Introduction

We study split cuts for the second-order conic sets of the form

LC (B,c) i= {(x,t) € R" x Ry : [|B(z — ¢)|| < to} .
Where B is an invertible matrix.

In the context of the same set, Atamturk et al. introduced an extended

formulation in a higher dimensional space. Introducing auxiliary variables
t € R, one can reformulate LC (B, ¢) as

bi(z — )| <ty i=1,...,n
t]| < o,

where b; and ¢; denote the ith row of matrix /B and vector C, respectively.

Simple conic MIR

Proposition (Simple Conic MIR). Let
So={(x,t) € Z xRy : |z —0b| <t}
and f =b—|b|. Then
(1 =2f)(@—[b]) +f <t (1
is valid for Sy and conv(Sy) = {(x,t) e Rx R, : |x —b| <t,(1)}.
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Superadditive conic MIR

Theorem (Superadditive Conic MIR). Let ST = {v € Z}.t € R :
latz — b| < t}, and let

orla) = ~a+ 201~ ) (Lol +
Then for any o # 0

(a—ltcg;fV).

o

D énlaj/a)e; — oy, (bf) <

where fo =b/a — |b/a], is valid for ST.

Conic aggregation: Let
P={xeR" yeR:|Ax —b| <t},
and A, u € R, Then

(2 o0 (5 o] (52 00 (452

is a valid inequality for P.

Definition. Given a conver set C € R" and (w,my) € Z" X Z, define
C™™ :=conv ((CN{z e R": (m,2) <) U(CN{x eR": (m,z) >my+ 1})).

Define split cuts of C' as any valid (linear or non-linear) inequality for C7™
for some (7, my) € Z" X Z and the split closure of C' as the intersection of all
C™™ for every possible (m, ) € Z™ X Z.
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Equivalency of Conic MIR and Split Cuts

Proposition. Every superadditive conic MIR is a split cut for S™.

Moreover, we can show that split cuts and conic MIR cuts are equivalent even
in the absence of non-negativity for the integer variables.

Proposition. Let A € R™ be such that A"\ =n € Z" and N'b & Z. Then

PTT = {(z,t,ty)) e R" x RY xRy : Az —b| < ¢,
(1=2f) ("z = [\b]) + f < A" £},
where my = | Mb]|, and f = b — | \b].

This proposition shows that split cuts can be obtained by applying the simple
conic MIR to the simple aggregation introduced in the next lemma.

Lemma. let A € R™. Then
N (Az —b)| < ATt

1 a valid tnequality for P.

Nonlinear Split Cuts

It is known that when Bis the identity matrix and the disjunction is elementary,
the split cut of LC (B, ¢) reduces to the conic MIR cut. However, this 1s not true
in general. Fortunately, formulas for nonlinear split cuts can be obtained in the
general case.

Proposition. Let B € R"" be an invertible matrixz. Also let ¢ € R",
(m,m0) € Z" X Z such that my < (m,c) < mp+ 1. We have

LC (B,c)"" :={(z,t)) e R"" xRy : ||B(z—c¢)| < to,
HAB,W,cx — bB,T(',C” S tO}a

where
B lrntB™t  m +my— 2w, c) B larl B~
ABﬂ'C = | I — B7
’ | B~ mr]? T — | B~ m|?
" (1 — (m,¢)) (mo — (m,c)) BT
2(m — (m,c)) (mg — (m,C ¢
b T,C — A rcBe.
o (m—m) [B-Tal2 S
0.0

/=10

Nonlinear split cuts for ellipsoids
Let
E(B,c):={zxeR:||B(x—c)] <1},

and
B tanat B—1

| B~ |2

Given a split disjunction (mw,my) € Z™ X Z, the associated split cut is of the form

Pé__TT(‘:]_

|P5+ Bz —c)| <(m+1—(mz)) \/1 B (Wﬁl;g;ud) ({2 — o) \/1 B (770 +1—(m,c)

|1B= ]

Nonlinear Split Cuts vs. Conic MIR Cuts

A single split disjunction

We can show that given a single split disjunction, the associated nonlinear split
cut dominates the conic MIR cut, and such dominance can be strict.

Proposition. Consider the set LC' (B, c) as defined before. Given a single
disjunction (w,my) € Z" X 7, the associated nonlinear split cut dominates
conic MIR cut.

