the cone decomposition
method was faster than the triangulation method.

2



T
ab

le
A

.1
:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
3

M
on

om
ia
l
D
eg
re
e

1
2

5
10

20
30

40
50

V
er
t.

C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

5
0
.0
4

0
.0
2

0
.0
4

0
.0
2

0.
04

0
.0
2

0.
05

0
.0
2

0.
08

0
.0
5

0.
16

0
.1
3

0.
31

0
.3
1

0
.5
8

0.
72

0
.0
3

0.
04

0
.0
3

0
.0
4

0
.0
3

0.
04

0
.0
3

0.
04

0
.0
6

0.
11

0
.1
3

0.
28

0
.3
0

0.
75

0
.6
2

1.
74

6
0
.0
7

0
.0
3

0
.0
7

0
.0
3

0.
07

0
.0
3

0.
07

0
.0
3

0.
12

0
.0
7

0.
21

0
.2
1

0
.4
4

0.
54

0
.7
7

1.
21

0
.0
4

0.
06

0
.0
4

0
.0
6

0
.0
4

0.
06

0
.0
5

0.
07

0
.0
8

0.
19

0
.2
0

0.
59

0
.4
4

1.
67

0
.8
7

3.
88

7
0
.0
9

0
.0
3

0
.0
9

0
.0
4

0.
09

0
.0
4

0.
09

0
.0
4

0.
14

0
.1
0

0
.2
7

0.
30

0
.5
5

0.
74

0
.9
9

1.
62

0
.0
7

0.
09

0
.0
7

0
.0
9

0
.0
7

0.
10

0
.0
8

0.
11

0
.1
3

0.
31

0
.2
6

1.
01

0
.5
7

2.
83

1
.2
6

6.
64

8
0
.0
9

0
.0
4

0
.1
0

0
.0
4

0.
09

0
.0
4

0.
10

0
.0
5

0.
17

0
.1
2

0
.3
5

0.
36

0
.6
6

0.
97

1
.2
0

2.
28

0
.1
0

0.
12

0
.1
0

0
.1
2

0
.1
0

0.
14

0
.1
1

0.
16

0
.1
7

0.
45

0
.3
4

1.
51

0
.8
0

4.
39

1
.5
1

10
.7
0

1
3

0
.1
8

0
.0
9

0
.1
9

0
.0
8

0.
19

0
.0
9

0.
21

0
.1
1

0.
33

0
.2
8

0
.7
0

0.
84

1
.3
0

2.
26

2
.3
7

4.
93

0
.4
1

0.
49

0
.4
1

0
.5
1

0
.4
1

0.
51

0
.4
3

0.
61

0
.5
5

1.
73

0
.9
6

6.
07

2
.0
0

18
.3
2

4
.0
5

45
.3
4

1
8

0
.3
4

0
.1
7

0
.3
0

0
.1
7

0.
36

0
.1
8

0.
39

0
.2
0

0.
56

0
.5
1

0
.9
9

1.
46

2
.1
0

3.
70

3
.6
5

8.
23

0
.9
8

1.
21

0
.9
9

1
.1
7

0
.9
9

1.
23

1
.0
8

1.
45

1
.2
5

4.
09

2
.0
5

15
.2
2

4
.2
1

47
.4
8

8
.6
6
12

2.
18

2
3

0
.4
6

0
.2
9

0
.4
7

0
.3
0

0.
47

0
.2
9

0.
51

0
.3
4

0.
77

0
.7
2

1
.4
1

1.
99

2
.7
0

5.
06

4
.9
6

11
.2
2

1
.7
6

2.
13

1
.7
6

2
.1
2

1
.8
1

2.
21

1
.8
2

2.
60

2
.1
6

7.
46

3
.5
3

28
.7
2

7
.3
2

90
.0
3

1
4
.7
3
23

5.
44

2
8

0
.6
4

0
.4
4

0
.6
1

0
.4
6

0.
64

0
.4
5

0.
68

0
.5
1

1.
00

1
.0
0

1
.8
6

2.
66

3
.4
6

6.
65

6
.2
4

14
.7
7

2
.7
5

3.
41

2
.8
2

3
.4
0

2
.7
6

3.
48

2
.8
9

4.
14

3
.4
7

12
.1
3

5
.5
2

47
.7
0

1
1
.1
2
15

3.
37

2
2
.9
3
41

0.
15

3



T
ab

le
A

.2
:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
3

M
on

om
ia

l
D

eg
re

e
1

2
5

10
20

30
40

50

V
er

t.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
L

aw
.

T
ri

.
5

0.
01

0.
01

0.
02

0.
01

0.
02

0.
01

0.
02

0.
01

0.
02

0.
01

0.
02

0.
03

0.
03

0.
06

0.
04

0.
16

0.
01

0.
01

0.
01

0.
01

0.
01

0.
01

0.
01

0.
01

0.
01

0.
02

0.
02

0.
04

0.
03

0.
09

0.
05

0.
21

6
0.

03
0.

01
0.

02
0.

01
0.

02
0.

01
0.

02
0.

01
0.

03
0.

01
0.

03
0.

04
0.

04
0.

10
0.

04
0.

19
0.

01
0.

02
0.

01
0.

02
0.

01
0.

01
0.

01
0.

02
0.

01
0.

03
0.

02
0.

08
0.

05
0.

29
0.

12
0.

55
7

0.
03

0.
01

0.
03

0.
01

0.
02

0.
01

0.
02

0.
01

0.
02

0.
02

0.
03

0.
04

0.
05

0.
12

0.
05

0.
26

0.
02

0.
02

0.
02

0.
02

0.
02

0.
02

0.
02

0.
02

0.
02

0.
04

0.
03

0.
16

0.
07

0.
56

0.
16

0.
98

8
0.

02
0.

01
0.

02
0.

01
0.

02
0.

01
0.

03
0.

01
0.

03
0.

02
0.

04
0.

06
0.

07
0.

17
0.

06
0.

34
0.

03
0.

03
0.

03
0.

03
0.

03
0.

03
0.

03
0.

03
0.

03
0.

06
0.

04
0.

21
0.

13
0.

66
0.

13
1.

32
13

0.
03

0.
01

0.
03

0.
01

0.
04

0.
01

0.
03

0.
01

0.
04

0.
04

0.
11

0.
12

0.
11

0.
37

0.
11

0.
59

0.
11

0.
11

0.
11

0.
11

0.
11

0.
11

0.
11

0.
12

0.
11

0.
26

0.
13

0.
95

0.
23

2.
93

0.
41

6.
68

18
0.

05
0.

01
0.

05
0.

01
0.

06
0.

01
0.

05
0.

01
0.

06
0.

06
0.

08
0.

18
0.

20
0.

45
0.

19
0.

90
0.

21
0.

22
0.

21
0.

21
0.

22
0.

21
0.

24
0.

22
0.

22
0.

57
0.

25
2.

09
0.

46
6.

57
0.

73
16

.3
0

23
0.

04
0.

01
0.

05
0.

01
0.

05
0.

01
0.

06
0.

02
0.

07
0.

07
0.

10
0.

21
0.

21
0.

68
0.

22
1.

10
0.

38
0.

38
0.

38
0.

38
0.

38
0.

39
0.

39
0.

42
0.

38
1.

08
0.

47
4.

50
0.

86
14

.5
6

1.
43

32
.4

4
28

0.
06

0.
02

0.
06

0.
02

0.
05

0.
02

0.
06

0.
02

0.
06

0.
09

0.
11

0.
28

0.
27

0.
87

0.
28

1.
60

0.
68

0.
70

0.
69

0.
69

0.
68

0.
69

0.
70

0.
79

0.
71

1.
96

0.
83

8.
00

1.
52

27
.0

6
2.

90
75

.8
0

4



T
ab

le
A

.3
:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
4

M
on

om
ia
l
D
eg
re
e

1
2

5
10

20
30

40
50

V
er
t.

C
o
n
e.

T
ri
.

C
o
n
e.

