LECTURE 7: K-SCHUR FUNCTIONS IN THE NILCOXETER
ALGEBRA

ALEXANDER LANG

We recall the following definitions.

Definition 0.1. A k-Schur function is defined as Sg\k) = Z Yauly-
pipr <k

Definition 0.2. A noncommutative k-Schur function is ;ég\k) = Z ’)’A;J/Lm where

pip <k
hy = Z A%‘SC and hu = %m -~-%Mm.

JCI,|J|=r

Definition 0.3. The affine Stanley symmetric functions are F,, = Z (Aws o, Ry -

aFEn

for w € S, and (A, Ay) = .o

If we S,/S, (w an affine Grassmannian element), then Fy = af\k) the dual
k-Schur functions.

1. CAUCHY IDENTITY

A denotes the ring of symmetric functions. h, = Z my = Z Xiy Tiy - Ti,..

AFr i1 <ig<---<ip
h():m@ :].7 h)\:h)\lh,\g-“.

Proposition 1.1. Let A r and o = (a1, s, -+ ) a weak composition of r (zeros

are allowed). Then the coefficient Nyo of x* in hy (hy = Z Nxumy,) is the number
pukr
of Z<o matrices A = (a;j);, j>1 such that row(A)=\ and col(A)=c.

Proof. The term x® in hy is obtained by choosing 7" 5" - - - from each hy, such
that Hx(f”xg” -« = z® This is the same as choosing a matrix (a;;) with

?

row(A)=\ and col(A)=a. O

- 1
Proposition 1.2. H T o = Z Nyyma(x)my,(y) = Z mx(x)hr(y).
4,5>1 ApepP AepP

1
Proof. The monomial 2%y? appearing in H T 2. corresponds to a non-negative
iz i
integer matrix A = (a;;) such that H (ziy;)* = 2®y®, hence it is Ny,. O
1,521
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Definition 1.3. A pair of bases {uy}, {va} of A are dual if (ux,vx) = dx,.

Proposition 1.4. If {ux|A\ F r} and {vA|X F r} are bases of A" (graded piece of
degree 1), then {ux|]\F r} and {vx|A b r} are dual bases iff

(1) > @) = [ 75— = X ma@halo).

s TilYyj
AEP i,7>1 AEP

Proof. Write my = Z Cx, Upy By = anvu. Then
P v

Sap = (M, hy) =Y Cx, 0, (up,vy) = 1.1,
P,V

For fixed r {,n are matrices indexed by P, (partitions of size ). Let A,, = (u,,v,).
Hence 1.1 +» I = CAn'. Therefore {ux|A - r} and {vs|\ F 7} are dual iff A =T

and by 1.1 this is iff I = (n' < I = (' <> 6, = ZmA(x)hA(y). Therefore
A

12 > (Z qup(as)> (Z myvy(y)> => (Z mey> up(z)vu(y)
P v A

A pv

1
which implies {uy|A F r} and {vy|A F 7} are dual iff H [E— Zu,\(ac)v)\(y).
i,j>1 vgy A

O
Corollary 1.5. Cauchy identity.

1
H m = ZS/\(m)SA(y)-
1,521 A

Remark 1.6. This is related to RSK, which gives us a bijection between non-
negative integer matrices of finite support with row(A)=a and col(B)=f and

JSSYT(\,a) x SSYT(), B)
A

Remark 1.7. A is a self dual Hopf algebra, (Af, g ® h) = (f, gh).

2. K-SCHUR FUNCTIONS IN THE NILCOXETER ALGEBRA

Recall that x commutes with nilcoxeter generators. Let a be a weak composition.

Proposition 2.1. Z hox® = Z ;ég\k)FA
oz <k A<k
Proof. sg\k) and F) are dual bases, so we have Z sg\k) (y)Fx(z) = Zha(y)xo‘
A<k a
inside Ay x A®) . Then just lift to the noncommutative setting. (]

F, = Z (Ay, ha)z™ and by the previous proposition this equals Z (A, }égk)>F>\(x)
a A
Let awy = (A, £,

Corollary 2.2. The coefficient of Ay in #E\k) s equal to the coefficient of Fy in
Fy.
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The following theorem was proved by Lam using geometry.

Theorem 2.3. a,) € Z>o.

Definition 2.4. {sA } form a basis of A, define SA Su Z c”k (%) The

v:iv1 <k

CK * are called k-Littlewood-Richardson coefficients.

3. SKEW AFFINE STANLEY SYMMETRIC FUNCTIONS

Fypw= Z (A, hoAy)x® = Fppy—1, where w = uv and £(w) = £(u) + £(v).

(03

Proposition 3.1. AF, = F,(z,y) = Z F.(z)F,(y)
wv=w:l(w)=~L(u)+£L(v)

Proof. Recall that Fy,(z) = Z kfﬂmu. Then Am,, = Z mq ® mg implies

iy <k aUB=p
AFw = Z kgiz Z Mo & mg = Z kl(uk/)v:akq(}]fgma (24 mg = Z'F“’/” ® F, =
i <k aUB=pu v,a, v
Z fu ® F,. O

Uv=w



