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Motivations: Why Graphs?

Motivations: Why Graphs?

More and more data are collected in a distributed and irregular
manner; they are not organized such as familiar digital signals and
images sampled on regular lattices. Examples include:

Data from sensor networks
Data from social networks, webpages, . . .
Data from biological networks
. . .

It is quite important to analyze:
Topology of graphs/networks (e.g., how nodes are connected, etc.)
Data measured on nodes (e.g., a node = a sensor, then what is an
edge?)
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Motivations: Why Graphs?

Motivations: Why Graphs?

Fourier analysis/synthesis and wavelet analysis/synthesis have been
‘crown jewels’ for data sampled on the regular lattices.
Hence, we need to lift such tools for unorganized and
irregularly-sampled datasets including those represented by graphs and
networks.
Moreover, constructing a graph from a usual signal or image and
analyzing it can also be very useful! E.g., Nonlocal means image
denoising of Buades-Coll-Morel.
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Motivations: Why Graphs?

An Example of Sensor Networks

Figure: Volcano monitoring sensor network architecture of Harvard Sensor
Networks Lab
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Motivations: Why Graphs?

An Example of Social Networks

Figure: Through the courtesy of Prof. Fan Chung, UC San Diego
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Motivations: Why Graphs?

An Example of Biological Networks

Figure: From E. Bullmore and O. Sporns, Nature Reviews Neuroscience, vol. 10,
pp.186–198, Mar. 2009.
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Motivations: Why Graphs?

Another Biological Example: Retinal Ganglion Cells
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Motivations: Why Graphs?

Retinal Ganglion Cells (D. Hubel: Eye, Brain, & Vision, ’95)
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Motivations: Why Graphs?

A Typical Neuron (from Wikipedia)
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Motivations: Why Graphs?

Mouse’s RGC as a Graph
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Motivations: Why Graphs?

Representing a Regular Image as a Graph

often turns out to be quite useful for various purposes. In particular,
Nonlocal Means Denoising Algorithm of Buades-Coll-Morel is quite
impressive.

Construct a graph each of whose vertices represents k ×k patch of a
given image (k may be 3,5, . . ., etc.) So each vertex represents a point
in Rk2

.
Connect every pair of vertices with the weight
Wi j = exp(−‖patchi −patch j‖2/ε2) with appropriately chosen scale
parameter ε> 0.
Compute the weighted average of the center pixel of each patch using
the normalized weights Wi j /

∑
l Wi l . More precisely, the average of the

center of the i th patch, c i =∑
j Wi j c j /

∑
l Wi l .

See also an interesting work by Daitch-Kelner-Spielman: “Fitting a
Graph to Vector Data,” Proc. 26th Intern. Conf. Machine Learning,
2009.

saito@math.ucdavis.edu (UC Davis) Why Graphs? 09/26/19 13 / 16



Motivations: Why Graphs?

Representing a Regular Image as a Graph

often turns out to be quite useful for various purposes. In particular,
Nonlocal Means Denoising Algorithm of Buades-Coll-Morel is quite
impressive.

Construct a graph each of whose vertices represents k ×k patch of a
given image (k may be 3,5, . . ., etc.) So each vertex represents a point
in Rk2

.
Connect every pair of vertices with the weight
Wi j = exp(−‖patchi −patch j‖2/ε2) with appropriately chosen scale
parameter ε> 0.
Compute the weighted average of the center pixel of each patch using
the normalized weights Wi j /

∑
l Wi l . More precisely, the average of the

center of the i th patch, c i =∑
j Wi j c j /

∑
l Wi l .

See also an interesting work by Daitch-Kelner-Spielman: “Fitting a
Graph to Vector Data,” Proc. 26th Intern. Conf. Machine Learning,
2009.

saito@math.ucdavis.edu (UC Davis) Why Graphs? 09/26/19 13 / 16



Motivations: Why Graphs?

Representing a Regular Image as a Graph

often turns out to be quite useful for various purposes. In particular,
Nonlocal Means Denoising Algorithm of Buades-Coll-Morel is quite
impressive.

Construct a graph each of whose vertices represents k ×k patch of a
given image (k may be 3,5, . . ., etc.) So each vertex represents a point
in Rk2

.
Connect every pair of vertices with the weight
Wi j = exp(−‖patchi −patch j‖2/ε2) with appropriately chosen scale
parameter ε> 0.
Compute the weighted average of the center pixel of each patch using
the normalized weights Wi j /

∑
l Wi l . More precisely, the average of the

center of the i th patch, c i =∑
j Wi j c j /

∑
l Wi l .

