Lecune 217 Stupum-Linwille Systom

E jgen % [=,
Def . An tigenges an RSL/SSL Tewr
_jf;rreopo'm‘—«jﬂ bj“o au;‘rca.lcu, A W a %-Zero c?
B palisfying the DE & BC cn the SL. /g’ofm_
LS Owenp=o (FIEISES
A scalar N\ o paid +o be anm ec,'j&u.wa'v@— of the
Axfdf'wu i} 3 om egeufen Comverp.fo A,

We lready Lovked ot the RSL onLo,mc]
f7+Af=0" with f0)=f(r)=0 wp 1o
the Foumer fone periss ubewe { pictx s,
M2 the dj%gw wth dp = k2,

There , the nel wp wno t p=|, w=1, §=0.

However, for more qamesl p, w, g, do difficudt
o wmporsible 4o find esenfens & ecgenved s
&Cfﬁ&o&f@. ( Except some wel - emoum ptfuedy oo
wherz Afeoo'of fowo 05’ maodl . IDI‘»?M&O counlol be
waed ; e.¢., Bessel ﬁm, Voreous ovthogon ol paeg's
dv\.ceu.au'nj Kegendre, Chebyshev, efe.)

Ffouier didk for the aimplest cases (/UM%, Cotunes )
wm (1207 (publishad e Igzz)_
It's remonkadle thot Stww. & Liouville puccesd pully
worked oul the j&nu.aﬂ coues wm /P37/ a re/a.'(‘iueg shor
Lme mnce Fau___{‘u'&— ! m -,

showed = enowgh eigenvnl’s & esoufend
%ar the Aeparndlion of %Z&w one Ju.m"-ﬁtéo(
far A M’a&gmjggf L"?M problewy .




Before showwt thie, Det’s imthoduce pome
ape.mfvy ﬂO/"a Jon ,

._ d d . . the differecdzal oter
Li=flPae) 8, of arffSL.s fow. .
Let D(L) := the domain of £ = {fel’a,b) | f7€L%0,b)

5 ¥ : satisfied the B.C. j’ _

The fon space 1€ L%0,0)| f e L3(ab)f (without
the B.C.) 6 the po-celled Sobolev space amd denofed
by H*Ca,b) er W**(a,b).

Thon, the REL/SSL pyotenc cau. be nimply
wutten o Lf +tAwf =0,

where £ :D(L) — LTa,b) .

Note that £ «leo /ypeuiﬁ‘bo the B.C.via D(L)

For amy u,v- € D(L), ,
Lvr'-vrLw = (puv'-vu))

(Provf ) (m easy exercise !

+ Rewviews & Def, "'K o adyomk operetoy

Lot &1, B, be Holbet spucss gmd A: %= ¥

be a fineor operator. Them A9 odjoml A*: #.-> 9,
Lo defired by <Au,v>, =W AV, TueH, e,

Ex, #,=L'wp), ¥2=Le,d), k()€ C(Le,d1x(a,b])
A w :=fa kex,yyucyrdy . Yuelias)

d
= A%, =j° k(y,x) Vey)dy o€ Le,d) .~ maaix coy.Tuansp



59,@10 ocdj ovknesd property
oY omy u, v~ € D(L), "
<£u, r>=<u, L o>
In other words, ot* = £ (impliea D(L*)=D(L))
<+, +> = the standacol tmner prod . i L*(a,b).

rvvf) £af € D(L). Thou V€ D(L) becanne

o, o’ B,p € R i the B.C.
Simee P, §, W ML a,@wreal vadued Lv=LF

=><Lu, > -<w, L= S (rLfu—Lvrw)dx
_Sb(vﬁ,w u.CU")dx
Lagrowgels Id— = [pCu' - TFw )]°

whidh s vt to be O e gmot&uaf RSL/SSL
Thamks 10 the B.C. aY'tlA.e.eMo(cpomeMo( of -

Fa'f exomple ol X = a, lf (@) =0,1’s obnnows.
If p(a) >0, thou Smc.e. bom uw, v e’.DCL) e,
Sokisfry the 'B. C., wea.) u.(a.)] [ ] - [0]
— L W) ) ’ 0J,
W&M KA+ K =|=O. SD w) U-(a.) wa)F/(a)— E(a)ufa)
v(a) T'(a) =0

woamust! at x=b, we do Similanl
7//
Thwm The egenuzd’s ”K om SL system ore reals.

(Posf) Let A be anm vl of am SL 9.;7"&“4.
m%o be.e-th.a C;W&%wfil c.e., s
e et 40"



Becawse L o pelf-adiowt, we havne
0= <&f, £> - 04>
= <Awh £ > = <F, -duf >
= - ALwf, {2 + A<f,wf >
= (A=) [ " w0 |f6x0]|2d X

% A=A\ amutT amee w >0, %0 omla,b)

S yéeR. V%
R _Ortlhogonality of EigemPoms

Thun  Let u, v~ be egenfons of om SL Aystem
corredp. 10 the e&gefgué's )\,/u.,res o wth
A p. Then Jwrn L fwv (o LV in $G00)

(Provf ) By the avsumwption, Lu=-Awru,Ly-==pwv
By the ndef'-ady’ nesd, we have MpEIR.

