Fasl Wowelet Trovefom ;
Lecdone 18 Variowa Extensions

X ASSW\-'p'f:'o'M o om mpuX s.‘?rml

e ITn oll pmd(:c'c‘.au@ a,’opﬁc.a:l'?m, 3a ﬁ:mui'

e o coanse Sca&a-g ondenes . ‘

. F'OY Sim'olici"'j, le.‘f's esSume. that au\w»,out

signal Lo o vector = (Fo,5 fv-1)) N=2" amd

perodic .

e Let’'s arsume the finesl scale o %=1,
cvde we view— an W S"'?/rm«e. < Vo,
d«:m[‘/a) — f\] . :

« 0lao nsume the Comuekd scale v 27
wth [£2T<sn. The Cmpl;‘% €lhalC
dim (Vy)= 27T = N/23," and

e Fin a/.\w:;,m.e_ the_ %ﬂu@vy Sm’ble,o fa,"; fu—|

one. thd -wawt scale wefficients, c.e.,
f—k = <7, ‘Pa,la>=:sloz
[ £l one qrvem . So, we &wfy(&;uﬁ'la deol vaH

. . N=I vl

“ fictitious ' f = EE'D{.K bo o = hZ_oS"' ok
Hence m thio care, £=1, 1.

o lf you kwnow- f(x) ovev [0, 1], omndk want+o have

fe = f(—f—,—)/ then you needl +o m
¢ with fush Msw momesds = "m,-

T navmaﬂ,c(} P doeos mot froune Msh&'ﬂa moments




Jifference

K Foot Orthociana( Wouwelo Trvmoﬁdxm

Le't wa un»“fe.

__V '.F“' Z 52_43”{ EWJC‘Z d- }L,

v =0

SJ _<f)¢.1,h>a dit=<f, ;>

Forwamd ! Given ?Vofl Cmpul:&
Ew, ¥, Pw, > " ’PWJ'.F :Pvf‘ o™i,

= Given isk}g;o WLPW— '[d }n_o =L 3
3y

onn ok {S:}k_ —p -
Inverse tramof . Griven Puf, --- Pu,f, By, T,

recons Pyof’ }J §"°i| .:T'
<=> Reumshucl {8, § +rom {2 b, ,, 0753

cand 1 Szr zn—J ' . .
disaefe convolution
Than ( Mallat 1424) e
Fovwond { J“ = Z Roo-2k S - =(53.* ﬁ)?k =0 "‘,ij:ll
’l'/\wwx() d,:-n =5 39_2h SL =(53 « 8>2k ) :
» ez N SuwaPli"g

Inve

J-l-\

£33 1 o
t“""’f) = 2 ﬁ'k 2.0 Y T G gk-zﬂ clf k=0,~,2 =l

ez




br |?~ V\D-Q
do»-"’a.

-(SJH*f»> e (d7 g ),
W'e\N v an wpsamplavxg, O'Pezvac""M(M"k ?S'):
for {Xgbgez, %o {OR '.2 g_zk ’

) =2k+1 ,

Note that for MW@MMTWMMA,
” ‘B—VM"'Q. rwmb&rs %{ﬂ_d 19§ are
Mnon Zevro S.

Ex. Daubechiza's wmelel p=2

> s .f. 0000000006000

H’r "Ra 3+S_ 3 - ﬁ f\e‘-' 1=

ﬂ,_— 44z,

s! .O//. 000000000

&2 %/}.y./' O O
$) ONONONONONON NONONONONONONO

\Towwfuraiiam fov open crdes !

ot hhhh fo=




H - &2 "| '

SJ—l G I &2 —d. )

Decomposition by QMF's

Cuuodrdline. M rror Fillters

D CMF
d
H {2 i) +
H | f"’ SiING
el I T b ey
(R — fz SN -

Reconstruction by QMF's

o] Pt e Lonple )

ol I Isupphl=1lsuppgl= K “(taps),

FFTs -(-__Em :?ue ot for the forwmnd /inverse taams]
wst T ot most 2KN, i.e., O(KN) or
OCN"?"D evem You cam soy O(N),

/



(Prw‘fo-gtkz'nrw)

Sinte 1,2 éVH

& CPJ-H, lea<¢a+lk4>‘,e>4>‘
<¢,;+akJ‘PJI > _r‘ \‘—7;‘4’(’( ;:'k)‘[‘;_4>/x_—ﬂ dx
t = 27x-k '-—‘;[,
J \(—4>(t) b (t-0+2k)dt