See also an interesting work by Daitch-Kelner-Spielman: “Fitting a
Graph to Vector Data,” Proc. 26th Intern. Conf. Machine Learning,
2009.

saito@math.ucdavis.edu (UC Davis) Why Graphs? 09/26/19 13 / 16



Motivations: Why Graphs?

Representing a Regular Image as a Graph

often turns out to be quite useful for various purposes. In particular,
Nonlocal Means Denoising Algorithm of Buades-Coll-Morel is quite
impressive.

Construct a graph each of whose vertices represents k ×k patch of a
given image (k may be 3,5, . . ., etc.) So each vertex represents a point
in Rk2

.
Connect every pair of vertices with the weight
Wi j = exp(−‖patchi −patch j‖2/ε2) with appropriately chosen scale
parameter ε> 0.
Compute the weighted average of the center pixel of each patch using
the normalized weights Wi j /

∑
l Wi l . More precisely, the average of the

center of the i th patch, c i =∑
j Wi j c j /

∑
l Wi l .

See also an interesting work by Daitch-Kelner-Spielman: “Fitting a
Graph to Vector Data,” Proc. 26th Intern. Conf. Machine Learning,
2009.

saito@math.ucdavis.edu (UC Davis) Why Graphs? 09/26/19 13 / 16



Motivations: Why Graphs?

Representing a Regular Image as a Graph

often turns out to be quite useful for various purposes. In particular,
Nonlocal Means Denoising Algorithm of Buades-Coll-Morel is quite
impressive.

Construct a graph each of whose vertices represents k ×k patch of a
given image (k may be 3,5, . . ., etc.) So each vertex represents a point
in Rk2

.
Connect every pair of vertices with the weight
Wi j = exp(−‖patchi −patch j‖2/ε2) with appropriately chosen scale
parameter ε> 0.
Compute the weighted average of the center pixel of each patch using
the normalized weights Wi j /

∑
l Wi l . More precisely, the average of the

center of the i th patch, c i =∑
j Wi j c j /

∑
l Wi l .

See also an interesting work by Daitch-Kelner-Spielman: “Fitting a
Graph to Vector Data,” Proc. 26th Intern. Conf. Machine Learning,
2009.

saito@math.ucdavis.edu (UC Davis) Why Graphs? 09/26/19 13 / 16



Motivations: Why Graphs?

From: A. Buades, B. Coll, and J.-M. Morel, SIAM Review,
vol. 52, no. 1, pp. 113–147, 2010.

Noisy Image; Total Variation Denoising; Neighborhood Filter

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

IMAGE DENOISING METHODS 139

Fig. 13 Denoising experience on a periodic image. From left to right and from top to bottom: noisy
image (standard deviation 35), Gauss filtering, total variation, neighborhood filter, Wiener
filter (ideal filter), TIHWT, DCT empirical Wiener filtering, and NL-means.

Fig. 14 Denoising experience on a natural image. From left to right and from top to bottom: noisy
image (standard deviation 35), total variation, neighborhood filter, translation invariant
hard thresholding (TIHWT), empirical Wiener, and NL-means.

with the images presented in this paper. This error table seems to corroborate the
observations made for the other criteria. One sees, for example, how the frequency
domain filters have a lower mean square error than the local smoothing filters. One
also sees that in the presence of periodic or textural structures the empirical Wiener
filter based on a DCT transform performs better than the wavelet thresholding. Note
that, in the presence of periodic or stochastic patterns, NL-means is significantly more
precise than the other algorithms. Of course, the errors presented in this table cannot
be computed in a real denoising problem. Let us remark, however, that a small error
does not guarantee a good visual quality of the restored image.

Trans. Inv. Wavelets; Empirical Wiener; Nonlocal Means
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Our Course Plan

Our Course Plan (to be updated periodically)

Motivation: Why Graphs & Networks?
Prelude to Harmonic Analysis on Graphs: Laplacian Eigenfunctions on
General Shape Domains in Rd

Basics of Graph Theory: Graph Laplacians
How to Construct Graphs from Given Datasets?
Distances and Weights of Graphs
Spectral Clustering of Massive Data

Review on PCA & MDS
Laplacian Eigenmaps & Diffusion Maps

Graph Partitioning
Community Detection
Fast Algorithms on Graphs
Wavelets on Graphs
Graph Embeddings
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