T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

6
0.
07

0
.0
4

0
.0
8

0
.0
4

0.
08

0
.0
3

0.
10

0
.0
4

0.
29

0
.1
6

0.
98

0
.6
9

2.
68

2
.3
6

6.
62

6
.2
9

0
.1
1

0.
13

0
.1
1

0
.1
3

0
.1
2

0.
14

0
.1
3

0.
18

0
.3
6

0.
80

1
.2
9

4.
02

4
.0
3

14
.7
6

1
0
.6
8

43
.3
2

7
0.
12

0
.0
4

0
.1
3

0
.0
5

0.
13

0
.0
5

0.
15

0
.0
6

0.
46

0
.2
8

1.
73

1
.3
1

4.
61

4
.3
9

1
0
.9
9

11
.6
0

0
.3
4

0
.3
8

0
.3
5

0.
38

0
.3
5

0.
40

0
.3
7

0.
53

0
.7
3

2.
60

2
.3
6

13
.6
6

6
.9
8

51
.1
1

1
8
.6
5
15

8.
32

8
0.
13

0
.0
5

0
.1
4

0
.0
5

0.
14

0
.0
6

0.
19

0
.0
8

0.
69

0
.4
0

2.
38

1
.9
8

6.
76

6
.4
9

1
5
.8
9

18
.5
7

0
.7
0

0
.8
0

0
.7
1

0.
79

0
.7
1

0.
82

0
.7
5

1.
09

1
.2
7

5.
80

3
.6
5

31
.4
9

1
0
.8
8
12

4.
72

2
9
.2
7
39

4.
53

9
0.
19

0
.0
7

0
.1
6

0
.0
7

0.
17

0
.0
7

0.
22

0
.1
1

0.
92

0
.6
1

3.
28

2
.8
1

9
.2
3

9.
73

2
1
.6
8

27
.3
3

1
.4
7

1.
66

1
.4
6

1
.6
6

1
.4
9

1.
70

1
.5
6

2.
26

2
.2
8

12
.2
0

5
.8
5

68
.5
7

1
7
.0
5
26

8.
34

4
5
.8
0

–

14
0.
38

0
.1
8

0
.3
4

0
.1
8

0.
39

0
.1
9

0.
56

0
.3
0

2.
13

1
.6
9

8.
10

8
.0
4

2
3
.1
1

28
.0
7

5
5
.9
4

78
.4
6

9
.6
1

1
0
.9
7

9
.5
9

11
.0
3

9
.6
6

11
.3
9

9
.8
1

15
.5
3

1
2
.4
1

95
.8
1

2
5
.9
6

–
7
0
.9
3

–
1
9
8
.4
8

–

19
0.
57

0
.3
5

0
.5
8

0
.3
6

0.
64

0
.3
8

0.
86

0
.5
6

3.
64

3
.0
0

14
.5
9

1
4
.3
1

4
0
.5
8

49
.0
9

9
5
.8
3
13

4.
31

7
4
.5
5

78
.6
3

7
4
.1
0

78
.8
1

7
4
.7
1

79
.8
6

7
4
.7
8

93
.9
5

8
1
.7
7
38

7.
66

1
1
6
.6
0

–
2
3
4
.7
7

–
–

–

24
0.
83

0
.6
0

0
.8
4

0
.6
0

0.
91

0
.6
3

1.
27

0
.9
3

5.
47

4
.7
0

2
0
.6
2

21
.5
8

5
9
.7
7

73
.7
5

14
7.
65

0
.0
0

1
9
1
.1
4
2
00

.7
7

1
9
0
.8
6
20

0
.5
6

1
9
0
.9
3
20

5.
28

1
9
1
.0
8
23

9.
63

2
0
1
.5
1

–
2
7
1
.2
5

–
5
0
4
.4
8

–
–

–

29
1.
19

0
.9
1

1
.1
5

0
.9
4

1.
22

0
.9
9

1.
70

1
.3
3

7.
42

6
.2
3

2
9
.0
6

29
.2
5

8
2
.8
9

97
.8
6

2
0
4
.6
6
26

9.
14

3
8
9
.4
9
4
11

.8
5

3
8
8
.7
8
40

9
.7
9

3
9
0
.2
5
41

2.
63

3
9
0
.9
1
48

5.
34

4
0
8
.6
9

–
–

–
–

–
–

–

5



T
ab

le
A

.4
:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
4

M
on

om
ia

l
D

eg
re

e
1

2
5

10
20

30
40

50

V
er

t.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
6

0.
02

0.
01

0.
03

0.
01

0.
02

0.
01

0.
03

0.
01

0.
05

0.
03

0.
16

0.
16

0.
44

0.
52

0.
76

1.
32

0.
03

0.
03

0.
03

0.
04

0.
03

0.
04

0.
04

0.
04

0.
06

0.
21

0.
21

1.
05

0.
66

3.
98

1.
34

10
.2

9
7

0.
02

0.
01

0.
03

0.
01

0.
02

0.
01

0.
03

0.
01

0.
08

0.
06

0.
28

0.
29

0.
66

0.
96

1.
46

2.
38

0.
10

0.
11

0.
10

0.
10

0.
10

0.
11

0.
10

0.
13

0.
14

0.
81

0.
42

4.
54

1.
15

14
.5

4
3.

46
49

.4
5

8
0.

03
0.

01
0.

03
0.

01
0.

03
0.

01
0.

04
0.

02
0.

11
0.

10
0.

40
0.

43
1.

04
1.

63
1.

80
3.

03
0.

23
0.

24
0.

23
0.

24
0.

23
0.

24
0.

23
0.

28
0.

29
1.

46
0.

64
8.

31
1.

97
32

.4
5

4.
55

10
5.

30
9

0.
04

0.
01

0.
04

0.
01

0.
04

0.
02

0.
04

0.
02

0.
14

0.
13

0.
56

0.
64

1.
22

1.
72

2.
45

5.
49

0.
48

0.
50

0.
48

0.
51

0.
49

0.
51

0.
49

0.
56

0.
51

2.
97

1.
12

17
.9

3
2.

43
52

.0
8

6.
93

–
14

0.
05

0.
01

0.
04

0.
01

0.
05

0.
02

0.
07

0.
04

0.
29

0.
31

1.
03

1.
47

3.
21

6.
14

4.
90

13
.5

0
4.

93
4.

97
4.

91
4.

97
4.

92
5.

00
4.

93
5.

70
5.

04
22

.3
3

6.
16

–
13

.7
2

–
25

.2
8

–
19

0.
05

0.
01

0.
05

0.
01

0.
06

0.
02

0.
11

0.
06

0.
55

0.
53

2.
04

2.
81

5.
11

9.
79

9.
58

21
.7

1
13

.7
1

13
.9

4
13

.6
1

13
.9

5
13

.7
5

14
.1

7
13

.7
9

16
.3

8
14

.4
4

71
.1

0
17

.7
2

–
32

.3
2

–
–

–
24

0.
05

0.
02

0.
05

0.
02

0.
06

0.
02

0.
13

0.
10

0.
84

0.
91

3.
01

3.
95

8.
38

11
.5

1
18

.0
0

–
26

.7
6

27
.6

4
26

.5
7

27
.5

4
26

.7
2

28
.4

4
26

.7
3

34
.9

3
28

.0
4

–
37

.6
1

–
66

.7
3

–
–

–
29

0.
06

0.
02

0.
06

0.
02

0.
07

0.
04

0.
17

0.
12

1.
13

1.
09

4.
06

5.
10

11
.7

0
16

.2
1

22
.3

1
38

.3
0

54
.9

2
58

.1
0

55
.2

2
57

.5
9

55
.4

8
57

.9
8

54
.9

8
64

.0
7

57
.4

2
–

–
–

–
–

–
–

6



T
ab

le
A

.5
:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
5

M
on

om
ia
l
D
eg
re
e

1
2

5
10

20
30

40
50

V
er
t.

C
o
n
e.

T
ri
.
C
on

e.
T
ri
.
C
o
n
e.