B <¢"°' %a—zk>— ﬁl—zh fe )
So, (*¥) w W-FWI
CPJ-H Ig Z f\.Q 2k CPJ ¢

jal
= SJ =<7, ¢]+l,h>= Ezﬁﬂ—zk <3C.I qu39>
= Z Ry _sk SZ v

S\W\M&,‘ s ooy 1o duwe.
°LJ | Z 32-:-& Si ‘/
Cn -Y—UL the Lvurearo , mote €thal

<¢J/ 4?)-!-' 2> ¢J+l Q
Z<<P k)\lj-l-l .0>"//+,g

K~—2£ CP)'H e ¥ ij—)_ﬂ Lhﬂ {




*« Other polentsal pnr&fwm of
Lool diswnete womeled

fa L Dharnalynms
W%Wﬁtd%/)««;ﬂf@a(. waneledo
. Bmmo‘.wvat thealmet

L—“ZZ Uﬁ T/LaM-olaLf'fdM./ i uatcom C2

» |a /-\M onidas

e Lok :’% Bigh feguenty w{:n{ufz |

* Lack v ovientdbion Wﬁw/g w 2D & l«jkeb’

() (DMOLWVQ, WM
DWT MW wmfuumatioe of the oubside
U‘G the wp«l? S‘fgmaﬁ £ = [‘Foj-",-f-u-l:\-r/
L-€-, rnee oo fJ' for some <0 amd 32N,

due to the conveliliow operations wrth

fLh] 3 :
’P{oss;bfoi‘,e si&gﬁgm :

¢ Pewods f
1; C/\.zadé.s M't'v'g—i‘f'o‘al descont iW'/:j becawae
OijaQ) the head and Tl op ft may
be suite dafferend .
= ceades Q.amj'e, dew%ﬁ'sl c.e. V\Ojaool

wQ-H'wMﬁk L's eary 4o cmplement g

. EM-ME{L(XT f ot the boun
r;»’ No wvtfﬁ»&((:s'al descont. recowmencleol |

* Dewgn the “ bound ? el |
i.e.,’ wae iffernt ¢3fy touvmd the
boun ( Cohen. , Danbechmes, Viel 1993)
= (Greal, but cumbersome to cwmplemest .




2) L oL (
Due 1o the Mswpl.nj WMAJC/M w DWT,

the and. tbum-e—l
the stufed vevor of # are me«@%
huff. umﬁ% c.e. -tlmdog Nemanti ve
+o 't'/LaAMla/taaM 4'6 awv o Soﬁfnaﬁ.
It's ifwde o conlhonl o DFT\A’W

a thameloiove omourls to o Som?‘ez.
fockor, ie., Dyl ftIR)=wy ™ ﬁufﬁ.‘l.

i onpul signal 6 shefted unpuls signal

A
R. |

7
-

{d) {h)




Possible solulions :

+ Abamolon the boswo (nonredundomey ) amd
wse the speced frome(stationwry Cavelet
Tamofom ) 2 no SubSampling ot eadh Lovel.

Beyllun (1992) an.bz&lwt,mmu‘}zféo
Redundomey factor: J+| where J-#gfaﬂu

e Abondon the exed tremslakire mvariomce

bul shovt for neon Tiewmes . mvamiance tu

the wmogwmtnde the wunelel C/}qc's.
> Shk-fm& mulli scole Danef.

Simoncelli, Freemon, Addlson, % Heeger (1992
Heve, the evergy of eacle subspace w0 thans. v,
They odso develvpesl sudhh ‘shoftabluty’ un
orviemtalion 3 scale for 2D .

It's _-3 tiguj;\m un'g_?, V'ealumolomaa_ gua'f‘dY

ol cyientotf: ¥ X

%memmdm wovelet . CEWT)

Kingsb (2001) , Selesnick, Baramwk 8

Kingsburg (2005) . Cop it some ovieuwted
bm-fm's cnd near thawslat/on Chvarionmce .
Redundomey factor: Q9 d=l for 1Dsigmal

=92 -qu 20 c‘maJGA )




Dewdre Maga

Test Signal, x(n)

1.5

100 150 200 250

(a)

50

Projection on to Scale 3 (Real DWT)

100 150 200 250

(c)

0 50

Projection on to Scale
3 (Dual-Tree CWT)

250

100 150 200

(e)

0 50

15 Test Signal, x{n-3)

150 200 250

(b)

50 100

Projection on to Scale 3 (Real DWT)

0.3
0.2
0.1
0
0.1
-0.2
0.3 . . . .
0 S0 100 150 200 250
(d)
Projection on to Scale
3 (Dual-Tree CWT)
0 a0 100 150 200 250

)



(3) | ack of Sv%«mmefllg/amiiswm%
P &%\ of Dauvbechied's camnit Boure
/a«?hsrwme‘h? for P>1].
{Pz | & Haar,so $- s.rmmetdc} y»:amti,sjmmetn‘c

P00 5 ghannm, so both & F : Symme 3
buX wol wm-pacl'ﬂa supporleol !

The sowce of the proflem o the difficully

lan n mebnc fonlisymmete
Ve S {8 £ finte tps.

