Lecture 24 Green's Fumefirnu

K Towerd the Spechol Thm

Thwm Let T be a A&Zf—aoy. op o H.

Thew all egud’s of Tone real , amd eigfeno
af T corresp. to Aistind &50&0'& oL o'vthjona.@.
( We odready oid tluo fr am SL s ysTeue assumns
Thol €§ pacrs erisT. 'I'Lz,bwzg’bo the pome .)

That et K be a co-mpaot nolf-odi. op.on H.
Thew , 0~(K ):={the mt of euals of K} 'R, whick Lo
ether ﬁimxz"e ov a coumTalle £eg . f%ouu(jﬁo.

CPodf) Supprre K Boo vafinitely m sl 's
f:ivfmzuffof' temdens 1o O, G%Tka:g;g>o s.t.
#ine IN| Dl >e'f=+eo. Pick o (subpeg.
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n =+ m | n+ m,

[—-et K?n=;£0\4f,\/ ||"fn ”=| . TLM Mﬁa.'{(/n}
fom o ON’ 42l (pel) ound ) . y
“ KC(V‘— K"Fm ”2= ” /”ﬂ?yy _/"m(fm |l =/‘nz—+//m >2¢
= 1K Pn} hao no Coudy pubreg., ie., no
covt(/e/rjwt /w(n.e,g Thio conlads do {(:Wpavt';H"

Thm (S,V¢M TIM") [et K be a uw.,mI
TS g by bt
ON Aez . n 22 aond wr .
&:?Wl'g L Ang aé.z‘:.ﬁgf(x j%/\n<x,cf,,>cfn.
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fV\f'arI)l' Ao ol a&eL,MnOOI\/ . o
Complelz :f. M. Buxﬂrif::fag’#af amwz}//jf oL

neporalile . So, LPnS combe extensled to o ONB
on o poporolle P

Def. A Hilbert space wo neporalile. if &t odmts
a coumtoble complete OMN net,i. e, ONB,

« An ex le of non-sepmctle Hidbenl space:
Let L?:“,{of € Z{CR) | pef) ==($;MN;_L-FS_: Iftx)l‘dx/)1<~},
P() o juwt a newinorm, c.e., p(f)=0 5> f=0ae.
e.q., f with aﬁiwii'e Muppert = p(£)=0.
Comvmodler a %o‘h'em.t Apace L//‘/,.,fﬁ.) (i.e., equiv, modulo N(p)).
={telL | ptH)=0}.
That o, for X, 4 € L, we write [xJ,CyI€ Ly P,
omd [x]=1x+ne L|neMpl, [x]=0y] if
X—4% € M(P). Define the noum || [X] "ch’: ;’Z"fmf(x"’
Then L/Wep) becomes o noumed, Apoce . Lot 3 be the
Cm’olehm of L/N(p) w-r.t. |l II’/A/lp) omd the ymner prvd.

<f,9>=lin 5= [ foofeydx .
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Now the feu's 1 e }reg Me Painuwise ON elements L.
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W _Compackiess of the wyerse of om RSL operstoy

Our Foreqoing discursion alpeacty proved :

Thwm S‘wnghnofw (:Ef? L Comn RSL op).
Let K be the mfefﬂaﬂ_of. o B(a, b) mbh R(x,T) a0
the Green's fer. Then ‘K o a compack nelf-ody. op.
omoh fo Y9 € CLabl, Lf =3 = f=Kg W

Remark : Thio Thm almost states that K= L'
Howevev, Jwd things preveul us from stating so:
D G € CLe, bl, not yet shown fov géL"(a, b) .

® Romge (L) & 12(0,b) af this point due toThe

Com. we exfoad D(L) sothal Rangell)=L"0,1)7?
= Yes!| B, propenly resolvin ‘%) regunes
weosme theory. So, we’ll aymid jeoﬁfng with @,
Here , W‘Q.CaM/w%alofl’ moe abouk @
mma_ Suppose 0 io net an eiguad of L (an RSLp)
Then 79 € L2(a.b), Kg co olifferentiable omol
) (KG)'=Pu +y v’ where {‘f’(n:'zjx U gmade,
() = -é—S: w94 de.