T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

7
0.
05

0
.0
1

0
.1
2

0
.0
6

0
.1
1

0
.0
6

0.
18

0
.0
8

1.
03

0
.4
7

5.
05

2
.8
7

20
.7
8

1
3
.6
9

61
.2
7

4
2
.7
8

0
.0
1

0.
05

0
.0
2

0.
05

0
.0
2

0
.0
8

0
.1
1

0.
39

2
.3
9

9.
30

2
0
.3
7

84
.9
3

1
0
9
.0
8

46
9.
74

4
1
9
.7
3

–

8
0.
15

0
.0
8

0
.1
5

0
.0
8

0
.1
8

0
.0
8

0.
27

0
.1
3

2.
00

1
.0
0

10
.5
6

6
.5
6

40
.6
6

3
0
.4
0

11
9.
09

9
4
.2
2

0
.0
2

0.
25

0
.0
2

0.
27

0
.0
3

0
.4
1

0
.2
0

2.
21

4
.9
5

59
.6
8

4
3
.9
2

–
2
4
3
.1
0

–
–

–

9
0.
19

0
.1
0

0
.1
9

0
.1
0

0
.2
4

0
.1
1

0.
38

0
.1
7

3.
09

1
.5
3

18
.1
7

1
0
.9
5

66
.5
5

5
2
.4
2

19
7.
45

1
5
9
.9
9

0
.0
2

0.
89

0
.0
2

0.
93

0
.0
4

1
.3
7

0
.3
3

7.
26

8
.4
5

19
5.
12

7
7
.7
0

–
4
3
9
.6
0

–
–

–

10
0.
26

0
.1
2

0
.2
4

0
.1
2

0
.2
9

0
.1
3

0.
54

0
.2
5

4.
52

2
.4
5

26
.3
9

1
6
.8
0

98
.0
0

7
4
.7
1

28
7.
56

2
4
4
.1
3

0
.0
2

2.
36

0
.0
3

2.
45

0
.0
6

3
.6
0

0
.5
0

18
.5
0

1
3
.7
6

–
1
3
0
.2
9

–
–

–
–

–

15
0.
70

0
.3
3

0
.7
0

0
.3
4

0
.8
2

0
.3
8

1.
72

0
.7
7

16
.3
3

8
.7
1

93
.4
7

6
2
.0
2

38
4.
07

2
6
6
.2
1

–
–

0
.0
4

52
.7
7

0
.0
6

54
.2
9

0
.2
1

76
.4
2

2
.7
0
38

9.
61

7
9
.0
4

–
–

–
–

–
–

–

20
1.
36

0
.7
4

1
.3
8

0
.7
6

1
.6
1

0
.8
2

3.
70

1
.5
8

36
.4
8

1
6
.7
3

19
7.
10

1
1
9
.1
5

–
–

–
–

0
.0
8
28

4
.7
2

0
.1
3
29

0
.0
9

0
.5
8
3
9
8.
24

8
.3
3

–
2
4
7
.1
3

–
–

–
–

–
–

–

25
2.
18

1
.3
3

2
.2
1

1
.3
2

2
.6
4

1
.4
7

5.
51

2
.7
3

54
.6
1

2
8
.6
2

30
8.
82

1
9
7
.4
7

–
–

–
–

0
.1
3

–
0
.2
3

–
1
.2
0

–
1
8
.7
7

–
–

–
–

–
–

–
–

–

30
3.
34

2
.1
5

3
.3
8

2
.1
7

3
.8
5

2
.3
8

7.
96

4
.0
9

78
.6
8

4
2
.1
8

4
5
3
.2
8

–
–

–
–

–
0
.2
0

–
0
.3
8

–
2
.1
9

–
3
5
.6
3

–
–

–
–

–
–

–
–

–

7



T
ab

le
A

.6
:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
5

M
on

om
ia

l
D

eg
re

e
1

2
5

10
20

30
40

50

V
er

t.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
7

0.
00

0.
00

0.
02

0.
01

0.
02

0.
01

0.
03

0.
01

0.
26

0.
15

1.
11

0.
81

3.
62

3.
69

9.
57

9.
96

0.
01

0.
02

0.
01

0.
02

0.
01

0.
02

0.
04

0.
16

0.
65

3.
42

5.
04

29
.6

4
24

.7
6

15
6.

59
88

.5
8

–
8

0.
02

0.
01

0.
02

0.
01

0.
03

0.
01

0.
05

0.
03

0.
52

0.
30

2.
60

2.
11

6.
73

7.
92

20
.0

2
22

.5
1

0.
01

0.
07

0.
01

0.
07

0.
01

0.
10

0.
06

0.
77

1.
42

22
.4

8
10

.7
3

–
48

.0
5

–
–

–
9

0.
04

0.
01

0.
03

0.
02

0.
03

0.
01

0.
07

0.
03

0.
84

0.
49

4.
35

3.
22

13
.4

9
15

.1
6

30
.7

0
33

.5
7

0.
01

0.
23

0.
01

0.
25

0.
01

0.
40

0.
11

2.
63

2.
54

73
.7

1
19

.3
7

–
93

.5
9

–
–

–
10

0.
03

0.
01

0.
03

0.
01

0.
04

0.
01

0.
10

0.
05

1.
21

0.
81

6.
08

4.
97

18
.6

5
19

.8
1

47
.0

7
55

.7
3

0.
01

0.
58

0.
01

0.
59

0.
02

0.
92

0.
17

7.
21

4.
62

–
36

.9
7

–
–

–
–

–
15

0.
05

0.
02

0.
06

0.
02

0.
08

0.
02

0.
40

0.
17

4.
26

2.
55

24
.2

5
16

.1
1

75
.3

5
61

.9
2

–
–

0.
01

12
.2

8
0.

01
12

.7
9

0.
06

21
.0

5
1.

08
16

2.
90

25
.1

9
–

–
–

–
–

–
–

20
0.

10
0.

03
0.

08
0.

04
0.

12
0.

05
0.

78
0.

29
9.

73
4.

85
44

.8
0

33
.2

9
–

–
–

–
0.

01
57

.6
1

0.
02

59
.6

6
0.

15
75

.4
2

2.
89

–
74

.4
6

–
–

–
–

–
–

–
25

0.
11

0.
05

0.
12

0.
06

0.
19

0.
07

1.
08

0.
50

13
.9

7
8.

34
71

.0
4

50
.4

2
–

–
–

–
0.

01
–

0.
04

–
0.

34
–

6.
35

–
–

–
–

–
–

–
–

–
30

0.
15

0.
08

0.
16

0.
08

0.
25

0.
10

1.
50

0.
66

19
.9

1
11

.7
8

10
6.

13
–

–
–

–
–

0.
02

–
0.

08
–

0.
65

–
11

.6
7

–
–

–
–

–
–

–
–

–

8



T
ab

le
A

.7
:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
6

M
on

om
ia
l
D
eg
re
e

1
2

5
10

20
30

40
50

V
er
t.

C
o
n
e.

T
ri
.
C
on

e.
T
ri
.

C
o
n
e.

T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.

8
0.
19

0
.1
0

0.
18

0
.1
0

0
.1
9

0
.1
0

0.
31

0
.1
5

2.
89

1
.2
5

23
.3
7

1
1
.1
1
10

7.
58

6
0
.1
0
38

3.
18

2
4
0
.8
0

0
.0
2

0
.1
5

0
.0
2

0.
16

0
.0
4

0.
27

0
.3
0

2.
18

9
.7
7

77
.2
3

1
1
8
.2
8

–
–

–
–

–

9
0.
23

0
.1
3

0.
23

0
.1
3

0
.2
6

0
.1
5

0.
55

0
.2
4

6.
72

2
.9
8

52
.8
2

2
6
.3
3
24

3.
92

1
4
0
.3
1

–
–

0
.0
2

1
.6
7

0
.0
2

1.
78

0
.0
7

2.
84

0
.6
7

20
.6
9

2
4
.3
1

–
3
0
6
.3
1

–
–

–
–

–

1
0

0.
35

0
.1
7

0.
34

0
.1
8

0
.4
0

0
.1
8

0.
92

0
.3
9

12
.8
2

5
.4
7

99
.1
0

4
8
.9
3
45

4.
53

2
7
1
.3
0

–
–

0
.0
3

9
.4
5

0
.0
4

9.
91

0
.1
2

15
.2
6

1
.2
9

10
7.
74

5
0
.8
4

–
–

–
–

–
–

–

1
1

0.
40

0
.2
1

0.
39

0
.2
2

0
.4
9

0
.2
4

1.
40

0
.5
6

20
.0
4

8
.8
4

16
6.
73

8
4
.0
0

–
–

–
–

0
.0
3

3
6
.6
3

0
.0
5

3
8.
91

0
.1
9

57
.4
1

2
.3
8

39
9.
21

1
0
1
.1
1

–
–

–
–

–
–

–

1
6

1.
76

0
.6
3

1.
83

0
.6
4

2
.2
2

0
.7
8

6.
56

2
.1
5

10
1.
65

3
9
.9
5

–
–

–
–

–
–

0
.1
5

–
0
.2
4

–
1
.7
8

–
2
2
.6
5

–
–

–
–

–
–

–
–

–

2
1

4.
48

1
.5
8

4.
59

1
.6
0

5
.4
7

1
.8
4

15
.1
4

4
.9
1

23
2.
43

8
9
.8
9

–
–

–
–

–
–

0
.4
1

–
0
.7
3

–
7
.2
1

–
9
1
.9
2

–
–

–
–

–
–

–
–

–

2
6

8.
84

3
.2
5

9.
11

3
.3
1

10
.5
8

3
.7
6

27
.3
7

9
.2
1

–
–

–
–

–
–

–
–

0
.9
7

–
1
.8
7

–
2
0
.8
6

–
2
6
1
.1
3

–
–

–
–

–
–

–
–

–

3
1

14
.5
7

5
.8
3

1
5
.0
5

5
.9
0

1
7.
27

6
.7
1

43
.0
7

1
4
.3
1

–
–

–
–

–
–

–
–

1
.8
9

–
3
.8
4

–
4
5
.7
5

–
–

–
–

–
–

–
–

–
–

–

9



T
ab

le
A

.8
:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
6

M
on

om
ia

l
D

eg
re

e
1

2
5

10
20

30
40

50

V
er

t.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
L

aw
.

T
ri

.
8

0.
04

0.
01

0.
02

0.
01

0.
02

0.
01

0.
06

0.
02

0.
85

0.
41

6.
07

3.
25

22
.1

3
15

.8
4

53
.3

0
54

.6
9

0.
01

0.
03

0.
01

0.
03

0.
01

0.
07

0.
10

0.
82

3.
11

29
.3

8
29

.7
5

–
–

–
–

–
9

0.
03

0.
01

0.
03

0.
01

0.
03

0.
01

0.
12

0.
04

2.
02

0.
88

13
.3

5
8.

48
52

.9
3

42
.3

5
–

–
0.

01
0.

49
0.

01
0.

53
0.

02
0.

95
0.

22
8.

88
8.

43
–

82
.3

4
–

–
–

–
–

10
0.

03
0.

02
0.

04
0.

02
0.

05
0.

02
0.

20
0.

09
3.

97
2.

