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Introduction



Some questions about n-tuples of matrices



Existence

A1A2 · · ·An = id

Ai ∈ GLr(C)

Deligne-Simpson problem

Given conjugacy classes C1, · · · ,Cn ⊂ GLr(C), do there exist
matrices A1, · · · ,An with Ai ∈ Ci such that∏

Ai = id?

Originally posed by Deligne; (partial) solution by Simpson,
Crawley-Boevey, Kostov, · · ·
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Uniqueness

Rigid local systems

Classify tuples of conjugacy classes C1, · · · ,Cn ⊂ GLr(C), such that
(A1, · · · ,An) with Ai ∈ Ci and∏

Ai = id

is unique up to simultaneous conjugation. Such tuples are called rigid.

Solved by Katz (1995).
Middle convolution:

C1, · · · ,Cn ⊂ GLr ⇝ C′
1, · · · ,C′

n ⊂ GLr′

• If (C1, · · · ,Cn) is rigid, so is (C′
1, · · · ,C′

n).

• If (C1, · · · ,Cn) is rigid and r > 1, then, r′ < r.

• Middle convolution is invertible.
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Canonical solutions

Canonical solutions

What are the canonical (conjugacy classes of) solutions to the
equation ∏

Ai = id?

Canonical solutions

What are the finite orbits of 〈σ1, · · · , σn−1〉 on the set of
(simultaneous) conjugacy classes of solutions to

A1A2 · · ·An = id?

σi : (A1, · · · ,An) 7→ (A1, · · · ,Ai+1,A
−1
i+1AiAi+1, · · · ,An).
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CP1 \ {x1, · · · , xn}

x1
x2

x3
x4

x5

γ1
γ2

γ3

γ4

γ5

π1(CP1 \ {x1, · · · , xn}) = 〈γ1, · · · , γn |
∏
i

γi = 1〉

ρ : π1(CP1 \ {x1, · · · , xn}) → GLr(C)
is the same as

A1, · · · ,An ∈ GLr(C)n such that
n∏

i=1

Ai = id.

8



The spherical braid group

〈σ1, · · · , σn−1〉 ≈ π0(Homeo+(S2 \ {x1, · · · , xn}))
≈ π1(Conf

n(S2))

≈ π1(M0,n)

Image courtesy of nLab
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Some history



The Markoff cubic

x2 + y2 + z2 − 3xyz = 0
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The Painlevé VI equation (Fuchs, 1905)
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Here y is a function of t and α, β, γ, δ are constants.
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The Schlesinger system


∂Bi

∂λj
=

[Bi,Bj]

λi − λj
if i 6= j

n∑
i=1

∂Bi

∂λj
= 0 ∀j

where the Bi, i = 1, · · · , n are Matr×r(C)-valued functions in
(λ1, · · · , λn).
Painlevé VI is the case n = 4, where the Bi are sl2-valued.

Key connection

Algebraic solutions correspond to finite orbits of 〈σ1, · · · , σn−1〉 on
the set of conjugacy classes of solutions to

A1A2 · · ·An = id,

with Ai ∈ GLr(C).
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Painlevé Transcendents

From: Methods for the computation of the multivalued Painlevé transcendents on their Riemann surfaces, by Fasondini,
Fornberg, Weideman, Journal of Computational Physics, 2017
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Classification I (Dubrovin-Mazzocco)

...and this goes on for 9 more pages
From: Dubrovin, B., Mazzocco, M. Monodromy of certain Painlevé–VI transcendents and reflection groups. Invent. math. 141,

55–147 (2000). https://doi.org/10.1007/PL00005790
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Classification II (Lisovyy-Tykhyy)

From: Oleg Lisovyy, Yuriy Tykhyy, Algebraic solutions of the sixth Painlevé equation, Journal of Geometry and Physics, Volume
85, 2014, Pages 124-163, ISSN 0393-0440, https://doi.org/10.1016/j.geomphys.2014.05.010.
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Examples

Four 2× 2 matrices:

A1 =

(
1 + x2x3/x1 −x22/x1

x23/x1 1− x2x3/x1

)
,A2 =

(
1 −x1
0 1

)
, A3 =

(
1 0
x1 1

)
,

A4 = (A1A2A3)
−1

where

x1 = 2 cos
(
π(α+ β)

2

)
, x2 = 2 sin

(
πα

2

)
, x3 = 2 sin

(
πβ

2

)
for α, β ∈ Q.
Five 2× 2 matrices:

A1 =

(
−1 1
0 −1

)
,A2 =

(
−1 0
−1 −1

)
,A3 =

(
−1−

√
5

2 1
−3+

√
5

2
−3+

√
5

2

)
,

A4 =

(
1−

√
5

2
3−

√
5

2
−3+

√
5

2
−5+

√
5

2

)
,A5 = (A1A2A3A4)

−1
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Classifying finite orbits



The goal

Classify finite orbits of the Mod0,n = 〈σ1, · · · , σn−1〉 action on

{(A1, · · · ,An) ∈ SL2(C)n s.t.
n∏

i=1

Ai = id}/simultaneous conjugation.

σi : (A1, · · · ,An) 7→ (A1, · · · ,Ai+1,A
−1
i+1AiAi+1, · · · ,An).

