
1. Let (X, d) be a metric space, and let {fn : X → R} be an equicontinuous sequence
of functions. Consider the set

C = {x ∈ X | fn(x) converges}.

a) Prove C is closed.

b) Let X = [−1, 1] with the Euclidean metric. Give an example where C = {0}.

2. Let X be a separable Banach space. Show that there is an isometric embedding from
X to (`∞, || · ||∞) (i.e. the space of bounded sequences).

3. Let (X,Σ, µ) be a measure space, and ak : X → [0,∞] be a µ−measuable function
for each k with ∫

X
ak(x)dµ ≤ 1

2k
.

Show that the series
∑∞

k=1 ak(x) is convergent for µ−almost every x ∈ X.

4. Consider the Hilbert space L2(T) of periodic L2 functions on [−π, π]. For each of
the following three sequences, determine and prove whether they converge strongly,
weakly but not strongly, or diverge.

fn(x) = n · χ[0, 1
n
) gn(x) = n

1
2 · χ[0, 1

n
) hn(x) = einx.

5. Suppose f is a bounded monotonic function on [−π, π]. Show that f ∈ Hs(T) for
any 0 ≤ s < 1

2 .

6. Suppose f ∈ C∞0 (R) such that
∣∣∣dnfdxn (x)

∣∣∣ ≤ 1 for all x ∈ R for all integers n ≥
1 and f (x) = 0 for all |x| > 1. Show that f̂ (the Fourier transform f̂ (ξ) =∫
R f (x) e−2πiξxdx) satisfies the following estimate∣∣∣f̂ (y)

∣∣∣ ≤ 2

(2π)n
|y|−n for all y ∈ R and all n ≥ 1.


