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» Wont to oliagomalize the nolf-adi. op. £ onired
wa the Swgpaguzé& t‘.aorg, J P QDiﬁmngi'Fa.Q

¢+ If L were a compack nelf-ady. op., thew t's pretty
Lose o a malrix, i.e., one com apply tools sunilar to
thore v Linear aljebm (e.9., egenvelue decowposition, efe )

* Unfofun , £ o far o bes acl ! In fock,
L o W%Ml! b vy ot
Ex. Let L=;"—x—; o [0,1] with D(L)=1feH>0n]|

Them .= [E&B fo=fm=of
= e~ e,

Toke 'Fn.= {2 Adunmtx € DL) I fa ,=1.

= .Cf”: —(nm)zJ_zM'mx . Il ot-fn" 2= (ﬂu)z-
= NLfall /Ifnll = (nT)*—> o0 |

Hemwe ||£1l=00 e, umbalo(.//

. ‘Warefvu., we wvestigate L-l wmstead . | SR
mtegral op., amd tusme oul to be compack i owrcoae!

* We'll review some basic properties of cowmpack op's
Qoter. Buk first, let's procead m:gh deriving L'

Comsider am RSL: Lf =9, ce., (pf)+4f =9,
where D(L) = 1f€Ha,b) | dftar+afla)=0, Bf(b)+pf1b)=0}
g€ L*a,b). Want todo: f=£7"3.

F(f's fook ot the simplest case first, i.e., £=2, m[o,1]

th the Dirichlet B.C.: £(0)=F()=0,



Totegrate. Lf =f"=9 e 1o get

X (%
= <+ + . .
Jc{x) jo (go %Ct)dt> i+ Ax+B wi’eqw-'l'wm;
Lef's Swap the ovder a'g mt e,?mh'm ba, uwdzrrrg

the region a@ Du‘l'e.gm'l‘.’m 0.0 ﬁo&g‘wd :

o

5
So, -f(x)_;j‘x(gxa(t)olg)okt +Ax+B
% °F o fon of T !
:Socx—-wgct) AT + Ax+B
Now, f(0) =B =0
fy = 1-t)gddT +A=0.

=> f) = S:(x—tD 3(odt - XSLCPW&LUO(E

X X
= S (x-1T) Gludt —H x(I-T)40dT

0 0 )

. + [ xU-DgdT }
= So T(X=1)9(® aT + §"< X(T-Ng(T)AT

=1 gl kR(x,<) 3(.1:)dt = Kg.Cx)
WAL (2 gy e [(TOx=1) if SSTExX
R X(t-1) if X=T=I .,
K 1 om wae?rnﬂ op. > Mathemctica
R(,0D> ¢ the ferne| fon of K. fig.shaw he.




In theo caal k(',') oo a /J.fe.oiaﬁnwe.‘
Green’s fon for £ (or the BYP assoualed w. L)

Now, fov o generad case of RSL: Kf =8, f€DCL)
we wie the method of vewicdion of paramelers
duec 1o Lagromge . First, lots define am exfewded op.:
M= Zlod )+ g, DM)= Ha,b) > D(L)
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X
ho egpliest B.C. ,
pprae we Cam 7}»‘;«.,( Awo KJML«Z& enolap . pae.s
he

Now s«

w,u q"‘t corresp on , 'ﬁomaymauoe .M£=O

Thew we (ooh amofﬂf=jofﬁe_%:
f=Puwu+yv, ¢, ¢y e C'lo,bl,

; I= u1_|_ U”"|' ‘-P'M-I-'-/—’U‘
chl"s (,(éwm‘fcf,v« st. Pu+dyr=0 — ®

=> f'=Pu'+¢ v’

=> Lf =(pf’')+¢f

= (f’Pu'+ ?(E'u'-;- Eu"+3u)‘/=/4u.=0 +?(fu+;+lr
P+ bl lapriegr) e =Mv =0
=?(¢'u'+,+'v' ) — - ®
Oxpu'—@xu 'P(M+‘I'ulr7—}’(}u4++uv~) =-ug
ie., v'p(ur=vu)=u ©
By Logrom e's cdenli Ty, we hawve
?uw z U‘M :fzi(p(ull‘/— vru’)) =0,
=0 =0
So, p(uv/—vw)= consl., sey, C.
> @ bewmed ct’=ug,
Similanly , we con odao get cop'=-vg.
So, assuming C+0, we can pet




b
Fx>= _Clj(v(x V(t)g'(C)dt +é) _ Tutegratim
¥ (x) = '?(f:u(w?(t)o(t-f-g) Const’s