04
24

.1
9

15
.8

4
90

.5
4

80
.2

4
–

–
0.

01
2.

42
0.

01
2.

61
0.

03
4.

43
0.

45
45

.8
6

18
.4

6
–

–
–

–
–

–
–

11
0.

04
0.

01
0.

04
0.

02
0.

06
0.

02
0.

35
0.

15
6.

39
3.

03
45

.2
1

30
.2

8
–

–
–

–
0.

01
8.

60
0.

01
9.

02
0.

06
14

.6
8

0.
76

14
8.

63
35

.4
0

–
–

–
–

–
–

–
16

0.
14

0.
03

0.
14

0.
03

0.
23

0.
05

1.
74

0.
58

31
.6

5
13

.2
7

–
–

–
–

–
–

0.
02

–
0.

05
–

0.
62

–
8.

62
–

–
–

–
–

–
–

–
–

21
0.

39
0.

07
0.

39
0.

08
0.

58
0.

14
3.

55
1.

13
65

.2
9

30
.3

5
–

–
–

–
–

–
0.

06
–

0.
19

–
2.

67
–

35
.4

5
–

–
–

–
–

–
–

–
–

26
0.

76
0.

18
0.

79
0.

17
1.

02
0.

29
6.

30
2.

25
–

–
–

–
–

–
–

–
0.

13
–

0.
51

–
7.

67
–

91
.1

1
–

–
–

–
–

–
–

–
–

31
1.

05
0.

32
1.

11
0.

38
1.

45
0.

49
9.

73
2.

98
–

–
–

–
–

–
–

–
0.

22
–

1.
03

–
16

.4
3

–
–

–
–

–
–

–
–

–
–

–

10



T
ab

le
A

.9
:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
7

M
on

om
ia
l
D
eg
re
e

1
2

5
10

20
30

40
50

V
er
t.

C
o
n
e.

T
ri
.

C
o
n
e.

T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.

C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.
C
on

e.
T
ri
.

9
0.
27

0
.1
7

0.
27

0
.1
8

0.
30

0
.1
9

0.
57

0
.2
6

8.
81

2
.7
9

93
.1
7

3
2
.2
7

–
–

–
–

0
.0
2

0.
54

0
.0
3

0.
58

0
.0
7

1.
11

0
.7
4

10
.8
0

3
4
.1
8

–
–

–
–

–
–

–

10
0.
41

0
.2
2

0.
41

0
.2
1

0.
46

0
.2
4

1.
19

0
.4
3

22
.6
7

7
.4
1
24

4.
00

9
1
.7
6

–
–

–
–

0
.0
4

11
.6
6

0
.0
5

12
.4
3

0
.1
6

21
.4
7

2
.0
6

19
0.
98

1
0
6
.4
3

–
–

–
–

–
–

–

11
0.
57

0
.2
9

0.
57

0
.2
8

0.
71

0
.3
1

2.
21

0
.7
1

49
.5
2

1
4
.5
2

–
–

–
–

–
–

0
.0
5

1
00

.0
4

0
.0
8

1
0
5.
87

0
.3
3

17
2.
43

5
.0
5

–
2
8
2
.4
1

–
–

–
–

–
–

–

12
0.
82

0
.3
7

0.
84

0
.3
7

1.
05

0
.4
1

3.
94

1
.1
1

85
.4
5

2
5
.3
3

–
–

–
–

–
–

0
.0
9

–
0
.1
4

–
0
.7
1

–
1
2
.0
8

–
–

–
–

–
–

–
–

–

17
4.
55

1
.2
1

4.
65

1
.2
5

5.
90

1
.5
5

20
.8
8

5
.4
7

–
–

–
–

–
–

–
–

0
.5
9

–
1
.5
5

–
1
1
.4
1

–
2
3
9
.0
5

–
–

–
–

–
–

–
–

–

22
1
5
.5
7

2
.7
7

1
5
.9
2

2
.7
8

19
.2
0

3
.6
8

59
.7
7

1
3
.3
3

–
–

–
–

–
–

–
–

2
.8
0

–
8
.8
5

–
6
9
.7
1

–
–

–
–

–
–

–
–

–
–

–

27
3
6
.3
8

1
0
.5
9

3
7.
29

1
2
.1
5

43
.4
5

1
1
.6
6

12
4.
57

3
3
.4
8

–
–

–
–

–
–

–
–

8
.9
3

–
3
0
.6
1

–
2
4
3
.6
0

–
–

–
–

–
–

–
–

–
–

–

32
7
1
.8
4

4
0
.7
4

7
3.
22

4
0
.9
2

83
.1
6

4
2
.4
7

21
2.
32

7
4
.2
6

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

11



T
ab

le
A

.1
0:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

ra
n
d
om

si
m

p
li
ci

al
p

ol
y
to

p
es

an
d

th
ei

r
d
u
al

s
in

d
im

en
si

on
7

M
on

om
ia

l
D

eg
re

e
1

2
5

10
20

30
40

50

V
er

t.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
C

on
e.

T
ri

.
9

0.
02

0.
01

0.
02

0.
01

0.
03

0.
02

0.
12

0.
04

3.
27

1.
06

30
.5

4
11

.6
6

–
–

–
–

0.
01

0.
13

0.
01

0.
14

0.
02

0.
33

0.
32

5.
40

13
.0

6
–

–
–

–
–

–
–

10
0.

03
0.

01
0.

03
0.

01
0.

05
0.

02
0.

35
0.

10
8.

90
2.

92
78

.3
0

31
.7

6
–

–
–

–
0.

01
3.

51
0.

01
3.

66
0.

05
7.

71
0.

91
10

1.
07

42
.8

7
–

–
–

–
–

–
–

11
0.

04
0.

02
0.

05
0.

02
0.

07
0.

02
0.

66
0.

22
19

.1
6

5.
82

–
–

–
–

–
–

0.
01

28
.4

5
0.

01
30

.2
7

0.
10

53
.9

2
2.

07
–

10
6.

40
–

–
–

–
–

–
–

12
0.

05
0.

02
0.

04
0.

02
0.

12
0.

03
1.

30
0.

36
30

.2
6

9.
60

–
–

–
–

–
–

0.
02

–
0.

03
–

0.
27

–
5.

23
–

–
–

–
–

–
–

–
–

17
0.

29
0.

06
0.

24
0.

06
0.

66
0.

15
6.

88
1.

88
–

–
–

–
–

–
–

–
0.

10
–

0.
42

–
4.

44
–

10
7.

21
–

–
–

–
–

–
–

–
–

22
1.

04
0.

22
1.

14
0.

25
2.

15
0.

48
18

.1
0

4.
75

–
–

–
–

–
–

–
–

0.
33

–
2.

37
–

27
.7

9
–

–
–

–
–

–
–

–
–

–
–

27
2.

82
2.

32
2.

97
2.

54
3.

77
2.

38
36

.5
6

10
.0

0
–

–
–

–
–

–
–

–
1.