= <,CM, > —<un, Lv>

= <-Awu, > —<u,-Awv)
(,u--)\)fbw(ﬁucx)W)dx

O
(P-N) < Wk, Jwrv->
NN~ AoAAAANAANAA

- W achw ol Rolkove he
ou% aﬁ;a%mww nuw diagomaly t

q “the egmfons . By nomalizi
eadh ecgemfon, “we gel am ON aek ua L7(a,4).
Then the fioe o : Does this pel form an
ONB for [*(a,b) ,i.e., Lo thio a cowplele systom?




. Afsth,o'o ponk, W;c(;:e even dgzot Ifmow
' h ecgenfend a giveu suslewt .
Iﬁ fuct, ,j flawjmao:w:t, We wewdomgfs know
;bD 3 o eijenuul/e('f cu fov the SL.S(ysf'em.
( More abat thio when we discuss the ” egentfen

prm". )

Here, we com pbhus ano‘f‘fvvmawa %WQ'S

Thm Nof"em%gmaﬁmmb&r’éo om esensred of

RSL (i.e., the nefof eisenvnl’s of RSL

co Counmtable ) . The candlinakity ' N's

= NO < ¢ = the cw\dmaﬁ»':l] ug colinuiim .

clef 0

C'PVDj) Fadko touwae ¢ O The wwimagwum‘rabk
nsg. cowdable sets v coumtable 5 @ IR ic unmeountable
let {en} be an ONB i L5(a, b)), We lemowr
3 such ON B) 3‘3') Enlx)= (b‘a)_%' ez“"‘(""i‘)/(b-ﬂ)
Now, Suppse that every A€IR Lo aw enesand L om
RSL sysfem . '33. the a'ri'hgjwaﬂfa Thw, Fam ON set
{falher w LCo,b)>.

Foreach meN, Jet Eni={AER | <en,fr>* OF,
Define clao Ep = {AeR] I<en,f2512 )01
Thew En=UEn. By Bemels ey, we kuwow
for Yo |t , e set Y{ AcR | 1<g, fa>12 ¢} o
finite fou omy ¢ >0 becume > |<g,H21%= Il §lI<n
So, by @, En W Countable foreach n€IN.
= En o a coumtable aubref of R, 20 by®, UEn w0

o. proper avbael £ IR. 0o !

Now~ take omy A € IR\LlJEn .




Twam, /wcﬂ»)\, frrLEn , VnéIN,
> Cmtmohic:l'ing The Completenesd af ‘len.(f. 00
am ONB of L*Co, b) 4

Thwm Conmicler the RSL /Ay.s"fw wh nomAeporable
nelf-cdjowt B.C.! .

B;(f) = o;£(6)+ 5’ fta) + A1)+ A F 1) = 0, j=1,2.
where dj,dj', ‘BJ-,,BJ" € IR. ( Note thio incdludes 0l the prev. cases)
Then, the eigenspace foo any egenvad. )\ o ak most 2
dimensiona Ci.e., the mulliphiaty o A <2 ),

If the B.C.'s are neparalzd ( ao v~ the original RSL),
t's adwong 1 - dimonsional ,ie., eadh eigenvad. A io pimple .

(Prowy) The Fundamewtad Existence Thm for 2nd order
ODEs states that fov omy cost’s €1,C2, 3 & pol . of
‘C'F"' Aw‘f =0 Soiisfying the I.C.i-F(a)=c,) fta)=C. .
= Q nol. io npecified by Lo orb. param’s, c.e., the apace
of a2l pol’s (w.evuo. satisfying the B.C.'s ) of LftAwf=0
o 2 D. So, the space ff all's valisfying the given B.C.'s

Lo ok most 2D, Moreover, if the B.C.'s ort
/.wpmate.o(, one a{ +hew fiao o ﬁﬁ-m olf[a)+o('ffa)=o
~ Ci,Cz2 ane now conshamed. bz XC,+a'C, =0,
So, this reduces the dim. ba 1.///

Remark - 1f we impose one more B.C., 8 f(5)+pFCb)=0
the dim. of the pof. apace =0 ° But thit io for gensrol

: This o why 3 i ¥ :
TR 3 o W ey sols ovly for cortoin

~




Thwm (The Fund . Existeace Thw for 2nd Order ODEs)
Let P, Re Cla,bl, real- valued . Let Xo€ [a,b],
Yo, 4 € R. Them the initial value proflewm (ZVE)
{ Y+ Pooy + @0y = Réx) onla, b)
9 (x0)=o, §°C%) =,
foo A wnigue po. on La,bl, whick io real- valued

(Provf) See e.g., Appendix LB of the book of Sagan
sur Textbook, or omy othen sfamadond booles om ODES///

Remark: O-f cownae | thio thw o QW—&_'I'D
the RSL /»7\41‘&44:4 A (2
Cpf)'+ §f =0 pf’@'f’
'+
=P

+gf =0
Pp>0 o» [a,b] , 20 f f"l'f: 0
) L P

=Q