19



The classification

Theorem (Lam-Landesman-L–, Bronstein-Maret, 2023-2024)

Suppose (A1, · · · ,An) is an interesting finite orbit. With one
exception there exists explicit α1, · · · , αn, λ ∈ C× such that

(α1A1, · · · , αnAn) = MCλ(B1, · · · ,Bn),

with 〈B1, · · · ,Bn〉 ⊂ GLn−2(C) a finite complex reflection group.

20



Interesting

(A1, · · · ,An) is an interesting finite orbit if:

• No Ai = ±id.
• 〈A1, · · ·An〉 is Zariski-dense in SL2(C), i.e. it is not
▶ finite (these were classified by Euclid), or
▶ conjugate to (

∗ ∗
0 ∗

)
or

(
∗ 0
0 ∗

)
∪
(
0 ∗
∗ 0

)
(these were classified by Cousin-Moussard, McMullen, Tykhyy)

• 〈A1, · · ·An〉 doesn’t move in a continuous family of finite orbits
(such continuous families classified by Corlette-Simpson, Doran,
Diarra)
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The classification

Theorem (Lam-Landesman-L–, Bronstein-Maret, 2023-2024)

Suppose (A1, · · · ,An) is an interesting finite orbit. With one
exception there exists explicit α1, · · · , αn, λ ∈ C× such that

(α1A1, · · · , αnAn) = MCλ(B1, · · · ,Bn),

with 〈B1, · · · ,Bn〉 ⊂ GLn−2(C) a finite complex reflection group.
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Middle convolution
Middle convolution is an algebro-geometric construction.

X = P1 \ {x1, · · · , xn−1,∞}

X× X �
� j //

π1

}}||
||
||
||
|

α:(u,v) 7→u−v

$$JJ
JJJ

JJJ
JJ

P1 × X
π2

!!D
DD

DD
DD

DD
D

X A1 \ {0} X

MCλ(V) = R1π2∗j∗(π
∗
1V⊗ α∗χλ)

.
Explicit formula by Volklein, Dettweiler-Reiter. Implemented on a
computer by Amal Vayalinkal.

Qualitative description

If λ is an m-th root of unity and G = 〈B1, · · · ,Bn〉 is finite, constructs
a family of Riemann surfaces π : X → CP1 \ {x1, · · · , xn}, with
π−1(z) a G× Z/mZ-cover of CP1 branched over {x1, · · · , xn, z}.
MCλ(B1, · · · ,Bn) appears in the cohomology of this family.
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The classification

Theorem (Lam-Landesman-L–, Bronstein-Maret, 2023-2024)

Suppose (A1, · · · ,An) is an interesting finite orbit. With one
exception there exists explicit α1, · · · , αn, λ ∈ C× such that

(α1A1, · · · , αnAn) = MCλ(B1, · · · ,Bn),

with 〈B1, · · · ,Bn〉 ⊂ GLn−2(C) a finite complex reflection group.
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Finite complex reflection groups

Pseudoreflections

B ∈ GLr(C) is a pseudoreflection if it has finite order and
rk(B− id) = 1.

Finite complex reflection group

A finite complex reflection group is a finite subgroup of GLr(C)
generated by pseudoreflections.

A projection of the E8 root lattice, generated by John Stembridge
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The classification

Theorem (Lam-Landesman-L–, Bronstein-Maret, 2023-2024)

Suppose (A1, · · · ,An) is an interesting finite orbit. With one
exception there exists explicit α1, · · · , αn, λ ∈ C× such that

(α1A1, · · · , αnAn) = MCλ(B1, · · · ,Bn),

with 〈B1, · · · ,Bn〉 ⊂ GLn−2(C) a finite complex reflection group.

26



The fine classification

Shephard and Todd classified finite complex reflection groups in
1954.

The 600-cell, from Wikimedia Commons

Corollary

Suppose (A1, · · · ,An) is interesting. Then n ≤ 6.
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Higher genus



The setup

Σg,n :=

π1(Σg,n) = 〈a1, b1, · · · , ag, bg, c1, · · · , cn |
g∏

i=1

[ai, bi]
n∏

j=1

cj〉

Modg,n = π0(Homeo+(Σg,n))

contains with finite index π1(Mg,n)

if n = 0, finite index in Out(π1(Σg))

The basic question

What are the finite orbits of the Modg,n-action on
Hom(π1(Σg,n),GLr(C))/ ∼?
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Two conjectures

Consequence of conjecture of Esnault-Kerz, Budur-Wang

Finite orbits of the Modg-action on Hom(π1(Σg),GLr(C))/ ∼ are
Zariski-dense in Hom(π1(Σg),GLr(C))/ ∼.

Question/Conjecture of Kisin and Whang

For g � r, finite orbits of the Modg,n-action on
Hom(π1(Σg,n),GLr(C))/ ∼ correspond exactly to representations
with finite image.

These conjectures contradict each other!
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Classification

Theorem (Landesman-L–, 2022)

Fix g ≥ r2, and let
ρ : π1(Σg,n) → GLr(C)

be a representation whose conjugacy class has finite orbit under
Modg,n. Then ρ has finite image.

Proof relies on non-Abelian Hodge theory and input from the
Langlands program over function fields.
Due to Biswas, Gupta, Mj, and Whang when r = 2.
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The general picture(?)

g ≥ r2 : reps
with finite orbit
have finite
image

r ∼ cg : many semisimple examples with infinite image

r = 2g + 1: rep’ns with finite orbit
and infinite, non-semisimple image

1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

6

7

8

rank (r)

genus (g)
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