Lechue 22 © Greenls Fumelfrona L

e Want to oliagomalize the /wef—ad ,Q_ ausen
wn the Shurece ‘zﬁ,,_a-rguze@?. thorg_ J P '-)Diff@g;i'u‘aq

» If L were a compack nelf-ady. op., thew t's pretty
Lose o a matn’x, (.., one Can app@ tols runclan to
those v Linear olgebra (e.g., ecgenvabue decowposition, efe)

* Unfotunotsly, L io for from besmg Compact ! In fock,
£ o u«.b%z! gd ik
Ex. Let £=5% o [01] with DCL)=1FfeH*0n]

xl-
Them, c= pup JLEI: fo=fm=of
I fepcey £,

Toke f,.={2 adunmx € D). |If,]l,=].

= L= —(nm)*(Z adunrx || £, .= (nT)°
= ILfall /lIlfnll = (nT)*—> o0 |

Hemwe ||L Il =00 ,t.e., uMbalo(.//

. "ﬂw_refuu., we wvestigate L-l wmstead . Jf:' W om
WTejraf op., omd fuwms nud fo be Can,ozwt i owr coae!

* We'll review some basic properties cowmpack op's
Qoter. BuK first, let's pro cead M’ofh deriving L'

Comider am RSL: Lf =9, ie, (pf)+ef =9,
whae D(L)=1f€Ha,b) | dfta)+ala)=0, Bf(b)+pf1b)=0}
ge L*a.b). Wanttodo: f=4L£7"3.

Fﬁf's fook at the pimplest case forst, i.e., £=2, mlo,1]

th the Diricddet B.C.: f¢0)=F(1)=0,



Tategrale £f = £7=9 Twiee 1o get

X7 (¥
= d + Ax+ ; ~
ffx) ‘(o (go (T t) 121 AX B . wi'eqw:l'nms
LeT's S Wep the ovdey o'g mdt e.?muh'm ba cwm'd,er."rg

the region a@ Du‘l'e.gmi‘im 00 ﬁa&g&ud .

>0, 'f(x)=fx(§x3(t)d§)ok‘t +Ax+B
% T 0P of T!
:Socx—-cagcw AT + Ax+B
Now, f(0) =B =0
fay=( C1-t)grdT +A=0.

> foo = § (x-t)gde - x{ u-vgode

X X
= S (x-1T) Gludt —“ x(I-T)4 AT

0 0 )

N + [ xU-DgdT }
= So T(X=1)g(®dT + g)'( X(T-D3T)AT

=5 S‘I k(x,-c)gc-c)ot‘c =: K%CX)
wheae \Q(;T, _ [ Twx—=1) if osTsEX ;
, ; )*= U x(t-1> i XsTEI
# 1 om wmle - > Mathemotica
R, ¢ the @fﬁ fw, ag & fig. show heve .




In thio cane R(-,:) frao a e.aaﬁnwe
Green’s fcw\. foroC (o tkz BV P assovated w . L)

Now, for o gemerol cace of RSL: Kf =, féDOL)

we wae the methoo aﬁ vanceds o af pmmuefers

due o oﬁa?«ramje, First, fots defire om exlesded op.:

M =L (pd , D(M)= HTa,b) > D)
dx ) & o 2« explicctB.C.

N ow Nipprae. we Came #ww( y w.o(qo ﬂae.s
w,u of the oorr\egspauobwg ma'uo egm

v’ cpu+c,l—u-

f:
;f—({u-“f (P t. Qu+dvr=0 — O

w'+
(pf’ ) ?f
Pleu’+ pdv’ +peu'+ ppu'spdv's ptuv”

= Cf'pu'+ ?(g’u’+ gu”+3u)‘/=/4u=0 +oQu+ptu
+ ¢+ Y (pyrprie gl =Mv = o

-7’(‘/’0‘—""/"1/
@x?u. @xuw 'P(W-I-(Ifulr) P(/WCC+‘I‘ uv’) —-u.g,
, Felur=vu) = u
B f&grm e's cdenti Ty, we hove
?uw — M = (p(uv’—vu’ ) =
=0 —O
So, pluv/—vw) = coust., say, C.
= @ becomed C¢° =ug.
Similaaly , we con olavget cp’=-vg.
So MAumcy C#0, we can Ael




