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Def- A matux P e R o
w colled a Jgre[cef'm' if P=P

’ c'de.mroi'ent

mXr

ndl (£}

Let ¥ € romge (P)
Thew 2 X € R™ s.t. Px=v
2 Py = P(EX)=P*x=PBx=»
In den wordo - onwe Y € r:cwje- (®)
thon copply ! to W does nol chamse
v (" Shmd:?u*s remoim aa shadows, )

oo, YxeR" ’Ex—xzeméL(f)
! P(Px-%x)=P*%x-TFX
e =Px-Px =0
_D_e_f_. let P e lRmxm be a projca’("d‘,
Thew I-—P o oo mprojed‘m’
ook ok the complementory

projector to P.

q




Lef's cﬂxﬂ;_* I-P % & proje.d‘d‘f‘.
(1-8) = (1-2)(1-B)

= I-2-P+P°
= I-P L
I1-P L a 'pm‘je.d‘o'Y oo null (P) !
Thw

romge (I-P) = wmull (E)
rwlld (I-B) = mmge_(f)
ie., P2 I-P : really complementory !

(Proof) Take € null (P),
rwg.:.e.., 'faé‘m?;(o.

Thew (l‘i)b" = y-Pp =V
(.e., Y € romge (1-P) becoamse

v o» wiiHew oo & matuiy-vector
produwdl (@T-P) v,

So, (P) c romge(1-2) v
On the dther howd |

tohe v € romge (I-P).
Thew , gmg e R" s.t.
»=(I-BP)¥X

Applj T to both sieles:
Pov=P(1-P)X

=(P-P*) X =0
i.e. U‘G(Efmau(ﬁ)




So, romge (1-£) ¢ mdl (B) ~
Hewee we howe rvwnge (1-P) = null (P)
It's mow eany o prove the e 7
stakement : null (1-£) = romge (P)
by writing P=1-P ol vepeat

Thwe ndl (I-2) 0 udl (B) =1 0.
i.e., romge(B)nwll(B)=1{0}.

(Provf)  Toke oy b € vl (I-P) N nwll (F)
Then, (I-P)ur=0 & Puo=0
= v =0 V4
Theatr thesrewma Cmply that
" A projector sepanates IR wutv
fuo Spaces , i.e.,
R™ = romge (B)+ null(E)
In er words,
Vv eR", vy eromge (B),

3 o, emll (B), st

v = Uﬁ + vz
o Tthic decowposifion o wunigue
for a gam W\je.u('a*f P.
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’N_C»g}, Swppoie theo cl_n_wwrosit?m W
nil umigue. Them 3 ¥ €R™, X0
SV =i+ X) + (9,- %)

S romge(P) Sl (B)

Bul the meoms that
X € romge (B) & X & mll(B)
e, X € rumge(R) 0 nll (E)

=10},
> X=0. »
O _smple example .
p=[! ] eR™ Bt
I-P = [g 'l‘] (1-2) =I-P

romge (B) = span ([ ,])
el (B) = spom([7])

o, 8= spen(Lad) * spm([13)

. This o mod o
_gm or thogomal decowp.
vomge (B)
0 P x
\wdl(f)




#%_Orthogonal Pro;
Def- A projector B € R™™ o

nordd 1o be W fg_

ronge (P) L nuwll (E)
AAAANANANAAA A AN NN

Ex. Consider B= [::%] ~ R
This o the orthogonal projeo'f"aY onto
"Y-oaxis" The wmplewevd'oz\:j proj .
v olao orthogoned , c.e., orth.pnyj.
onto "\3—axi$", omad

R*= spon([}]) @ spem([7]) .
T
Note ! Do il confure om orthogonal
Pnb'ec;('ov P wnth on mfth.ojanaﬁ
mokre X !
wheat ‘ﬁo«pp?M.S 'lB Pio a proJ'Qd’oY
omnd W on orthogonal makrnix ?
2= Cpr)) ;5 P72 P (orth.mat)
QITEZ - ETE ?Tﬂzl
7 T 2Bl

Thwm A proje,c;l’o'r Pooon ovthogmal
?rojed'(h’ ) 6 fT:- f , e, Szmméﬁic,




(Proof) (&) Toke ¥y € ravge (B)
”"’E %Vapvzeku(?)

Therm )KG[R S't PX
= V V. = (E%) ‘bt" ‘XTPT

£ I— XTRo, = \K@'—O.
t.e., romge (P) L nmll(P) v/

(=) (a bt more tovgh +o show :))
Smuz. romge (E) @ 2 (P),
3 srthonormal -G-ovu.o (O0.N.B. ) of lR
{%l) ) %“‘"&
C(E)-SM{gl, ;ﬁnk
WA&(I) = spom { §ns, -- -, §mS
Thaw, P g. {% for ISj<n
d () for ntiSjysm

Let @A =%, %m] c ™"
T

E Q - Q r-'I-rnm |Onx(M-n)

? @ A O(m—n) ¥ N Ocm—n)x(m-»)
L. 2. = -
Mumﬁplj @T -f-ro'w«. rcﬁk’t coll this /\.

> Eaa’ ——QAQ T‘M“:,.Q
f @/\@T W\a'tﬂ.‘f

=> PT=(QN@") = (%‘)A/\Qg >
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