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(1) Let G be a finite group with 22, 893, 266 = 2 · 11 · 101 · 10303 elements, with the indicated prime
factorization. Prove that G is a solvable group.

(2) Prove that if F is a non-abelian free group, then its center Z(F ) is trivial.

(3) Is the quotient map f : Z → Z/7Z a monomorphism between commutative rings? In other words, if
g, h : R → Z are two ring homomorphisms from another commutative ring R and f ◦ g = f ◦ h, does
that imply that g = h?

(4) Let R be a Noetherian commutative domain with the property that every n × k matrix M can be
put in Smith normal form. (The means that M = XDY where X and Y are invertible matrices
defined over R, and the matrix entries of D satisfy Da,b = 0 when a ̸= b and Da,a | Da+1,a+1.) Prove
that R is a principal ideal domain.

(5) Find an example of a finite field extension K/F and an algebraic ζ ∈ K such that [K(ζ) : F (ζ)]
does not divide [K : F ].

(6) Determine the Galois group of f(x) = x5 + x3 + x2 + x + 1 ∈ F2[x], where F2 is the field with 2
elements.