0 Lomg a0 g €Clo, bl , ¢, 4 € C'[a,b] aud
patisfy cy’=-v4g, c¢’=ug.
And cfuwm, P’u+ $1-=0 oand f=Qu+ U~
Donol. f Lf =9. Womg the B.C., we
expect A, B to be determined
Yet, = two pofeudiod problewts
@ Com ue veally ostume 0 <
® Com we etend the reault 1o § € Lo, b]
-g\,am 3&CEa,bJ e . _
wWe £int deal wth @ omd Wf/y desauss ® Lofer
Cfoll ‘Aiscussione or(® reguired the knouledse a{m
%.
| et's proceed! M £ =0 fRao novtrivial (c‘.e.)monéen)
pol's f=uw, s.t. ouw)+o’ula)=0
f=v, st. v+ pvib) =0
thomled +o the Existemce TLW\-PW 2nd grdey ODEs .
Now set £ =060 ub) + $LoVix) | f'=pusyvf
=L ueo “x\r(;c() g0y dT +A §

Lo { uwgmde+ B
By oua devivution, we know LT =g, but f
il patisfy the B.C. ot both ends.

-fm) = %’ Ww( “ U (T g—(."c%dt+ A} -+ —",/u-(a)B

(/8

/ - /
f10) = (o) Wie) + Elo)v'@)

= W@ { wogdi+Af + L ra)B




So, 0= o fta)+a'fa) ='lc;‘“:U(T)3(t)dt+A}(W)

+%(xvta)+¢’v’gaz) “o
= B=0. Similaly, we get A=0 *°

SO) wé Whm. Lf[x)z—lfbV'('C) (c)d
: > glt)oT
If f=QPu+yu un"'l"{‘l’(x) = éfiua)g.cwdt

thon f ioa pol. of £f =g salisfying the B.C.'s !

NW, we'll prove the -Fo”auﬁngtl\m.,wl\ickhmm ae@
| Suppoae that O o st am esonved . o the RSL,
Thew Vge CLa,b], £Ff =9 (mcd. B.L.'s ) hao

the wmigue Al £ = (“hix oo g e de

where f(x,z):= {?', rooue) f AETEx<b
'—cu(x)v(t) if 0SxsT=b
W, oA non-zero read adl's "f M “=O/,"J&V‘=9

} xe (o8]

amd C = pluv’—vu’ )=const. = M+BCot0 H+B.C.
Futhenmore, f° excists wmd £°€ CLa.b] Y ot b

First, we prove !
Lowsma, Umden the amumption of the above than,
ur’'—urw’ £0 VYxels, 53-5: WELw, w3 ¢x)

w v Wronskian !
w v =0 ot '-"'xoéCa,bl

(Prv‘{f) SU-PPOSC wv’—yu’' =
Thew I (y,§)+(0,0) s.t.

(Y freazs [ v [v)-

§ 0

> f=Yu+dv a so. f Mf=0 m‘-l-h{ff,i’;o))fg
o/ — .
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= By the Fumdamedtul Existene T fo 2nd ovder
ODEs, f(x)=0 Yx €la,b].
: YV‘FS\.PEO, bUi— (‘(;6')#(0,0)
<~ W, U Qine dep. armd W=-=VU"
= Bub)+ pulh)=0 Muce BU(L+p () =0,
= W Sdbsfres LU=0, wu=0.
S U om sgenfen of L coresp. o 0 ecgenvalue,
which comtradicts with the asswmption |

Provf o Tha) $£>0 & UL =V W0, Yxela,b] via lemma,
=>c =p(uv=-vuw)*0,

Since 0 s not am exquad of £, L =9 certaindy fias
ol most one pof. ;BD(L)#TM foregoing c.aﬁ::}?h'w
fave oﬂreaa(g Shown that f = Qu+ v v 0 b o pob.
It remoind +o check thil £ € (o, b].

w” exists piace W o e Nol. +o Mi£=0 (obwsuo!)

7 7/
ond U’ = — l’?“ - ?P“ € Cle,b] = weCa,b].

Similoaly , v € C*Ca,b].
Now, ¢, ¥’'€ CLa,b] becowse ct'=ug, c¢’=—vg,
Since f=uw'+yv’e C'[a.b], c.e, f“e CLa.bl. /7