30
–

8.
83

–
83

.6
1

–
–

–
–

–
–

–
–

–
–

–
32

5.
82

8.
73

6.
31

9.
48

8.
66

10
.2

5
54

.8
7

19
.0

2
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–

12



T
ab

le
A

.1
1:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

p
ol

y
to

p
es

in
Z

ie
gl

er
’s

D
at

ab
as

e
an

d
th

ei
r

d
u
al

s:
P

ar
t

I M
o
n
o
m
ia
l
D
e
g
re

e

1
2

5
1
0

2
0

3
0

4
0

5
0

P
o
ly
t.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
U
T
3

3
-4

0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
3

0
.0

2
0
.0
7

0
.0

5
0
.1
6

0
.1

2
0
.2
7

0
.2

5
0
.0

1
0
.0
1

0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
3

0
.0

2
0
.0
9

0
.0

6
0
.2
0

0
.1

3
0
.3
3

0
.2

8

H
C

3
-4

0
.0
1

0
.0

1
0
.0

1
0
.0
1

0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
3

0
.0

2
0
.0
6

0
.0

5
0
.1
4

0
.1

2
0
.2
7

0
.2

6
0
.0

1
0
.0
1

0
.0
1

0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0
3

0
.0

2
0
.0
7

0
.0

6
0
.1
6

0
.1

3
0
.3
3

0
.2

9

C
R
O

3
-6

0
.0
6

0
.0

2
0
.0
6

0
.0

3
0
.0
7

0
.0

3
0
.0
8

0
.0

3
0
.1
4

0
.0

8
0
.2
6

0
.2

0
0
.4

9
0
.5
1

0
.8

6
1
.0
7

0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

1
0
.0
3

0
.0

4
0
.0
8

0
.1

0
0
.2
4

0
.2

2
0
.6
4

0
.4

4
1
.4
4

S
h
a
ri
r

0
.0

3
0
.0
4

0
.0

3
0
.0
4

0
.0

3
0
.0
4

0
.0

4
0
.0
5

0
.0

6
0
.1
2

0
.1

3
0
.3
7

0
.2

9
0
.9
3

0
.5

6
2
.1
1

0
.0
9

0
.0

2
0
.0
9

0
.0

2
0
.0
7

0
.0

2
0
.1
1

0
.0

4
0
.2

3
0
.2
4

0
.7

5
1
.0
6

2
.0

9
3
.3
5

4
.9

8
8
.7
4

C
F

4
-5

0
.0
1

0
.0

1
0
.0

2
0
.0
2

0
.0
2

0
.0

2
0
.0
3

0
.0

2
0
.1
2

0
.0

7
0
.4
3

0
.2

6
1
.1
4

0
.8

0
2
.7
4

2
.1

7
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
2

0
.0

2
0
.1
2

0
.0

7
0
.4
6

0
.2

9
1
.3
2

0
.9

2
3
.4
0

2
.5

6

B
IR

3
4
-6

0
.0
6

0
.0

3
0
.0
7

0
.0

3
0
.0
8

0
.0

3
0
.1
3

0
.0

4
0
.4
3

0
.2

2
1
.4
5

0
.8

5
3
.8
6

2
.6

5
8
.7
9

6
.7

8
0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

3
0
.0
4

0
.1

8
0
.3
2

0
.7

2
1
.3
9

1
.9

8
4
.5
7

4
.6

4
1
2
.6
8

c
y
c
li
c
4

8
0
.1
3

0
.0

5
0
.1
4

0
.0

5
0
.1
4

0
.0

5
0
.1
9

0
.0

8
0
.6
9

0
.4

6
2
.4
7

2
.1

4
7
.1

1
7
.8
4

1
6
.9

3
2
0
.6
1

0
.0

1
0
.0
8

0
.0

1
0
.0
9

0
.0

2
0
.1
0

0
.0

4
0
.2
2

0
.3

4
1
.8
4

1
.5

2
9
.9
2

4
.4

2
3
2
.9
3

1
0
.9

7
9
3
.6
6

n
e
ig
.
4

8
0
.1
3

0
.0

5
0
.1
2

0
.0

5
0
.1
5

0
.0

5
0
.2
1

0
.0

9
0
.7
5

0
.4

9
2
.7
4

2
.1

1
7
.1
8

6
.9

5
1
6
.3

7
1
8
.4
6

0
.0

2
0
.0
7

0
.0

1
0
.0
7

0
.0

2
0
.0
9

0
.0

4
0
.2
1

0
.3

2
1
.8
6

1
.3

9
9
.0
7

4
.1

6
3
2
.6
2

1
0
.5

4
8
7
.8
8

C
R
O

4
-8

0
.1
2

0
.0

4
0
.1
2

0
.0

5
0
.1
2

0
.0

5
0
.2
0

0
.0

9
0
.7
9

0
.4

8
2
.6
5

1
.9

2
6
.7
1

6
.2

7
1
4
.9

3
1
5
.9
3

0
.0

1
0
.0
4

0
.0

1
0
.0
4

0
.0

1
0
.0
5

0
.0

5
0
.1
5

0
.3

3
1
.1
9

1
.3

1
5
.5
6

3
.6

9
1
8
.2
9

8
.6

8
4
9
.3
7

H
C

4
-8

0
.1
0

0
.0

4
0
.1
2

0
.0

5
0
.1
2

0
.0

5
0
.1
9

0
.0

9
0
.7
6

0
.4

7
2
.5
2

1
.9

5
6
.6
5

6
.1

8
1
4
.8

6
1
6
.0
5

0
.0

1
0
.0
4

0
.0

1
0
.0
4

0
.0

1
0
.0
5

0
.0

4
0
.1
5

0
.3

3
1
.1
9

1
.3

0
5
.5
0

3
.6

8
1
7
.4
8

8
.6

4
4
6
.9
0

C
F

5
-6

0
.0

3
0
.0
3

0
.0

3
0
.0
3

0
.0
3

0
.0

3
0
.0
5

0
.0

4
0
.3
6

0
.1

8
1
.8
3

0
.9

6
6
.6
8

3
.8

6
1
8
.7
8

1
2
.6

3
0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0
2

0
.0

1
0
.0
4

0
.0

2
0
.4
3

0
.2

0
2
.3
8

1
.1

4
8
.8
4

4
.8

5
2
4
.6
5

1
5
.0

4

C
N
G

5
-6

a
0
.0
3

0
.0

3
0
.0
3

0
.0

3
0
.0
4

0
.0

3
0
.0
7

0
.0

4
0
.5
0

0
.2

2
2
.4
6

1
.1

3
8
.8
9

4
.6

2
2
4
.9
9

1
4
.1

1
0
.0
1

0
.0

1
0
.0

1
0
.0
1

0
.0
1

0
.0

1
0
.0
4

0
.0

2
0
.4
1

0
.1

9
2
.2
3

1
.0

8
8
.3
2

4
.6

4
2
3
.1
9

1
4
.2

9

C
N
G

5
-6

b
0
.0
3

0
.0

3
0
.0
3

0
.0

3
0
.0
4

0
.0

3
0
.0
8

0
.0

4
0
.5
6

0
.2

5
2
.7
7

1
.3

0
1
0
.0
4

5
.2

9
2
6
.8
9

1
5
.9

5
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
4

0
.0

2
0
.4
0

0
.1

9
2
.1
5

1
.0

6
8
.1
6

4
.5

0
2
2
.6
7

1
4
.2

8

E
Q
U

5
-7

a
0
.0
9

0
.0

4
0
.0
9

0
.0

5
0
.0
9

0
.0

5
0
.1
5

0
.0

7
1
.1
7

0
.4

7
5
.7
8

2
.9

1
2
0
.7
0

1
3
.2

0
6
0
.1
0

3
6
.7

5
0
.0

1
0
.0
2

0
.0

1
0
.0
3

0
.0

2
0
.0
3

0
.0
8

0
.0

8
0
.9

7
0
.9
9

5
.0

6
6
.0
7

1
9
.0

8
2
4
.7
9

5
1
.4

4
7
8
.5
4

E
Q
U

5
-7

b
0
.0
7

0
.0

5
0
.0
7

0
.0

4
0
.0
9

0
.0

5
0
.1
7

0
.0

8
1
.3
1

0
.5

4
6
.2
8

3
.4

2
2
2
.9
7

1
4
.5

6
6
1
.7
9

4
0
.4

6
0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

2
0
.0
3

0
.0

8
0
.0
9

0
.9

2
1
.0
0

4
.7

8
5
.9
9

1
8
.0

5
2
4
.7
5

4
8
.1

8
7
6
.8
5

C
Y
C

5
-8

0
.1
2

0
.0

6
0
.1
2

0
.0

6
0
.1
6

0
.0

7
0
.3
6

0
.1

5
2
.8
7

1
.3

3
1
4
.4
6

7
.4

4
4
8
.3
0

3
1
.9

4
1
3
1
.4
7

9
2
.4

6
0
.0

1
0
.0
9

0
.0

1
0
.0
9

0
.0

2
0
.1
2

0
.0

8
0
.3
6

1
.0

6
5
.1
9

6
.3

3
3
5
.4
6

2
3
.3

4
1
6
0
.9
9

6
7
.7

7
5
1
8
.9
9

O
A

5
-1

0
0
.2
0

0
.0

9
0
.2
1

0
.1

0
0
.2
8

0
.1

2
0
.7
8

0
.3

1
6
.8
0

3
.3

5
3
2
.0
5

1
8
.6

3
1
2
3
.5
8

7
5
.1

4
3
0
5
.5
9

2
3
3
.5

2
0
.1
2

0
.1

2
0
.1
3

0
.1

2
0
.1

7
0
.1
9

0
.5

5
0
.7
3

5
.4

1
1
0
.3
0

2
7
.9

8
6
0
.2
8

9
6
.4

7
2
5
7
.1
6

2
6
5
.9

9
–

C
R
O

5
-1

0
0
.1
8

0
.0

8
0
.2
0

0
.0

9
0
.2
6

0
.1

1
0
.6
2

0
.2

7
5
.6
7

2
.8

3
2
9
.4
0

1
6
.5

3
1
0
3
.7
8

6
5
.9

5
2
8
1
.2
2

2
1
0
.4

5
0
.0

2
0
.3
4

0
.0

2
0
.3
6

0
.0

3
0
.4
6

0
.1

3
1
.4
0

1
.7

0
1
7
.8
2

9
.5

3
1
1
0
.1
1

3
5
.8

6
4
9
2
.7
9

1
0
1
.2

8
–

E
G

5
-1

2
0
.2
8

0
.1

4
0
.2
8

0
.1

5
0
.4
1

0
.1

9
1
.1
9

0
.5

4
1
0
.7
4

6
.3

6
5
3
.3
7

3
4
.4

9
1
8
2
.8
5

1
4
3
.7

1
4
8
5
.9
0

4
5
3
.5

5
0
.1

3
0
.8
4

0
.1

1
0
.8
6

0
.1

5
1
.0
3

0
.4

3
2
.6
3

4
.6

2
3
0
.6
6

2
4
.7

6
1
9
5
.1
7

9
2
.4

2
–

2
5
9
.0

1
–

H
C

5
-1

6
0
.4
0

0
.0

7
0
.4
4

0
.0

7
0
.5
6

0
.1

3
1
.5
8

0
.6

9
1
4
.0
5

9
.5

9
6
6
.9
7

5
4
.1

2
2
4
0
.5
5

2
1
8
.5

7
–

–
0
.3
2

0
.2

7
0
.3
2

0
.2

8
0
.4
1

0
.4

0
1
.2

1
1
.3
9

1
3
.9

7
1
9
.0
5

7
5
.6

2
1
1
7
.9
1

3
0
2
.2

2
–

–
–

13



T
ab

le
A

.1
2:

