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LECTURE 14

% _Fovmol Definifion
ol Thew SVD of A « & factorijation
w=> A=U=V"T
whre U €R e ov thogmal
s ¢ R™" o(.c'asjmaf
vV € R™" a-rthojmd
Aiag (Z)=L[a, oo, ---, a_ro
20,2 ""-20 =20,
= mann (M, n)

romk (A)=T1T <P

A &2 me the pame shape .

Ge,omel_u:(.o.oﬂ'a 5
S S @ hyper- @ hwyper-

) > lipsoia | ellipsoid
IR IR" R™ R™
rofafionar stretdung o rotetiow o

reflechio~ w R siﬂzwv‘ '\3 V‘ef(eo'(' Jom v ‘Km

mun

So ;g we. prove e,ve.r? A€eR Pos o
SVD, then we shall howve ?rm'f(
that A maps 1he undt sphere o (R
+o a Pyperellipsoid m R™.
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LECTURE 14

% @(nﬂ"wu. B< Miuw "73 SvVD
> We com gel peace of muind
i'g we Fmowr- theX 3! " sSypD for Oy
?\‘M fmab\)d(,

Thw Every matvix A € R™" Ras
om SVD. Furthermore, the singulm
velwes 105} are wniguely determoned.
If A w Spuare omd o ‘s are oistinet,
them Sinawﬂou\. vecdors LY, }, iU‘J-j
oNL UM deteanmuined wp o S égns
(i.e,, 2| facter ).

(vag : Exis"'eMce,D
Let's check the forgest oction of A
-F;rS't, Fhew. do weokck i s |
{dv_s;m'-l-s'm
Set o= |lAIl, = sup AV,
ves

. -, Decawse we oae daoling with vectevs
Twe " |R"l (\'.e., in‘m"l'e dimensisnal Seac.Q)l
% ook [1A-ll200 a codinwouns fon,
M“"W e SCR st AW, =0, @

_oftamed -
Myk\’”d: Now Se.-t W, = AU‘; S lth
omok  Consi oler ovthogon ol maticen
Vi=0v, v - ¥n ] € R™",
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u1 — [M| N2 --- Mm_] S lRmxm
v“&u-e_ W, = 4 &

g

NOTQ llMl “

T

= [ J[As, -—-Av,]
* \\~
wr W, =0 W,

< let’s calll = 2 Lxna
whire wW'=[ fAvs - WAW,] €IR

T T
_ .- v =1%h-/
B = [sz‘&" M"f:q “leR
- M:sz - ° M:AU;‘
[a-. wr ][ar] ” = % T
oy + W W

“Z, = &5 lwdll?

> 2, z {z4mwit —0©
Sine Ut, ‘/l oL O'Yﬂ&oao'na-»ql

NZdl, = | All, = o

]

2

®
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LECTURE 14

From © & @, we com conclude
thot W~=0, :.e.,

0| © ]

U,’ =
Aves o]
Hence f‘% m=| oy m=l, we orne deove !
1~ gounel pae, we Com ual the
w ki o -&vpoﬂuioi
Swppose om SVD ewisTs for o M= ¥ T
‘vv\atv'dl. Thew the above maiix B
'E\M M:S SVD . '.B=Uz§:,_VzTT -
- || © a0 11e 1 Vv,
Thew 4= U, [ol uz] [«’IZ:J[‘D Ve
—_ ——— ——
J > v
This w0 an SVD of A ! v/

(P : Umigueness)
lztcﬁ v ez,AS&C;JR" s. t,

A “z: Il Mull,_-‘- Il AV, ”z= T,
Supprre Swe S ,st.,wxb,
s w Lne vala?em.d.ui' f'ru'mU“l)
o  J|AW, =0y
Let's o(p_-fin.e_ 0. wut vectsr v, € S bj

— w w(I—’P\r,)'W“

YV, :i= LL—ZE'L
” ll_flr.)mr“z
v
Yy L VP =R
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LECTURE 14
Since. 1All, =00, by defimitionn
1A llis oy ----co
We now ol L A Il, =05
E‘/‘—";'SG | i::a‘; Becawso - = ’_\?mtw* + (I-By,)wr

” = C '9.. + SV},
" s'a;ﬁ where ¢, S : Constants Sufi:‘[‘yinj ctts%=1-

1= 2 Nz
= g=Auwrll,= | cAvi+ sAVL,

NAS~

= AR, + 2cs (ART AV, + sEl Avll,

e,

= coy +s* A ":@CL"WZ"‘ s*0y” = o
@) b

Thio meomns Thek He WQ’L above

muwst be an e?Aawy,M bonce Il A Ui ll,=0

-

/4
Homee , whok we have proved io :

i-g_ gy v mdk wm'.%«a, thewn The corresp.
$a'h5\~QM vedue o, lo nol_simple

(i.e., frao some %%g&g\fg,) .

Q{-l’w determintin Ty, W, ,
we o wil the mduwebion wiment
T ra,J"‘tMQa/L) -[’OY' A: S%M-m, {O-JSMZ
Lehind (mo mudliple singulon volues ),
tlen of's dear the 1oy, {9y

oL WM determined up 1o SignA.
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