Fall 2012: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:
Show that the space of all continuous functions on the interval [0, 1] with the
sup norm || f|| = max |f(x)| is not a Hilbert space.

Problem 2. Suppose ¢ is a real-valued continuous function on the interval
[0,1], and T is a linear operator on L? [0, 1] given by
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for all f € L?[0,1]. Show that
(a) T is self-adjoint.
(b) there exists a number A\ > 0 such that 7% = AT

(c¢) Find the spectral radius r (T") of T'.
Problem 3. Let T be a bounded linear operator on a Hilbert space H. Show
that

(a) If ||T'|| < 1, then T and its adjoint operator 7™ have the same fixed
point. i.e. Show that for x € H,

Te =2z <— Tz =1x.

(b) Let A be an eigenvalue of T. Is it true that its complex conjugate A
must be an eigenvalue of T*7 Is it true that A must be in the spectrum
of T*?7 Justify your answers.



Problem 4. The heat kernel on R? is given by Hy(x) = (4nt)=3/2¢~|#*/(40)
where |z| denotes the Euclidean norm of z € R®. Prove that if u € L*(R?),
then ¢'/2||H, = ul|p~®s) — 0 as t — 0F. (Note that * denotes convolution.)

Problem 5. Let M be a bounded subset of C [a, b] with the sup norm and

A:{F(x):/jf(t)dt:feM}.

Show that A is a precompact subset of C [a, b].

Problem 6. Consider the one-dimensional function f. Prove that if
[ 1w R an < oo

for some s > 3/2 then f is globally Lipschitz, i.e., there exists a constant K
such that |f(z) — f(y)| < Kz —y|.