A
ve

ra
ge

ti
m

e
of

50
ra

n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

p
ol

y
to

p
es

in
Z

ie
gl

er
’s

D
at

ab
as

e
an

d
th

ei
r

d
u
al

s:
P

ar
t

II M
o
n
o
m
ia
l
D
e
g
re

e

1
2

5
1
0

2
0

3
0

4
0

5
0

P
o
ly
t.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

O
A

5
-1

8
0
.4
8

0
.3

0
0
.4
9

0
.3

3
0
.5
9

0
.3

8
1
.3
3

1
.0

4
1
0
.3

4
1
1
.0
1

4
8
.8

9
5
9
.8
0

1
7
0
.6

0
2
4
5
.0
8

4
5
0
.5

0
–

0
.2
5

0
.1

1
0
.2
6

0
.1

1
0
.2
9

0
.1

5
0
.6
1

0
.5

6
5
.8

2
8
.9
4

3
2
.6

2
6
2
.0
8

1
2
9
.5

8
2
8
3
.9
2

3
7
3
.3

8
–

O
A

5
-2

4
0
.7
3

0
.5

9
0
.7
4

0
.6

0
0
.8
8

0
.7

3
1
.8
9

1
.7

6
1
5
.0

1
1
8
.7
5

6
6
.8

9
1
0
4
.2
8

2
3
4
.4

1
4
3
0
.1
5

–
–

0
.2
5

0
.1

2
0
.2
4

0
.1

2
0
.3
0

0
.1

7
0
.8
6

0
.7

1
1
0
.3
9

9
.6

2
5
4
.9

8
6
5
.5
1

2
1
3
.4

9
2
7
6
.1
5

–
–

C
F

6
-7

0
.0

5
0
.0
5

0
.0

5
0
.0
5

0
.0
5

0
.0

5
0
.1
1

0
.0

6
1
.1
3

0
.4

5
7
.9
8

3
.6

1
3
4
.3
9

1
6
.4

4
1
1
6
.4
2

6
3
.2

9
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
2

0
.0

1
0
.0
7

0
.0

3
1
.1
9

0
.4

7
9
.1
8

3
.9

5
4
1
.3
9

1
9
.7

3
1
4
2
.8
5

7
3
.9

2

C
U
T
4

6
-8

0
.1
5

0
.0

7
0
.1
5

0
.0

7
0
.1
8

0
.0

8
0
.4
8

0
.1

7
5
.6
0

2
.1

8
3
8
.6
5

1
6
.7

2
1
5
9
.9
9

7
4
.4

5
5
4
1
.5
0

2
8
0
.3

4
0
.0

1
0
.0
5

0
.0

2
0
.0
5

0
.0

3
0
.0
8

0
.1

9
0
.4
6

3
.1

6
8
.9
8

2
3
.1

3
7
2
.4
8

9
9
.7

5
3
7
5
.3
3

3
3
8
.4

0
–

O
A

6
-1

3
0
.5
7

0
.2

2
0
.6
2

0
.2

2
0
.9
8

0
.3

0
4
.6
8

1
.3

6
6
8
.0
7

2
5
.0

7
4
6
0
.6
3

1
9
6
.9

8
–

–
–

–
0
.5

4
5
.5
4

0
.5

6
5
.6
6

0
.6

3
6
.2
0

2
.0

0
1
3
.8
8

3
4
.6

0
2
2
1
.2
5

2
8
0
.4

2
–

–
–

–
–

A
S

6
-1

8
1
.1
7

0
.5

4
1
.2
8

0
.5

4
2
.0
6

0
.7

7
9
.8
1

3
.7

5
1
5
3
.4
9

7
2
.1

7
–

–
–

–
–

–
1
.2

8
8
0
.3
6

1
.3

0
7
8
.7
9

1
.5

8
8
6
.0
4

5
.3

3
1
2
1
.8
7

9
7
.8

2
–

–
–

–
–

–
–

H
C

6
-3

2
2
.3
0

2
.0

2
2
.4
1

2
.0

8
3
.6
0

2
.6

3
1
8
.2
7

1
0
.1

2
2
1
9
.4
3

1
7
6
.5

0
–

–
–

–
–

–
3
.2

0
3
.7
5

3
.2

6
3
.7
9

3
.6

3
4
.3
8

1
0
.8

6
1
3
.5
0

1
9
0
.8

1
2
4
7
.4
4

–
–

–
–

–
–

3
si
m
p
.

