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1. (14 Points) In parts (a)-(e), give a careful definition of the term(s) in bold.

(a) The kernel of a group homomorphism ¢ : G — H.

(b) A normal subgroup of a group G.

(c) A field F.

(d) A vector space over a field F.

(e) An eigenvector for a linear operator T': V — V.
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2. (14 Points) In parts (a)-(e), decide if the given statement is True or False. If it is true, give
a brief explanation. If it is false, explain why or give a counter-example.

(a) True or False: The index of (8) in Zyy is 4.

(b) True or False: If N is a normal subgroup of a group G and G/N is abelian, then G is
abelian.

(c) True or False: There is an isomorphism ¢ : S5 — Zj20.

(d) True or False: The set of real numbers R is a vector space over the set of rational numbers
Q under the usual addition and multiplication.

(e) True or False: | GL3(Z5)| = (124)(120)(100).
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3. (12 Points) Suppose that T : Z3 — 72 is given by

I I +£E2
T T2 = |z2+ 23
I3 0

Compute the matrix of T' with respect to the standard bases in Zg, j=2,3.
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4. (12 Points) (a) Compute the order of 9 in Z4g.

(b) Compute the index [Zas : (9)].

(c) Identify the quotient Zgg/(9).



viAal 19UA lllal ILXall

5. (12 Points) Show that every group of prime order is cyclic.
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6. (12 Points) Let H be the subset of GLo(R) defined by

H:{(g ?i) ::c,yE]R,m;éO}.

(a) Show that H is a subgroup of GLy(R).

(b) Show that the map ¢ : H — R* defined by

/(5 1)) =

is a group homomorphism.

(c) Identify the quotient group H/ Ker .



viAal 19UA lllal ILXall

7. (12 Points) Let P; = P3(R) be the vector space of polynomials over R of degree less than or
equal to 3 and let % : P3 = P53 be given by

E(ao + a17 + agx? + a3z®) = a1 + 2a02 + 3asz?.

It is well known that % is linear.

(a) Compute the matrix of % with respect to the basis B = {1, z,z?,z*} for Ps.

. - . d
(b) Compute the characteristic polynomial p()) for .

(c) Is £ diagonalizable? Explain.
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8. (12 Points) Let V be a vector space over a field F', and let B = (vy,...,v,) be a basis for V.
Recall that F' is a one dimensional vector space over itself and define

L(V,F)={T:V — F | T is a linear transformation}.
For each j =1,...,n, let T; € L(V, F) be defined by

1 ifk=y;
Ty (ve) = J”“:{o if k # j.

Show that C = (T4,...,T,) is a basis for the vector space L(V, F). Is L(V, F) isomorphic to
V'? Prove your answer.