A group of split disjunctions

When there are more than one split disjunctions, it i1s possible that the conic
MIR cuts provide a better, and in some cases arbitrarily better, bound than the
nonlinear split cuts.

Example. Consider the second-order cone
LC :={(z,ty)) e R" xR, : ||z — || <o},

where ¢; = 1/2 fori € {1,...,n}. Also consider the elementary disjunctions
' = €', where €' denotes the i-th unit vector. One can show that the ele-
mentary conic MIR cuts give the conic MIR closure. Now minimizing ty over
conic MIR closure, one gets the optimal value of \/n/2, which is in fact the
optimal value of the IP problem (this is independent of ¢). However, one can
show that the point (T;,ty) = (1/2,1/2),i € {1,...,n}, which does not belong
to the conic MIR closure, satisfies all the nonlinear split cuts and as a result,
belongs to the split closure. (:Z‘, t())

Conic MIR closure
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However, even in the simple case when n = 2, the nonlinear split cut asso-

2
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closure which s illustrated in the next figure.

ciated with ™™ = [

0.0 |

Example. Consider the second-order cone

LC = {(z,t)) e R* xRy : [|B(z—¢)| < to},

|12 ~|1/4 . - . .1
where B = [3 4], c = [3/4]. Also consider the disjunctions m = [O]’

4
= [(1)], and T = [6] Now minimizing ty over the second-order cone

after adding the cuts, the optimal value of the model with nonlinear split cuts
will be larger than the optimal value of the model with conic MIR cuts with the
amount of 0.0105542. Therefore, there are also instances for which nonlinear
split cuts can outperform the conic MIR cuts.

] can still cut points from the side of the conic MIR

Numerical Experiments

We report some preliminary numerical results for the closest vector problem of
the form

minimize tg = ||B (x — ¢) ||,z € Z™.

Matrix 5 is generated uniformly at random in {-3, ..., 3} and vector C is
generated uniformly at random in [-1,1]. In the next table, we report the
averaged gap closed (in percent), which is the amount that the integrality gap
is closed after adding the cuts. In the next table, # denotes the number of
instances, NSC problem denotes the original problem after adding the
nonlinear split cuts, conic MIR problem denotes the original problem after
adding the conic MIR cuts, El denotes the elementary cuts and NEI denotes
non-elementary cuts.

n | # | NSC problem (% gap closed) | Conic MIR problem (% gap closed)
El El + NEI El El + NEI
5 | 10 | 45.73 77.05 43.77 77.72
10 | 10 | 37.20 50.27 36.77 52.52
15| 10 | 28.64 41.14 28.22 42.62
20 | 10 | 22.29 31.36 21.86 33.21
20 | 10 | 21.65 25.75 21.45 27.52
30 | 10 16 22.71 15.89 24.12
30| 7 | 16.54 22.54 16.68 23.46
Average | 26.87 38.69 26.39 41.50

Table 1: Performance of the nonlinear split cuts and conic MIR cuts when n
elementary and n non-elementary disjunctions are added

Nonlinear split cuts can be extended to more general conic sets such as p-order
cones.

Let p > 1 be a real number and consider the p-order cone of the form

Cy = {(z,t0) € R" X R, : ||z — ¢, < to},

n 1/]9
where ||z — ¢||, = <Z |z — cz-]p> .

1=1

Proposition. Letc € R" and k € {1,2,...,n}. Form = e*, where e* denotes
the k-th unit vector, and my € Z such that my < ¢;. < o + 1, we have

Crm = {(z,t) €R" X Ry ¢ |z — ]|, < to,

1/p
(Oé (CEk — Ck) + 5‘]) + Z ‘iCZ — Cip) < to},

i=1,i#k

where
T + g — QCk
a p—

1 — T 7

and
2 (7T1 — Ck) (7'('0 — Ck)
Ty — T .

6:_

Moreover, nonlinear split cuts can also be extended to the quadratic sets.

Let
LC? (B,c) :=={(x,t9) € R" xRy : [|B(z — ¢)||* < to} .

Proposition. Let B € R™™ be an invertible matriz. Also let c € R", (w,my) € Z™ X Z. We

have
LC?(B,c)"™ = {(z,to) ER" xR, : ||B(xz —c)l|]* < to,
|Pg-r, B (x—c)||* + aﬂ@’f%ﬁ +b < to},
where q = D20 g g py = (mo(mo)(mo—(me)

|B~Tr|| B 1B~ T||?