Possible shutions :

- Apbondor ture sME/Mt,'y mE

ond neek nreat Linecn Phuz_ﬂc;:\g { bt
Tf {he v sywmmiliie ot Red, soy,
Pr=Tsg-p , Rez  then we canshow

A : i~ /

g = e‘il_‘ﬁé | e |

To ellow symmaliy ab half whagend, we neodl
to estend the M-l—cm Qineor phaae

ba WVGQMA'VVX Q‘e&msewwtk
constonk clope whone discontimuties occun
only ot zeros of | % (C.%,,tLQHMVCMe.).
Dowbecbieo (1990) fomd a way to optinge
the chovee a'g {fr$ 4o hove oalmost Loneal

OGN

phoase with” Sepp o= [-p+1(, P],

> ¢ SW%’(’S




Mothe

-05 0 0.5 1 1.5

-1.5

0 2 4 6

e Abomdon the orthogonadity for symme

= Bisrthogmal um»&ebt{g-g-a/a.u\g %

Cohen., Daumbedves, ¢ Feauvean. (1792)
Needa Y0 wae Twp nelo _a{fazmlf&o

{¢j,p,\k}.,k}’{'ﬂ“fw0‘%°' M )

’l %f,k., CE,):.} f—uf/ufwt’km (o U'u.e.v&rs‘a.)
Quite .ﬁ&ﬂible, ue Terma Ater dess
eq., UML:M»U womends -ﬁ;’é c,;ﬁd»t?«/ mj""—}
be differenl” 0o well oo thein suppnl

JPE&G 2000 stomdord recommenolo
the follswirny biorthogonal wane lets ¢




—2 0 2 —4 —2 0 2 4

~o
F(%)
2 :
1.
0
M " M _1 L M L
-2 0 2 4 =D 0 2 4

They one referred o as “ 9/7 bisrthogonal
wondels sinee | swpp h|=9 , Iswppn|=7.

’ W’FVML, e.9., wee more thor
one pany of  father & e wprelido
> Wavelel Lroamed (framelets)

RMS{SM((?‘I’7>,
Benedetto 3« Lo (1998),

Dobe dizo, Hanm , Ron, 8« Shew (2003)
ok momwmy pdthors “--




Tight Fromelets sysTem s father
and 3 mothe . wanelddlo (p=4)

0.4

0.6+ 1
0.2 ;
0.4} |
0.2} { .
U _D_E 5 o

0 1 2 3 i 0 1 2 3 4 5

0.8

1 o 08f
06
0.5¢ 0.4
0.2
0 0

-02
-05} - 04

© Use the cdveorelibions of fathor 2
wmothee wawelets of Doubecbies
S Ao coreloti o shetd
Sado 8« Bo{jl%(l‘i%) —
Thw W a well fame , L.C.,
r‘edmdov-nﬁ/fp’imaf’thb5onaﬁ , but
tramas lotj o mvareod &s?munewc—
p=1:autocorr o boxcor = X fem wpd

=9° < b = Delawnvers
P : 0'6 "D 4 Dubuc W‘,‘Q\.pola:f;m
: s, ] = sSinc
P> vo ag Sinc _:1‘31_ : renpol.



L

F= p*xP(x)

1.5
1
051 /\ i
0 e — ]
_0‘5 1 1 1
-4 -2 0 2 4

(a)

3(®

0.5
(c)

T = V¥ (X

(a)
A
1 T (%)
0.8 .
0.6} i
0.4} .
0.2 -
0 _
0 0.5
(c)

b(x)

1.5
1 i
0.5+ -
0 —
-0.5 L L L
-4 -2 0 2 4
A (b)
0.8+ _
0.6 —
04+ g
0.2+ —
o —~
0 0.5
(d)
Y (%D
2
1~ -
0 ——]
1E i
-4 ) 0 > 4
»~ (b)
0.8 -
0.6 -
0.4+ 1
0.2 N 1
0 VAR —
0 0.5

(d)



Demon stictron. D'G'TJ\,GMA\OI [OYL U2
of Aquu v syd,Q.

S0 } l

DI

- -1
—==- z==F

scale

D3

D4 — A\

D5 \-.:_:/"/f‘—\‘-\——
SS T T P D
0 100 200 300 400 500

Ooriginal S‘:M +o0 be cla.wwpasea(‘-

12

100 |- |

B0

T --=:t__—'—_:__
|

AN \;\_,J\,M\»\ff\u.f L/NMM"-“\]L\}\'V\J\. AT

O 100 200 300 400 500

g gt ]




scale

!/
e
N
P
P
\
(\
X

)
.mm?sKQMQ,_m_ﬁmmwm

scale

SO

S3

SO

D1

(0] 100

Mudloscal e Auernoges tm Owdvcon. Skl

/-\f'\—/-\“‘/-._f‘\___,‘ .d—-—-_if‘_'_ e -

[N

200 300 400 500

M li s cole Differencey v Cudoconr. Shell

IAATAN e Vo AN M

(0] 100

200 400