5
.5

3
6
.1
6

5
.5

2
6
.1
5

5
.9

6
7
.0
3

1
3
.2

2
1
5
.6
2

1
8
1
.3

9
2
4
8
.6
0

–
–

–
–

–
–

1
.2

3
1
.5
5

1
.4

3
1
.6
1

2
.9
3

2
.1

9
1
7
.3
0

9
.5

6
2
1
0
.9
2

1
7
4
.2

0
–

–
–

–
–

–

C
F

7
-8

0
.0
9

0
.0

9
0
.0
9

0
.0

9
0
.1
0

0
.0

9
0
.2
6

0
.1

2
3
.9
2

1
.2

8
3
6
.1
0

1
2
.7

9
1
8
1
.6
1

7
2
.8

3
–

3
2
2
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

1
0
.0
2

0
.0

2
0
.1
0

0
.0

4
2
.4
1

0
.8

8
2
4
.6
9

1
0
.1

9
1
3
3
.5
6

6
4
.0

9
–

2
9
0
.6

8

O
A

7
-1

8
3
.3
5

0
.8

8
3
.5
6

0
.8

9
6
.4
4

1
.4

1
3
9
.7
0

9
.3

0
–

2
6
6
.9

1
–

–
–

–
–

–
1
4
.1

8
–

1
4
.3

3
–

1
5
.4

9
–

3
3
.8

4
–

–
–

–
–

–
–

–
–

H
C

7
-6

4
1
3
.8

6
6
7
.1
9

1
4
.5

9
6
2
.6
0

2
3
.5

0
6
7
.3
1

1
2
5
.2

4
1
4
5
.0
7

–
–

–
–

–
–

–
–

6
1
.6

4
–

6
1
.9

2
3
1
8
.9
7

6
3
.3

7
–

9
6
.2

2
–

–
–

–
–

–
–

–
–

C
F

8
-9

0
.1

4
0
.1
4

0
.1
5

0
.1

4
0
.1
6

0
.1

5
0
.4
8

0
.2

1
1
0
.5
4

3
.0

0
1
1
3
.4
4

3
5
.4

8
–

2
4
0
.0

4
–

–
0
.0
1

0
.0

1
0
.0
1

0
.0

1
0
.0
3

0
.0

1
0
.1
8

0
.0

6
5
.1
5

1
.8

4
6
2
.7
0

2
4
.4

0
4
0
4
.5
3

1
7
6
.9

9
–

–

H
A
M

8
-1

6
1
.5
7

0
.6

0
1
.7
1

0
.6

4
4
.4
2

1
.0

3
4
1
.2
2

8
.1

6
–

3
3
8
.4

3
–

–
–

–
–

–
0
.1

2
–

0
.1

6
–

0
.5

6
–

6
.7

0
–

2
5
5
.0

9
–

–
–

–
–

–
–

O
A

8
-2

5
3
9
.6
2

1
0
.1

6
4
1
.1
9

1
0
.5

7
6
7
.3
3

1
3
.5

7
4
2
8
.9
7

8
4
.5

1
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–

H
C

8
-1

2
8

8
8
.2

8
–

9
3
.9

9
–

1
4
2
.6

1
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

C
F

9
-1

0
0
.2
1

0
.2

1
0
.2

1
0
.2
1

0
.2
4

0
.2

1
0
.6
7

0
.3

0
1
7
.4
1

4
.3

8
2
4
8
.6
4

7
1
.2

4
–

–
–

–
0
.0
2

0
.0

1
0
.0
2

0
.0

1
0
.0
3

0
.0

1
0
.2
4

0
.0

7
9
.8
9

3
.0

7
1
6
1
.9
7

5
4
.3

0
–

–
–

–

B
IR

4
9
-2

4
6
.1
3

2
.2

3
6
.3
4

2
.2

6
1
0
.5
8

3
.0

4
1
0
4
.0
0

2
3
.1

2
–

–
–

–
–

–
–

–
1
.5
5

0
.1

7
1
.6
0

0
.1

7
2
.3
6

0
.3

7
2
1
.3
0

5
.1

0
–

3
0
9
.3

5
–

–
–

–
–

–

C
F

1
0
-1

1
0
.3
4

0
.3

4
0
.3
5

0
.3

4
0
.4
3

0
.3

5
1
.0
7

0
.4

4
3
2
.6
4

7
.2

8
–

1
4
5
.6

3
–

–
–

–
0
.0
2

0
.0

2
0
.0
2

0
.0

2
0
.0
4

0
.0

2
0
.3
3

0
.0

8
1
7
.7
0

4
.3

0
3
3
8
.9
3

9
3
.4

5
–

–
–

–

C
U
T
5

1
0
-1

6
3
.0
2

0
.9

4
3
.6
6

0
.9

5
1
0
.2
2

1
.5

7
1
0
6
.9
4

1
4
.2

3
–

–
–

–
–

–
–

–
3
7
.8

4
–

3
9
.3

7
–

6
1
.5

0
–

4
6
8
.1

4
–

–
–

–
–

–
–

–
–

M
J

1
6
-1

7
2
.6
8

2
.5

0
2
.4
6

2
.4

5
2
.7
4

2
.5

2
8
.3
6

2
.8

6
–

6
5
.6

5
–

–
–

–
–

–
0
.0
7

0
.0

2
0
.0
8

0
.0

3
0
.1
4

0
.0

4
1
.6
5

0
.2

5
2
4
1
.7
5

3
7
.7

5
–

–
–

–
–

–

M
J

3
2
-3

3
8
7
.9
9

7
9
.3

5
8
3
.2
6

8
0
.0

7
8
9
.6
5

7
8
.5

6
2
4
1
.0
0

8
4
.8

1
–

–
–

–
–

–
–

–
1
.4
3

0
.1

4
1
.6
6

0
.1

4
4
.5
8

0
.2

1
8
8
.9
0

2
.1

1
–

–
–

–
–

–
–

–

14



T
ab

le
A

.1
3:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

p
ol

y
to

p
es

in
Z

ie
gl

er
’s

D
at

ab
as

e
an

d
th

ei
r

d
u
al

s:
P

ar
t

I

M
o
n
o
m
ia
l
D
e
g
re

e

1
2

5
1
0

2
0

3
0

4
0

5
0

P
o
ly
t.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
U
T
3

3
-4

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
2

0
.0
4

0
.0
2

H
C

3
-4

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

C
R
O

3
-6

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
2

0
.0
4

0
.0
4

0
.0
4

0
.0
5

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
2

0
.0
2

0
.0
7

0
.0
2

0
.0
9

S
h
a
ri
rC

u
b
e

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
3

0
.1
0

0
.0
3

0
.1
7

0
.0
3

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
4

0
.0
6

0
.1
1

0
.1
9

0
.4
5

0
.2
2

0
.9
8

C
F

4
-5

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
7

0
.0
4

0
.1
7

0
.1
0

0
.2
7

0
.1
9

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
7

0
.0
4

0
.1
8

0
.1
1

0
.3
1

0
.1
8

B
IR

3
4
-6

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
7

0
.0
4

0
.2
0

0
.1
2

0
.5
2

0
.3
2

0
.9
5

0
.5
6

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
6

0
.1
1

0
.2
0

0
.2
8

0
.6
0

0
.4
2

1
.1
2

c
y
c
li
c
4

8
0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.1
0

0
.0
7

0
.3
7

0
.3
0

1
.0
7

0
.9
8

1
.9
5

1
.7
6

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
4

0
.0
5

0
.3
4

0
.2
1

1
.3
9

0
.5
5

4
.4
7

0
.8
9

9
.9
8

n
e
ig
h
b
o
rl
y

4
8

0
.0
3

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
2

0
.1
3

0
.0
8

0
.4
3

0
.3
0

1
.1
6

0
.8
9

1
.9
8

1
.5
5

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
5

0
.3
0

0
.2
0

1
.3
2

0
.5
2

4
.3
9

0
.9
1

9
.2
3

C
R
O

4
-8

0
.0
3

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
4

0
.0
2

0
.1
2

0
.0
8

0
.3
9

0
.2
8

0
.9
3

0
.8
6

1
.4
5

1
.6
6

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
4

0
.0
7

0
.2
3

0
.2
3

0
.8
9

0
.5
6

2
.5
3

0
.9
0

5
.9
6

H
C

4
-8

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.0
4

0
.0
2

0
.1
2

0
.0
8

0
.3
7

0
.2
8

0
.8
8

0
.8
5

1
.4
0

1
.5
5

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
7

0
.2
2

0
.2
3

0
.8
8

0
.5
6

2
.4
7

0
.8
9

4
.8
2

C
F

5
-6

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
0

0
.0
4

0
.4
0

0
.2
1

1
.0
7

0
.5
9

2
.5
1

1
.5
0

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.1
2

0
.0
5

0
.5
3

0
.2
5

1
.4
8

0
.7
5

3
.4
1

1
.6
5

C
N
G

5
-6

a
0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.1
3

0
.0
5

0
.5
5

0
.2
6

1
.4
4

0
.7
3

3
.6
3

1
.8
3

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
1

0
.0
5

0
.4
9

0
.2
4

1
.3
0

0
.7
0

3
.0
6

1
.5
9

C
N
G

5
-6

b
0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.1
4

0
.0
6

0
.5
9

0
.2
8

1
.5
6

0
.8
2

3
.6
7

1
.9
3

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
0

0
.0
4

0
.4
7

0
.2
3

1
.3
4

0
.6
7

3
.2
2

1
.5
3

E
Q
U

5
-7

a
0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
4

0
.0
2

0
.3
9

0
.2
1

1
.6
1

1
.2
2

4
.1
5

5
.3
1

1
1
.5
3

1
5
.6
3

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
2

0
.2
9

0
.2
8

1
.1
9

1
.3
9

3
.2
4

4
.0
2

7
.3
5

1
0
.5
0

E
Q
U

5
-7

b
0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
4

0
.0
2

0
.3
8

0
.2
4

1
.6
6

1
.5
8

4
.8
4

5
.6
3

1
0
.1
7

1
5
.3
5

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
2

0
.2
6

0
.2
7

1
.0
9

1
.3
3

3
.0
8

3
.9
8

6
.9
1

1
0
.1
5

C
Y
C

5
-8

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
2

0
.0
1

0
.0
9

0
.0
4

0
.7
5

0
.3
7

3
.1
1

1
.8
8

7
.5
9

7
.0
0

2
1
.2
2

1
7
.4
3

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
2

0
.0
9

0
.2
9

1
.4
2

1
.4
2

8
.3
2

3
.7
1

2
9
.5
5

8
.9
7

8
7
.0
5

C
R
O

5
-1

0
0
.0
3

0
.0
2

0
.0
3

0
.0
1

0
.0
3

0
.0
2

0
.1
8

0
.0
7

1
.5
8

0
.7
6

7
.0
8

3
.7
8

1
8
.1
4

1
0
.7
7

4
0
.8
8

2
8
.4
9

0
.0
1

0
.0
2

0
.0
1

0
.0
3

0
.0
1

0
.0
5

0
.0
4

0
.3
7

0
.5
0

4
.8
8

2
.2
9

2
5
.5
6

6
.3
3

8
8
.9
8

1
4
.1
6

–
O
A

5
-1

0
0
.0
3

0
.0
1

0
.0
4

0
.0
1

0
.0
4

0
.0
2

0
.1
9

0
.0
7

1
.8
3

0
.8
5

7
.0
6

4
.0
6

2
0
.0
8

1
2
.0
2

4
2
.5
3

3
1
.6
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
3

0
.1
4

0
.2
3

1
.4
1

3
.2
3

6
.3
6

1
5
.1
5

1
5
.4
9

4
9
.8
1

3
6
.4
9

–
E
G

5
-1

2
0
.0
3

0
.0
1

0
.0
4

0
.0
1

0
.0
5

0
.0
2

0
.3
1

0
.1
5

2
.7
3

1
.8
9

1
1
.4
7

8
.3
5

3
0
.1
4

2
8
.6
1

6
5
.3
5

8
2
.1
1

0
.0
3

0
.0
4

0
.0
3

0
.0
5

0
.0
3

0
.1
0

0
.1
4

0
.7
1

1
.4
2

8
.7
2

6
.2
1

4
3
.6
4

1
7
.4
0

–
3
8
.7
9

–
H
C

5
-1

6
0
.0
4

0
.0
1

0
.0
4

0
.0
1

0
.0
7

0
.0
2

0
.4
0

0
.2
1

3
.6
3

2
.5
5

1
4
.7
6

1
2
.0
4

3
9
.9
6

3
4
.6
8

–
–

0
.0
3

0
.0
2

0
.0
3

0
.0
2

0
.0
5

0
.0
6

0
.4
1

0
.5
3

4
.2
9

6
.4
1

1
8
.8
6

4
6
.3
4

5
5
.0
1

–
–

–

15



T
ab

le
A

.1
4:

S
ta

n
d
ar

d
d
ev

ia
ti

on
of

th
e

ti
m

e
fo

r
50

ra
n
d
om

tr
ia

ls
u
si

n
g

th
e

tr
ia

n
gu

la
ti

on
an

d
co

n
e

d
ec

om
p

os
it

io
n

m
et

h
o
d

w
h
en

in
te

gr
at

in
g

ov
er

p
ol

y
to

p
es

in
Z

ie
gl

er
’s

D
at

ab
as

e
an

d
th

ei
r

d
u
al

s:
P

ar
t

II

M
o
n
o
m
ia
l
D
e
g
re

e

1
2

5
1
0

2
0

3
0

4
0

5
0

P
o
ly
t.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

C
o
n
e
.