b
P(x) = ?'/(fx V(T §(T) dt +é)  Segetion
¥ (x) = ‘clt(f: i gt +§) comst’s

00 Lomg 0o g €Clo, bl , ¢, € C'la,b] aud
patisfy cy’=-v4, c¢’=ug.
And cntuwm, P/u+ ¥ v1-=0 ond f=Qu+¢u-
Donol. f Lf =9. Uomg the B.C., we
expect A, B to be determined
Yet, 2 two pofeudiod problents
@ Com we really ostume ¢ O 2
® Com we exfend the resnlt fo 96L?'[o.,b3
-ﬁ\m\- 3&C.L'a,bj It . _
We 6—&—11’ Aeal wnth @ pund Wf/y doscuss ® Lofer.
('-Fum duscuss ion o (® V'QW the /owweufz;e a{m
%,
| et’s proceed! M £ =0 fao novtrivial (c‘.e.)monée_ro)
rol's f=uwu, s.t. ouw)++ua)=0
t=v, st. v+ e’vib) =0
thanks +o the Existemce Tn fov Znd grler ODEs,
Now set F(x) =@(x) w(x) +b'~P(x) VIx) , f'=pu+y
= C_I/ W (x) {XXV'(::() g(t) dT -I-A}

rLveo{{ wwrgmdc+ B
By owt deviunfion, we know LT =g, but f
sl natis the B.C. ot both endas

feo) = = wwl{ [ U g(;t%o(}+,q} + 4 (B

(/N

/N /
+t0) = P (o) u (a.)+v~(o.)

= = wia) {S:v{z) 3,cc)ol'r,+A} -+ _lo véa) B




So, 0= o fla)+x'f7a) =41 I:umgct)dt + A} (2w +2w())
+ _E_ (V) +a’via)) S0
= B=0. Simlaly, we gt A=0 *°

So, we wow hare cf(x)z—lfb\r(‘c) (cod
; > ot
If f = Pu+ty v “”H'{‘I’(x) = (L,fiuct)g.cwa(t

thon f ioa pol. of £f =g salisfying the B.C.'s

} X€é [o,b!

Naw, we'll prove the -fo”wing'thm,wkick‘hkum ae@
| Suppoae that O o st am eganvad . of the RSL,
Then Vge CLa b, Lf =93 (vl B.C's ) Rao

the wmigue Al £ = "k oo g e de

where fi(x,-z;):z {?I, U (x) W(T) 6 anETEX< b
'—cu.(x)\r(t) if 0SxsT=b
U,V are non-zero real Ak's of M “=O,M&w=9

omd. C = —P(uu:,'— Uvu’ ) = const. =M+BC.ofa M"'I'B.C-
Futhonmore, " excists wmd £°€ CCa,bJ./ ot b

First, we prove !
Lewma. Umdew the ppswnption of the above thw ,
ur’'—urw’ £ 0 Yxels bl _.wWruvim

w v WVO‘V\SHM!
w v =0 ot '-"'xoél_'a,bl

(Prv‘{f) Suppose uv’—yu’' =
Thew T (y,§)+(0,0) s.t.
{YH(Xo)'I' SU(x) =0 [U(Xo) um)][y]_[o]

¥ wW(xo)+ 8§ UTx)=0 utx) vix)dL§1 Lo

> f=Yu+dv s a si.f Mf=0 m'+h{}‘,go;fg
o) = .




= By the Fumdamedtul Existene T fo 2nd ovder
ODEs, f(x) =0 Yx €la,b].

= Yu+8§u-=0, bt (¥,§)+(0,0)

= W, U Qineady dep, amd U\=-%v‘.

= Bub)+ puh)=0 Mmuce BU(h+pw(b) =0,

= W Sabtisfies LUu=0, u=%x0.

S U om eigenfen of L comesp. to 0 esgenvalue,

whide contradicts with the asswnption !

(Provf of Thn) $>0 & Ur=vwW'+0, Yxe(a,b] via Lemma,
=>c=(uvivw)=*0,

Since O notam eiqual of £, L£=9% certaimly oo
ok most one pol.in DL). The foregoing colewlationd
fiave olready shown that f =u+ v co such o pof.
It remoind +o check thol £ € (o, b].

w” exists Aiace W o e Nol. +o Mi£=0 (obvious!)

7,/
wnd w'= - EX — % €Clab] = weCa,bl.

Similanly , v € C*Ca,b].
Now, ¢, ¥’'€ Cla.b] becawse ct'=ug, c¢’=-vyg,
Since f=¢uw'+ypv’e C'[abl, c.e, ' CEa,bJ.///