(Proof) By the dof. of ¥ , we knar Kg = Qu+¥ v,

U :’”;ge C'ga., b3 th :Ee. Fund. ExisTeMc,g Thw foy 20 ovdon

ODEs. If ge& Clabl, theu by the Fund . Thum. Calle.

#<<a € CLa,bl, and (K§) =¢'u+ Pu+y+yr’
=qu'+ Y’ «duryn=Q,

I£ 6 € |Mab) (ie, coulot be dhscantyuuona), then

¢, v&C'la,b] mgenerad




Buk 6 does not inlue @' v So 3 a chamce !
Cevfam\% P u + w € cta bl .

**) rf(?(x) Kg(a)+f (c/uw«v)ol't ) Vx € [a,b)
V=07 Wa)u(a)tf (P90’ )dT

= th(a) S UtT)g (T o('C"'S (Pu'+ ¥ v°)dr

LeT s moduuce 3 mopps ngo : K. M,)/\/- LCa, b b)>Cla,b)
L ¢
g = 22| gt } Vae Lia,b) .

M g0 =
N § (%) —j‘ (qw’+ Y )dT

These oz wflwm(te ,bdd.) mepe w.r.t.

111, on L*C0,b) amd Il- lloo” tn CLa,b].
Let’s prove Thie for IV

A antider’vative 0'8 Oun Lz(d b) 'fw S CEG b]

So, ¢, ¥ € Cla,bl = @u +vyv’e CLa,b].
Now, VYxé& Ea,bl

| Mg (2 | <S | @ W+ ¥ |dT

= (b—a) 1Pl o 1w Moot 1 ¥lleo 101l
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| v
Toke %'mm -tbse LHS. = [Pl Sz VUl 1141,

SileMﬂg, I Nl S Null, 141,
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So, N: L*(0.b) —= Cla.b] w0 o bdd. Linearn op.
Hemwe £ —M-N oo o Contipmous o/@-frmw
L (e, b) tpCLla,bl, amd K-M— =0 o

ClLa, bl C L*Ca.bD)'. So, K—-M-N=0 o
L*(a,b). = (k*x), heue (X)), are vaid for

Vg€ L*(a,bd ///

Tho Suppoie O io mol om eiguval of L.
Thew (i) O o nol an &gual of K eitlen.
(i) A 0 an tgual f £ &> 5 0 amegrl f K
“Aeo(L)” "€ () ’
Furheumoe, the eigfon of L wrre.sp‘hi Coincioes with

v 2 A -
CPrD‘O{) ¢) §u¢pm K? =0, Thew Pu+yu=0.
B? the Zomma. on Pge 3, Cfu’-r yuy'= (Kg) =0,

w U _[o
= [u' v’][c‘;]_[o].
'By the other fawma ( U= UUW 0 Yxela,bl )
we wvuel hewre £ =0 E‘/’.x
S [P gdT=0= [ wogdT, Ynla,b)
& g =0=ug ae. i, un Li(ab) sewse.
Fram the obove Lomumo aaaim, w,v Comnot vomish
paomdfomeounly = g =0 a.e., c.e, 0q‘=o~(K)//

(i) Suppore thal ) € T(L) with covreep. egfen f€ D)
te, Lf=Af, f$0,1%0. Sinufe D(g?/\feCCa,bJ.
So, by the Cireen's fow thm, Lf=)f & f=;<(a;)
=AK




Sing A+0, thio co eguivalent o Kf=]'7f)

i.e., 7€ O(K) omd f iothe comesp. eigfem.

CMVM&ZZ, poe that U € 0(K) urth corresp.ecgfem 3 € Ltab)
e, K3=p3 920, p+0 & =5 K3 = g ectet
Hence | loy the Green's fom Tha, £f=3 fao the Add.
f=K3. So, LK3=9 <& Lpg=2 <=>o€g=,%3///