T
ri
.

O
A

5
-1

8
0
.0
4

0
.0
1

0
.0
5

0
.0
2

0
.0
5

0
.0
3

0
.2
7

0
.2
4

2
.4
4

2
.9
7

1
0
.0
0

1
3
.6
6

2
7
.3
9

4
3
.2
3

5
5
.5
2

–
0
.0
3

0
.0
2

0
.0
4

0
.0
2

0
.0
4

0
.0
2

0
.1
7

0
.1
7

1
.7
4

2
.7
0

8
.0
9

1
6
.3
0

2
3
.4
2

5
8
.1
1

5
4
.3
5

–
O
A

5
-2

4
0
.0
4

0
.0
2

0
.0
4

0
.0
2

0
.0
6

0
.0
4

0
.3
6

0
.4
0

3
.4
7

4
.8
9

1
2
.9
1

2
1
.8
9

3
4
.7
9

7
1
.3
3

–
–

0
.0
3

0
.0
1

0
.0
4

0
.0
2

0
.0
4

0
.0
4

0
.3
0

0
.3
2

3
.2
7

3
.6
8

1
4
.1
4

2
7
.7
5

3
8
.7
3

1
0
0
.5
9

–
–

C
F

6
-7

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
1

0
.3
5

0
.1
3

1
.9
8

0
.8
9

7
.2
8

3
.2
6

1
5
.3
5

8
.2
8

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
3

0
.0
1

0
.3
9

0
.1
5

2
.4
2

0
.9
9

8
.7
8

3
.7
4

2
1
.0
6

9
.6
3

C
U
T
4

6
-8

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.0
3

0
.0
1

0
.1
3

0
.0
3

1
.8
3

0
.6
8

1
0
.1
9

4
.2
5

3
6
.2
5

1
5
.4
7

9
6
.5
2

3
7
.0
3

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
7

0
.1
4

1
.0
8

2
.7
8

6
.3
0

1
7
.7
7

2
2
.9
6

7
8
.4
3

5
0
.3
9

–
O
A

6
-1

3
0
.0
3

0
.0
1

0
.0
4

0
.0
1

0
.1
6

0
.0
4

1
.5
4

0
.4
1

2
2
.6
9

7
.5
6

1
2
1
.2
8

4
9
.3
5

–
–

–
–

0
.0
4

0
.3
6

0
.0
5

0
.3
3

0
.0
6

0
.4
3

0
.6
0

3
.3
5

1
1
.8
1

7
3
.6
0

7
7
.7
4

–
–

–
–

–
A
S

6
-1

8
0
.0
4

0
.0
2

0
.0
6

0
.0
2

0
.3
3

0
.0
9

3
.1
5

1
.1
9

4
7
.6
5

2
4
.0
1

–
–

–
–

–
–

0
.0
5

1
0
.7
5

0
.0
4

1
0
.0
8

0
.1
6

1
1
.3
4

1
.9
6

1
9
.5
6

3
5
.1
5

–
–

–
–

–
–

–
H
C

6
-3

2
0
.0
9

0
.0
6

0
.0
9

0
.0
5

0
.4
9

0
.2
2

5
.3
9

2
.7
5

6
4
.8
1

5
4
.2
9

–
–

–
–

–
–

0
.0
8

0
.3
3

0
.1
0

0
.3
0

0
.2
5

0
.5
0

3
.7
4

4
.7
0

7
0
.6
8

1
2
5
.2
4

–
–

–
–

–
–

3
si
m
p
3
si
m
p

0
.1
2

0
.3
8

0
.1
4

0
.3
3

0
.2
8

0
.4
3

3
.8
3

4
.7
5

6
4
.7
2

1
1
9
.5
0

–
–

–
–

–
–

0
.0
8

0
.0
6

0
.1
0

0
.0
5

0
.5
0

0
.2
0

4
.8
0

2
.5
9

5
8
.4
9

5
1
.1
7

–
–

–
–

–
–

C
F

7
-8

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
8

0
.0
2

1
.4
7

0
.4
5

1
1
.9
3

4
.0
2

4
9
.8
6

1
9
.1
3

–
5
8
.7
9

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
4

0
.0
1

0
.8
7

0
.3
1

7
.5
6

2
.9
9

3
4
.9
5

1
6
.4
8

–
4
8
.4
0

O
A

7
-1

8
0
.0
9

0
.0
3

0
.1
7

0
.0
3

1
.2
6

0
.1
9

1
6
.2
6

3
.8
9

–
1
0
5
.2
1

–
–

–
–

–
–

0
.4
7

–
0
.5
9

–
0
.7
0

–
9
.3
5

–
–

–
–

–
–

–
–

–
H
C

7
-6

4
0
.2
8

1
2
.5
9

0
.5
3

7
.7
9

3
.4
6

7
.6
1

4
5
.7
2

3
9
.4
4

–
–

–
–

–
–

–
–

1
.0
9

–
1
.0
0

1
0
9
.1
7

1
.6
7

–
2
2
.8
1

–
–

–
–

–
–

–
–

–
C
F

8
-9

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
4

0
.0
3

4
.6
6

1
.2
2

3
7
.5
1

1
1
.4
7

–
6
7
.0
8

–
–

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
6

0
.0
2

1
.9
5

0
.6
8

1
9
.0
3

7
.1
3

1
1
0
.5
9

4
8
.0
6

–
–

H
A
M

8
-1

6
0
.0
9

0
.0
2

0
.1
4

0
.0
2

1
.1
2

0
.1
4

1
6
.0
2

2
.7
1

–
1
4
3
.8
9

–
–

–
–

–
–

0
.0
1

–
0
.0
2

–
0
.1
9

–
2
.6
6

–
1
2
0
.9
4

–
–

–
–

–
–

–
O
A

8
-2

5
3
.6
2

1
.9
5

2
.3
8

1
.3
4

1
0
.7
1

1
.7
3

1
5
0
.4
4

2
6
.3
6

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

H
C

8
-1

2
8

1
.0
5

–
2
.3
2

–
1
8
.5
5

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
C
F

9
-1

0
0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.2
4

0
.0
4

7
.7
8

1
.8
3

8
6
.8
2

2
4
.3
6

–
–

–
–

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
0

0
.0
3

4
.2
8

1
.2
8

5
4
.4
1

1
7
.5
8

–
–

–
–

B
IR

4
9
-2

4
0
.1
1

0
.0
3

0
.1
7

0
.0
4

2
.1
5

0
.3
2

5
4
.2
8

9
.9
5

–
–

–
–

–
–

–
–

0
.0
6

0
.0
1

0
.0
5

0
.0
1

0
.5
0

0
.1
0

1
3
.2
2

2
.8
2

–
1
5
1
.2
3

–
–

–
–

–
–

C
F

1
0
-1

1
0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.2
6

0
.0
4

1
5
.9
7

3
.2
5

–
5
8
.1
3

–
–

–
–

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.1
1

0
.0
3

8
.3
0

1
.9
7

1
2
7
.1
9

3
4
.4
4

–
–

–
–

C
U
T
5

1
0
-1

6
0
.0
8

0
.0
2

0
.2
2

0
.0
3

2
.4
0

0
.1
9

3
9
.1
6

4
.4
3

–
–

–
–

–
–

–
–

0
.5
6

–
0
.9
8

–
9
.6
9

–
1
7
8
.0
6

–
–

–
–

–
–

–
–

–
O
A

1
0
-4

4
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
–

–
M

J
1
6
-1

7
0
.0
2

0
.0
2

0
.0
6

0
.0
6

0
.1
5

0
.0
2

2
.2
4

0
.1
3

–
2
8
.8
9

–
–

–
–

–
–

0
.0
1

0
.0
1

0
.0
1

0
.0
1

0
.0
2

0
.0
1

0
.5
5

0
.0
8

1
1
6
.2
3

1
9
.6
1

–
–

–
–

–
–

M
J

3
2
-3

3
0
.4
2

2
.2
2

0
.9
2

1
.4
3

3
.1
2

1
.7
1

4
9
.3
4

0
.7
8

–
–

–
–

–
–

–
–

0
.0
2

0
.0
1

0
.0
6

0
.0
1

0
.5
9

0
.0
2

2
4
.3
1

0
.5
4

–
–

–
–

–
–

–
–

16



Figure A.1: Integration over random polytopes: Dimension 3
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Figure A.2: Integration over random polytopes: Dimension 4
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Appendix B. Volume

Tables B.1, and B.2 display the average and standard deviation time when computing
the volume of the same random polytopes we used for integrating.
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